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Problem 1. (40 points: 2 point each) Say True or False to the following statements.
Mark your answers in the table on the cover page. (Correct answer= 2, No answer=
0, Incorrect answer= −1)

(a) ΦY (ω) = aΦX(ω) if Y = aX.

(b) Given a differentiable function T (x), the pdf of Y , T (X) is fX(x)/|T ′(x)|.

(c) For any joint random variables X, Y, and Z, E{E{X|Y, Z}} = E[X].

(d) Given two jointly distributed random variables X and Y , if FX,Y (x, y) is known,
then FX(x) and FY (y) can be uniquely determined.

(e) If E[X2] = E[Y 2] = E[XY ], then X = Y with probability one.

(f) If jointly distributed random variables X, Y , and Z satisfy Z , X + Y , then
fZ|X(z|x) = fY (z − x).

(g) For any joint random variablesX and Y , E[X|Y = y] = E[X]+Cov(X, Y )Var(Y )−1(y−
E[Y ]).

(h) If two random variables are independent, then they are always orthogonal.

(i) When X and Y are jointly continuous random variables, fX|Y (x|y) = fY |X(y|x)
fX(x)/fY (y).

(j) Even if fX1,X2,...,Xn(x1, x2, ..., xn) =
∏n

i=1 fXi
(xi),∀xi, the random variablesX1, X2, ...,

Xn are not necessarily independent.
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(k) The characteristic function of a summation of two random variables is the product
of individual characteristic functions.

(l) The characteristic function of X ∼ N (µ,C) is given by ΦX(ω) = exp(jωTµ +
ωTC−1ω

2
).

(m) A realization of a random process is called a sample function.

(n) If a random process is stationary to order 2, then it is always stationary to order 3.

(o) A Gaussian random process is completely characterized by the mean and the au-
tocorrelation function.

(p) The Poisson counting process is a continuous random process.

(q) A WSS Gaussian random process is strictly stationary.

(r) When a DT random process is defined as Xd[n] , Xc(nT ), if Xc(t) is WSS then
Xd[n] is also WSS.

(s) Two jointly distributed random processesX(t) and Y (t) are orthogonal if E{X(t)Y (t)} =
0, ∀t.

(t) A wide-sense stationary random process is strictly stationary.
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Problem 2. (30 points) Answer the following questions.

(a) (5 points) A train and a bus arrive at the station independently and uniformly
between 9 a.m and 10 a.m. The train stops for 20 minutes and the bus for z
minutes. Find z > 0 so that the probability that the bus and the train will meet
equals 0.5. (Hint. Start by visualizing the joint density function.)

(b) (5 points) Show that for any continuous random variables X and Y , the random
variable Z , FX(X) and W , FY |X(Y |X) are independent and each is uniform in
the interval (0, 1).

(c) (5 points) Show that, if ΦX(ω) = E{ejωX}, then for any al,

n∑
l=1

n∑
m=1

ΦX(ωl − ωm)ala
∗
m ≥ 0.

Hint. E{|
∑n

l=1 ale
jωlX |2} ≥ 0.
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(d) (5 points) Show that

E{Y |X ≤ 0} =
1

FX(0)

∫ 0

−∞
E{Y |X = x}fX(x)dx.

(e) (5 points:) Let Xi be independent and identically distributed random variables
with pdf f(x). Define the order statistics (Y1, Y2, Y3) of (X1, X2, X3) as

Y1 , miniXi

Y2 , second smallest of X1, ...X3

Y3 , largest of X1, ..., X3.

Find the joint pdf of the order statistics Y , [Y1, Y2, Y3] in terms of the common
pdf f(x).

(f) (5 points) When the random process X(t) is WSS with autocorrelation RXX(τ),
show that

P ({|X(t+ τ)−X(t)| ≥ a}) ≤ 2(RXX(0)−RXX(τ))

a2
.
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Problem 3. (15 points) Suppose that almost the same setting is given as the classical
Monte Hall problem, i.e., N doors, 1 BMW, (N − 1) goats, 1 door chosen by the guest,
N − 2 of N − 1 remaining doors opened by the host and all showing goats. The host
places the BMW behind the 1st, the 2nd, ..., and the Nth doors with equal probability
1/N . Assume that, if the door chosen by the guest has the BMW, the host chooses one
door not to be opened from the other (N − 1) doors with equal probability. Answer the
following questions.

(a) (2 points) Given the guest chooses the 1st door, find the probability that the host
leaves the 2nd door closed.

(b) (3 points) Given the guest chooses the 1st door and the host leaves the 2nd door
closed, find the the probability of the guest’s winning the BMW by staying at the
1st door.

(c) (10 points) Derive the optimal strategy of the guest to maximize the probability of
winning the BMW.
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Problem 4. (5 points) Suppose that Xi’s are i.i.d. discrete random variables with pX(x).
Define H(X) , E {− log pX(X)}. Then, show that

− 1

n

n∑
i=1

log pX(Xi) −→ H(X)

in probability, as n tends to infinity. (Hint: Use the Weak Law of Large Numbers.)

Problem 5. (15 points) Suppose that Y is a binomial random variable following the
distribution B(n, p). Answer the following questions.

(a) (5 points) Justify the Gaussian approximation to binomial random variable by
invoking the central limit theorem. (You don’t need to prove the central limit
theorem. Just use it.)

(b) (10 points) Justify the Poisson approximation to binomial random variable by using
the limit of the characteristic function of Y . (You need to derive the limiting
characteristic function.)
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Problem 6. (25 points) Suppose that a CT random process X(t) for t ≥ 0 is a Poisson
process with X(0) = 0 and its first-order pmf is given by

Pr(X(t) = k) = e−λt
(λt)k

k!

for k = 0, 1, · · · . In this problem, we will show that the Poisson random process has
an exponential random variable as the inter-arrival time defined as the time between
each pair of consecutive events. Answer the following questions.

(a)-(b) (2 points) Fill in the blank.

“In statistics and probability theory, a ( (a) ) is a type of random process
for which any one realization consists of a set of isolated points either in time or
geographical space, or in even more general spaces. For example, the occurrence
of lightning strikes might be considered as a point process in both time and geo-
graphical space if each is recorded according to its location in time and space.”

“( (b) ) on the real line form an important special case that is particularly
amenable to study, because the different points are ordered in a natural way, and the
whole ( (a) ) can be described completely by the random intervals between
the points. These ( (b) ) are frequently used as models for random events in
time, such as the arrival of customers in a queue, of impulses in a neuron, particles
in a Geiger counter, location of radio stations in a telecommunication network or
of searches on the world-wide web.”

(c) (3 points) When Tk is defined as the unique number such that

lim
t↑Tk

X(t) = k − 1 and lim
t↓Tk

X(t) = k,

for k = 1, 2, · · · , discuss what is the physical meaning of the random variable Tk?
If you have no idea, then start with T1.

(d) (10 points) Find the pdf of the random variable T1. If you have no idea, then start
with the ccdf of T1.

(e) (5 points) Find the pdf of the random variable Tk+1 − Tk for k = 1, 2, · · · .

(f) (5 points) Using the results in (e), find the average waiting time.
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Problem 7. (25 points) Suppose that X[n] is a discrete-time discrete random process
defined on n ∈ N and taking values from {0, 1} in such a way that, for m > n,

Pr(X[m] = xm|X[n] = xn, X[n−1] = xn−1, · · · , X[1] = x1) = Pr(X[m] = xm|X[n] = xn)

and
Pr(X[n+ 1] = x|X[n] = x) = 2/3

for x ∈ {0, 1} and Pr(X[1] = 0) = 1/2. In this problem, we will show that the above
description fully characterizes the random process X[n]. Answer the following questions.

(a) (3 points) Find the 1st-order pmf of X[n]. If you have no idea, then start with the
pmf of X[2].

(b) (2 points) What are the two forms of the chain rule for the joint pmf Pr(X[m] =
xm, X[n] = xn)?

(c) (5 points) Using the results in (b), find the 2nd-order pmf of X[n]. If you have no
idea, then start with Pr(X[1] = 0, X[n] = x).

(d) (5 points) Using the results in (c), find the 3rd-order pmf of X[n].

(e) (10 points) Justify that the above description fully characterizes the random process
X[n]. If you have no idea, then use the results in (a)-(c) to find the Nth-order pmf
of X[n].
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Problem 8. (20 points) Suppose that X(t) is a CT Gaussian random process with mean
zero and autocorrelation RXX(τ) , E{X(t)X(t+ τ)}. Answer the following questions.

(a) (2 points) What is the nth order pdf of X(t) in terms of RXX(τ)?

(b) (3 points) Using the result in (a), show that the autocorrelation function fully
characterizes a CT zero-mean WSS Gaussian random process.

(c) (3 points) Show that any finite linear combination of samples taken from X(t) has
a Gaussian distribution. You may use the characteristic function.

(d) (5 points) What are the mean and the variance of X(t) + X(t + τ)? Also find
Pr(X(t) +X(t+ τ) ≤ 0).

(e) (5 points) When RXX(τ0) = 0 for some τ0 6= 0, find the pdf of (X(t) +X(t+ τ0))
2.

(f) (2 points) In (e), find the pdf of X(t) conditioned on {X(t− τ0) = 1}.
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