
EECE 574: Probability and Random Processes

Quiz #01 (Mar. 14, 2014)

Time allowed: 1 hour

Name:

Student number:

(Return this test booklet with your answer sheets.)

Problem 1: / 40

Problem 2: / 16

Problem 3: / 14

Total Score: / 70



Problem 1. (40 points: 2 point each) Answer the following questions.

(a) How do you read a ∈ A and a /∈ A, respectively?

(sol) ‘a ∈ A’ and ‘a /∈ A’ are read as ‘a is an element of A’ and ‘a is not an element
of A’, respectively.

(b) What is the difference between a countably infinite set and an uncountably infinite
set?

(sol) A set is countably infinite if there exists a one-to-one correspondence between
the set and the set of all natural numbers. A set is uncountably infinite if the
set has infinite elements but there is no one-to-one correspondence between
the set and the set of all natural numbers.

(c) What is the notation for the cardinality of a countable set A?

(sol) |A|

(d) How do you read 2A? Also, find 2A when A , 1, 2, 3.

(sol) ‘2A’ is read as ‘the power set of A.’
2A =

{
∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}

}
(e) How do you read An ⊂ Ω,∀n?

(sol) An is a subset of Ω, for all n.

(f) How do you read A , {x ∈ R : 1 ≤ x < 5}?

(sol) A is defined as the set of real numbers such that x is greater than or equal to
1 and less than 5.

(g) What are ‘조건제시법’ and ‘원소나열법’ in English, respectively?

(sol) ‘조건제시법’ and ‘원소나열법’ are ‘the rule method’ and ‘the tabular method’,
respectively.

(h) What is the difference between A\B and A4B?

(sol) A\B = A ∩Bc, while A4B = (A ∩Bc) ∪ (B ∩ Ac).

(i) What does that mean by “(An)n is an increasing sequence of subsets of Ω”?

(sol) An ⊂ Ω,∀n and An ⊂ An+1,∀n

(j) How do you read “An → A as n→∞”?

(sol) An converges to A as n tends to infinity.

2



(k) How do you read lim sup
n→∞

An?

(sol) limit supremum of the sequence An.

(l) What does that mean by “x ∈ An, for all but finitely many n”?

(sol)

x ∈ lim inf
n→∞

An ,
∞⋃
n=1

(⋂
m≥n

Am

)

(m) What mathematical model do we use in the axiomatic approach to Probability?

(sol) a probability space

(n) What is a sample space? What is the relation between a sample space and an
event?

(sol) A sample space is the set of all possible outcomes of a random experiment.
An event is a subset of the sample space.

(o) What are the three axioms for a set function to be a probability measure given an
event space (Ω,A)?

(sol) Let P be a probability measure. Then, the three axioms are as follows.

(i) P (Ω) = 1, P (∅) = 0.

(ii) P (Ac) = 1− P (A).

(iii) If Am ∩ An = ∅,∀m 6= n, then P

(
∞⋃
n=1

An

)
=
∞∑
n=1

P (An).

(p) What is the name of the third axiom in (o)?

(sol) the countable additivity

(q) Find the union bound on P (A ∪B ∪ C)?

(sol) P (A) + P (B) + P (C)

(r) What is the difference between the empty set and a null set given a set function P?

(sol) If a set A has no element, it is the empty set. If its measure P (A) is zero, A
is a null set.

(s) What does that mean by “the event A occurs almost surely”?

(sol) P (A) = 1

(t) What does that mean by “the event B occurs with probability one”?

(sol) P (B) = 1
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Problem 3. (14 points) Suppose that we are given (Ω,A, P ), a sequence (An)n of events,
and an event A. In this problem, we show that

An ↑ A =⇒ P (An) ↑ P (A).

Fill in the blanks.

(i) First, we show that the sequence (P (An))n of real numbers is increasing and con-
vergent. Since (An)n is increasing, we have An ⊂ An+1. Let Bn be defined as
Bn , An\An−1,∀n ∈ N, with A0 , ∅. Then, by the ((a) countable additivity)
axiom of Probability, we have

P (An) = P (An−1 ∪ ( (b) Bn )) (1)

= P (An−1) + P (( (b) Bn )) (2)

≥ P (An−1), (3)

which implies P (An) is increasing. Recall that P (An) ≤ 1,∀n, because P is a
probability measure. Thus, P (An) is an increasing sequence of real numbers that
are upper bounded by the unity. Therefore, by the theorem for a bounded non-
decreasing sequence, P (An) converges to a limit that is a finite real number less
than or equal to the unity.

(ii) Second, we show that the limit is P (A). Since An ↑ A implies An → A, we have

lim sup
n→∞

An = lim inf
n→∞

An = ( (c) A ). (4)

Thus, we have

lim inf
n→∞

An , ( (e)
∞
∪

n=1

(
∞
∩

m≥n
Am

)
) (5)

= ∪∞n=1An (6)

= ( (c) A ). (7)

Moreover, from the definition of Bn, we have Bm∩Bm′ = ( (d) ∅ ), ∀m 6= m′,
i.e., Bn’s are disjoint subsets of Ω. Then, combining this with the ((a) countable
additivity) axiom of Probability, we have

P (A) = P (∪∞n=1An) (8)

= P (∪∞n=1Bn) (9)

=
∞∑

m=1

( (f) P (Bm) ) (10)

= lim
n→∞

n∑
m=1

( (f) P (Bm) ) (11)

= lim
n→∞

P (∪nm=1( (g) Bm )) (12)

= lim
n→∞

P (An). (13)

Therefore, P (An)→ P (A).

(iii) By (i) and (ii), the conclusion follows.
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