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Problem 1. (20 points: Correct answer = +2, no answer = 0, incorrect answer= −1.)
Say True or False to the following statements. You don’t need to justify your answer.

(a) The EM algorithm is developed to solve MMSE estimation problems.

(b) In many cases, the sequence of the MLEs with i.i.d. sequence observations is
asymptotically unbiased and asymptotically achieves the CRLB.

(c) A Wiener filter is a linear estimator that minimizes the mean square error in es-
timation, given jointly wide-sense stationary observable and unobservable random
processes.

(d) The Kalman filter adopts the LMMSE criterion.

(e) Nyquist rate sampling of a band-limited signal can be viewed as a projection of the
received signal to the directions of uniformly time-shifted sinc pulses.

(f) The order of two serially connected linear filters can be changed without affecting
the overall output.

(g) The set of all orthonormal eigenfunctions of a given covariance function for a time-
limited observation is an orthonormal basis of the space of all finite-energy time-
limited signals.

(h) The ML estimation rule with a time-limited continuous-time observation in the
AWGN always reduces to the correlation receiver.

(i) Given an M-ary hypothesis testing problem in AWGN Hi : Y (t) = si(t) + N(t)
where si(t) are known and N(t) is AWGN, then Y , (Y1, Y2, · · · , YM) is a sufficient
statistic where Yk ,

∫∞
−∞ Y (t)si(t)dt.

(j) Given an M-ary hypothesis testing problem in AWGN Hi : Y (t) = si(t) + N(t)
where si(t) are known and N(t) is AWGN, then Ỹ , (Ỹ1, Ỹ2, · · · , ỸM ′) is a sufficient
statistic where {φi(t)}M

′
i=1,M

′ ≤ M is an orthonormal basis of {si(t)}Mi=1 and Ỹk ,∫∞
−∞ Y (t)φi(t)dt.
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Problem 2. (15 points) Answer the following questions.

(a) (7 points) Let {φi(t)}∞i=1 be an orthonormal basis for the set of all finite-energy

time-limited real-valued signals limited to t ∈ [0, T ]. When yi ,
∫ T
0
y(t)φi(t)dt

and xi ,
∫ T
0
x(t)φi(t)dt for all i = 1, 2, · · · ,∞. Show that for all finite-energy

time-limited real-valued signal x(t), y(t) limited to t ∈ [0, T ].∫ T

0

x(t)y(t)dt =
∞∑
i=1

xiyi

(b) (5 points) In many detection problems the form of the received signal is known but
not its amplitude. To model this case we consider the composite hypothesis testing
problem described by

H0 : Yk = Nk, k = 1, 2, · · · , K
H1 : Yk = Nk + θ · sk, k = 1, 2, · · · , K, θ > 0,

where s = (s1, · · · , sK)T is a known signal; N = (N1, · · · , NK)T is Gaussian random
vector with density fN(n) = exp{−n2/2σ2}/(σ

√
2π), n ∈ R; and θ is a signal-

strength parameter. Find the α-level N-P detector.

(c) (3 points) Prove or disprove the detector found in (b) is uniformly most powerful
detector with level α.
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Problem 3. (15 points) Suppose that the observation Y (t) is time-limited to the interval
[0, T ) and is given by

H0 : Y (t) = N0(t), vs. H1 : Y (t) = N1(t),

where N0(t) and N1(t) are zero-mean Gaussian random processes with autocorrelation
functions Ri(t, s) = E{Ni(t)Ni(s)} for i = 0, 1, given by

R0(t, s) =
∞∑
k=1

σ2φk(t)φk(s), 0 ≤ t, s < T

and

R1(t, s) =
∞∑
k=1

(σ2 + λk)φk(t)φk(s), 0 ≤ t, s < T,

where {φk(t)}∞k=1 is an orthonormal basis for the set of all finite-energy time-limited
signals defined on t ∈ [0, T ). Answer the following questions.

(a) (5 points) When

Yk ,
∫ T

0

Y (t)φk(t)dt,

find the conditional means E{Yk|Hi} and conditional correlations E{YkYk′|Hi} for
i = 0, 1.

(b) (5 points) Find the likelihood ratio

Lk(y1, y2, ...yk) ,
fY1,Y2,...,Yk|H1(y1, y2, ...yk)

fY1,Y2,...,Yk|H0(y1, y2, ...yk)

and the limiting likelihood ratio

L(y1, y2, ...) , lim
k→∞

Lk(y1, y2, ...yk)

when λk > 0 for k < 5 and λk = 0 for k ≥ 5.

(c) (5 points) Draw a block diagram of an optimal threshold detector that consists of
a bank of the minimum number of correlators.
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Problem 4. (20 points) Consider an AR(1) process

Y [n] = aY [n− 1] +X[n] + 1− a, −1 < a < 1,

where X[n] is a zero-mean white noise with autocorrelation function E {X[n]X[m]} =
σ2δn,m, c is non-zero known constant value. When Y [n] is wide-sense stationary, answer
the following questions.

(a) (2 points) Find µY , E {Y [n]} and CY Y [0] , E {(Y [n]− µY )2}.

(b) (2 points) Find RY Y [0] , E {Y [n]Y [n]}.

(c) (3 points) Find RY Y [1] , E {Y [n]Y [n− 1]} by multiplying Y [n − 1] to the both
sides of Y [n] = aY [n− 1] +X[n] + 1− a.

(d) (5 points) Find RY Y [k] , E {Y [n]Y [n− k]} by using the mathematical induction.

(e) (3 points) When you can use only 2 events {Y [n− 1] = y[n− 1]} and {Y [n− 2] =
y[n−2]} to predict Y [n], formulate a linear minimum mean-square error (LMMSE)
estimation problem.

(f) (5 points) In (d), derive the LMMSE estimator by using the orthogonality principle.
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Problem 5. (10 points) Given the following four signals, apply the Gram-Schmidt
procedure to find an orthonormal basis for {s1(t), s2(t), s3(t)}.

-

6
s1(t)

2

0

−1

1 4 t

-

6
s3(t)

1

0

−2

1 3 t

-

6
s2(t)

2

1

0

−2

1 3 4 t
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Problem 6. (20 points) Suppose that the observation Y (t) is modeled as

Y (t) = hs(t− τ) +N(t), 0 ≤ t < 2T,

where s(t) is a known time-limited signal limited to t ∈ [0, T ) and
∫ 2T

0
|s(t − τ)|2dt =

E, ∀τ ∈ [0, T ), h 6= 0 and τ ∈ [0, T ) are unknown deterministic parameters to be
estimated, and N(t) is a zero-mean white Gaussian random process. We want to find
the joint ML estimates of h and τ . Answer the following questions.

(a) (5 points) Fill in the blank.

Given the event {Y (t) = y(t)}, the optimization problem to be solved to find the
joint ML estimates of h and τ is

(
ĥML, τ̂ML

)
= arg min

ĥ,τ̂

∫ 2T

0

∣∣∣∣∣
(

(a) (5 points)

)∣∣∣∣∣
2

dt. (1)

The optimization problem in Eq. (1) can be converted to the following double
minimization problem

min
τ̂

min
ĥ

∫ 2T

0

∣∣∣∣∣
(

(a) (5 points)

)∣∣∣∣∣
2

dt. (2)

(b) (5 points) Solve the inner optimization problem

ĥ(τ̂) = arg min
ĥ

∫ 2T

0

∣∣∣∣∣
(

(a) (5 points)

)∣∣∣∣∣
2

dt (3)

of Eq. (2) to find ĥ(τ̂) by using the first order necessary condition.

(c) (5 points) To solve the outer optimization problem of Eq. (2), find the objective
function of the problem. i.e., fill in the blank.

τ̂ML = arg min
τ̂

∫ 2T

0

∣∣∣∣∣
(

(c) (5 points)

)∣∣∣∣∣
2

dt. (4)

(d) (5 points) Using the results in (b) and (c), find the ML estimator for h and τ , i.e.,
find ĥML and τ̂ML.
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Problem 7. (25 points) Suppose that the observation is modeled as a real-valued random
process given by

Y (t) = s(t; θ) +N(t),

where s(t; θ) is a known time-function of θ, θ ∈ {θ1, θ2, · · · , θM} is an M -ary parameter to
be detected, and N(t) is an additive white Gaussian noise with E{N(t)N(s)} = σ2δ(t−s).
Answer the following questions.

(a) (5 points) Sketch an optimal receiver front-end that employs M correlators to
convert the continuous-time observation Y (t) to a length-M vector observation Y .

(b) (5 points) When s(t; θ) in (a) is in the form of

s(t; θ) ,
N∑
n=1

d[n]pn(t)

for a known integer N > 1, θ is a length-N vector given by

θ , [d[1], d[2], · · · , d[N ]],

d[n]’s are L-ary symbols, and pn(t)’s are distinct waveforms, sketch an optimal
receiver front-end that employs N correlators to convert the continuous-time ob-
servation Y (t) to a length-N vector observation Z. Also find M in terms of L and
N .

(c) (5 points) In (b), find the mapping rule from Z to Y when d[n] ∈ {−1, 1}, and
N = 3.

(d) (5 points) When s(t; θ) in (b) is in the form of

s(t; θ) ,
N∑
n=1

d[n]p(t− nT )

with a nonzero waveform p(t) and a positive integer T > 0, sketch an optimal
receiver front-end that employs a single matched filter to convert the continuous-
time observation Y (t) to a length-N vector observation W .

(e) (5 points) Discuss why pulse amplitude modulation and quadrature amplitude mod-
ulation are popular in digital communications. (Hint. Interpret the results in (a)-
(d).)
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Problem 8. (15 points) Suppose that the observation is modeled as a real-valued random
process given by

Y (t) = s(t; θ) +N(t), for t ∈ [0, T ),

where s(t; θ) is a known time-function of θ, θ ∈ Θ is an unknown parameter to be
estimated, and N(t) is an additive colored Gaussian noise with

E{N(t)N(τ)} =
∞∑
i=1

σ2
i φi(t)φi(τ)

where {φi(t)}∞i=1 is an orthonormal basis for the set of all finite-energy signals on t ∈ [0, T ),
and σi > 0,∀i. When the event {Y (t) = y(t)} occurs, answer the following questions.

(a) (5 points) Find the impulse response hw(t, τ) of a linear system that whitens the
noise N(t) in terms of σi and φi(t). Fully justify your answer, i.e., show that the
noise is whitened.

(b) (5 points) Find the response s̃(t; θ) of the whitening filter to the desired signal
s(t; θ) in terms of φi(t) and s(t; θ). Also find the response ỹ(t) of the whitening
filter to y(t) in terms of φi(t) and y(t).

(c) (2 points) What is the ML estimator? Write your answer in terms of ỹ(t) and s̃(t; θ)
found in (b).

(d) (3 points) What is the ML estimator? Write your answer in terms of y(t), s(t; θ),
and hw(t, τ) found in (a).
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