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Problem 1. (20 points: Correct answer = +2, no answer = 0, incorrect answer= −1.)
Say True or False to the following statements. You don’t need to justify your answer.

(a) Given a binary decision rule, the Bayes risk is a straight line as a function of Pr(H1).

(b) The maximum likelihood (ML) detector is always equivalent to the minimum Eu-
clidean distance decision rule, if the observation is modeled as a known deterministic
signal (that depends on each hypothesis) plus additive colored Gaussian noise.

(c) For an M -ary hypothesis testing, there are M2−1 different types of decision errors.

(d) The Neyman-Pearson lemma says that the N-P detector is always a likelihood ratio
test.

(e) The Neyman-Pearson criterion is to minimize the detection probability subject to
an upper bound on the false alarm probability.

(f) The ROC of a Neyman-Pearson detector is always continuous function.

(g) Given the ROCs of all possible randomized LRTs and the cost assignment rule, we
can find the Bayes risk of the optimal Bayes detector.

(h) The minimax criterion is applicable to hypothesis testing problems having a priori
probabilities for the hypotheses.

(i) The uniformly most powerful detector with size α always exists given a binary
composite hypothesis testing problem.

(j) The optimal detector for a binary hypothesis test is always a non-randomized like-
lihood ratio test, regardless of the optimality criterion.
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Problem 2. (15 points) Suppose that the random observation of a binary hypothesis
testing problem is a quantized version of a continuous random variable, so that the
quantizer output Y is well modeled as

Hi : Y = si +N,

where s1 = −s0 = ln 3 is known to the detector and N is an additive Laplacian noise
with pdf

fN(n) =
1

2
e−|n|.

When we design a detector that processes Y , answer the following questions.

(a) (5 points) Sketch two conditional pdf’s fY |H1(y) and fY |H0(y).

(b) (5 points) Find the log likelihood ratio

ln
fY |H1(y)

fY |H0(y)

and sketch its graph as a function of y.

(c) (5 points) When the uniform cost is assigned, find a minimax detector. Is it unique?
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Problem 3. (20 points) Suppose that the signal transmitted by a deep space probe is
observed at an earth station. The signal is modeled as

Y = X +N,

where N is an additive Poisson random variable with probability mass function

Pr(N = x) = e−λn
(λn)x

x!
, x = 0, 1, 2, ...,

and X is the desired signal component with probability mass function

Pr(X = x) = e−λθ
(λθ)

x

x!
, x = 0, 1, 2, ...,

where λ0 = 0 and λ1 > 0. When we follow the convention 0/0! = 1, answer the following
questions.

(a) (5 points) Find the characteristic function E[ejωN ] of N .

(b) (5 points) Find the characteristic function E[ejωY ] of Y when θ = 1. (Hint. Use
the result in (a).)

(c) (5 points) Find the most powerful detector with size 1/2.

(d) (5 points) Find the probability of miss of the Neyman-Pearson detector with false
alarm probability 1/2.
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Problem 4. (15 points) Suppose that, given a binary hypothesis testing problem with
continuous random vector observations, the ROC of likelihood ratio tests are given by a
curve

PD = g(PF )

where g(·) is a differentiable function satisfying g(0) = 0 and g(1) = 1. Let g−1(·) be
the inverse function of g(·), and (g′)−1(·) be the inverse function of g′(·). Answer the
following questions.

(a) (5 points) Explain how to find a Neyman-Pearson detector of level α by using the
ROC g(·).

(b) (5 points) Explain how to find a minimax detector by using the cost assignment
Ci,j ,, the cost of saying Hi given Hj, and the ROC g(·).

(c) (5 points) Explain how to find a Bayes detector by using the cost assignment Ci,j ,,
the cost of saying Hi given Hj, and the ROC g(·).
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Problem 5. (25 points) (Natural Binary Coding) Suppose that the observation Y is
modeled as

Y (t) = A(2b1 + b2) +N,

where A > 0 is a known constant, b1 and b2 are i.i.d. random variables with Pr(bi = 1) =
Pr(bi = −1) = 1/2, and N ∼ N (0, σ2). Let A2/σ2 be the signal-to-noise ratio (SNR).
Answer the following questions.

(a) (5 points) When a binary hypothesis test is given by

H0 : b1 = −1

vs.

H1 : b1 = 1

find the MAP detector.

(b) (5 points) In (a), find the average probability of decision error. (Hint. Use the
Q-function.)

(c) (5 points) When a binary hypothesis test is given by

H0 : b2 = −1

vs.

H1 : b2 = 1

find the MAP detector for relatively high SNR.

(d) (5 points) In (d), find the average probability of decision error. (Hint. Use the
Q-function.)

(e) (5 points) Discuss what happens in (c) and (d), if the SNR is relatively low.
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Problem 6. (10 points) The following are paragraphs from Wikipedia.

In medical testing, and more generally in binary classification, a false positive is
an error in data reporting in which a test result improperly indicates presence of a
condition, such as a disease (the result is positive), when in reality it is not, while
a false negative is an error in which a test result improperly indicates no presence
of a condition (the result is negative), when in reality it is present. These are the
two kinds of errors in a binary test (and are contrasted with a correct result, either
a true positive or a true negative.) They are also known in medicine as a false
positive (respectively negative) diagnosis, and in statistical classification as a false
positive (respectively negative) error.

In statistical hypothesis testing the analogous concepts are known as type I and
type II errors, where a positive result corresponds to rejecting the null hypothesis,
and a negative result corresponds to not rejecting the null hypothesis. The terms
are often used interchangeably, but there are differences in detail and interpretation
due to the differences between medical testing and statistical hypothesis testing.

In statistical hypothesis testing, a type I error is the incorrect rejection of a true
null hypothesis (a “false positive”), while a type II error is the failure to reject
a false null hypothesis (a “false negative”). More simply stated, a type I error is
detecting an effect that is not present, while a type II error is failing to detect an
effect that is present. The terms “type I error” and “type II error” are often used
interchangeably with the general notion of false positives and false negatives in bi-
nary classification, such as medical testing, but narrowly speaking refer specifically
to statistical hypothesis testing in the Neyman-Pearson framework.

Answer the following questions.

(a) (9 points) Compare the notions of false positive, false negative, true positive, true
negative, false alarm, miss, detection, type I error, and type II error, by filling up
the following table.

Null hypothesis (H0) is valid Null hypothesis (H0)is invalid
Reject H0

Fail to reject H0

(b) (1 point) When you consider an M -ary hypothesis testing, how many different types
of errors do you have? Explain it by drawing a table.
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