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LIMIT THEOREMS 95

variance of a uniformly distributed random variable is 5%/12, where b is
the width of the density function. Specifying the variance essentially con-
strains the effective width of the density function. Figure 2.40 illustrates
this effect for the Gaussian density function.

A precise statement of the constraint is due to Chebyshev. Lety be a

. -

._}' o

3

Figure 2.40 The Gaussian probability density function for two values of variance.

zero-mean random variable with finite variance o,2. Chebyshev’s inequality
states that for any positive number ¢ .

%
Pliyi>el<%; §=0 (2.146)
6 .
Equation 2.146 can be proved as follows. By definition,

;5 =fw «® p, (o) du.
Since the integrand is positive, -
F> [ apds
e
This bound can be weakened further by replacing o2 with its smallest value,
<%, which yields
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Figure 2.24 Examples of the two-dimeasional Gausstan density function. dir
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150 RANDOM WAVEFORMS

L

(c) p=03
Figure 3.17 | Contour Elotslof constant probability density for the two-dimensional
L Gaussian density function of Eq. 3.31. The density functions themsclves are illustrated
L in Fig, 2.24 for ¢® = 1.

Pt Further insight into the behavior of p, . as a function of p can be
: -?3 3 gained from the contour plots of constant probability density shown in Ty

Fig. 3.17. The contours are most easily visualized in terms of coordinates e
¥1s ¥ rotated 45° from «, . If we let ‘ E
e N .
o == 9y COS g — 5 §in E . (3.35a)
. w ki .
‘8 w4y 810 z e Yo CO8 2 s (3.35b) is |
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A COMMUNICATION EXAMPLE 83
Since

) B 1 [, g 1 .2
O(L_gée“gdﬁ(;gﬁ pe P dfp = — =,

we have the bounds

~——3-e““g"2(1 1) < o) < wtsz’3; « >0 (2,121
~f 2Tt \/ ree
‘These two 'bounds are plotted together with Q(w) in Fig. 2.36.
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Figure 2.36  The lunction @(x) and three bounds,



Ogm <\Y\ (ﬁo quq) (ﬁ_ See . mqm» o

 Howerey, &tcmaf{ 3 B Fﬁum D_(B{))
bo—Hx are MaC(urdj(E

rintn for Sler)

_C’JC,_) v be o o ve i‘f““@@mﬁﬁw\ b\é Ol TC'-’L% [W -

e of  Herwile. potyomral



| . of doar«ee € < ) O
d‘l srfeeo = 0N & tﬂume
d..?C _ .

‘-._ e =
e

_tl) ﬁ{fmcﬁﬁx}eﬂ W@&SX“S’% ”6\/ &(’ZQ) IS %Wb“&
&m ji -2 dB . (o)

- NWW‘?QQJ\N\*"GSWW/ A r\czqu'\@o{ /

: ..(HD neth mrd@w, APV iadTan of G0 |
4 | PR
_ _ @OQNCRH(C‘C) ?:e:"%r-.:tec 2.) X \S(_t—f(%(” (;’CI& _ikj)
| . . y . o X2 T
-—pmma o QRPX)  fe xvo,
&(V ) (O for >€> - mm’gn}#ﬁm_(!td-. Q.l.ﬁcm“vc
| (D &(@> 7o for :>:>c>  Cenvey c.?u_p i
g ( Sefl) | . : ~P B |
VS ok S o Sevsond vy )

it
&( = { e’ -! S
=) ST © = Chegz )



T ken o

U Cardesian coovdindIT

e _ cerp (oL e gy (o) [
Bk @CI}_&]—)_ \ﬁl\mfﬁ“ (L) F,\, 3 * -f *‘) L&])

B Gt
| Tl

e BE . few
#’X&ereme@m
e/ B X<a,t=b) 7\

= Pr(¥=a)P-Crsbh) B

i it

e J/G(Q_f‘*" Coordingte



_/(

}
SEowe yotaly -
O o r~ _ — -
- [,\{ f = o392 i}-\*’ !
R ’ !E \_
Tl Levs cas9 LT
c""{"{ﬂ_QM._
- -'TP‘;}*J?J (CE;ZE — _(_X\(’( *DC"GQ'S-‘\ ‘gf‘s\“@‘ ’t‘S’V‘ @'-FM {‘asé}f
A / $err ' e
= TR @f{vg_k- {t‘rrms 6"‘\
"WL -"Iﬁ;wﬂ@ﬁ—ém;'}\ f\
! ,S{: g S :
= -——-[————«—-‘97‘L;// __f__“_)_
owgt - :LG‘L

..D A N '
_ - TX\(C X, é‘) - VQQ Fo 1‘77‘)
= rotwing ‘VC/; rjoviaf cusﬁ “ bwifw

| NN *H;uk Po{w\—-- f‘_om—o{?\h_ C{j{}../

R . T D_‘TG“LL_ P\ : :L(f 'y il




' /'\ﬂ»(?)
N &

-_.N‘\“"'—-—_

| | -

\ | bl P”TGMG"*G’\“, l(‘“—T

erfmﬂrew'r?ru VO'L-’?()IQW Ver il e

P

(2

j 1
: K,
— __LA. oA e
) ooy e \ el e
= fm e > -‘F Ra.k} .
=2 @ avd B ove "zv- dapenolent
R
| u\nf"&)rm_ %/ *”?{"\_
Feundain | r"audarm
Verirte ble eviable .o
oA {_ﬂ)l'ﬁf‘\) wy/ porawetea. D'l
b As wele sen trRo '“rrff‘?) 5ot o bt
- S - ({ & rcu\Qowﬂu S.ymw\qjufc : J
PCP3 = { RAD
~ PO



1
i

A

X
e
g
f,

Odw= Pr(, Ran®zo, O<O<T)



Sentg

/. .
R ‘-—w:?#«‘:mw,. <
. -\\ =y . ——
2=
' e

~ o
— __
I LA =T
Ve L,
fﬂ\' "ﬂ“ . i .
3, =T <!
fa
= | ,
1 - - Ful
J 41 T"* ]
vy

ALy P

i

. /ﬂ{/

Jr

‘px\r"(’_m )&{g{ o &

I A
o ?"’( 2 v

_/f;, (;’{r ,fqgs”fx’”‘j‘é .






(r{ y Cartesian Covora ind T
N P e '
Ik AT ( erﬂfr\ * pzj Cd-re )
0 PR ser JGRe  PU ses
e e & o
o Ul M"“‘““m\/—ﬁ“ [
= Arey o« frig)

>< 3;\ ((' ave. ?\/}fyf ﬁ*"'}(ﬁg‘.{ﬂ'g{ﬁ ,,g/{j:

/@‘// Dr( X=a, \fk":;t} ) ' oo | b

= Pr(¥ea) TACYeh) ; //Z’/,: R {
~ - q(A2 e ) T > %

=

D Pl coovdmate |

N | e
ST e Fertaty \/‘JH"VL W_SP:‘*C“% to r /L{;( ] .3’[5?*-:"”,‘2'_

L Me| @

[ [t’&i&“@ *“Sm@] "*/UX"} 4 /M}(,‘,
J_ SMEB cosd L( [V\’j

“053?" ('2,?-) Qf\“( & L‘“W | cos©) '““( a;‘“)" r)EMe - /“f
o “ffjkx)sme + (g~ }f‘r)cm‘f’ i/Ur\

xvfaf,@ |

e C‘W‘W{””‘f /,;,. metric: w/dh vonect ta g;,«:}(_, ‘

c"\



tees Tl e )

mﬂ IQKJ’)}] @if

| e ﬁ—fng ?a!ou\, (e SAM 4] 2,

\CR @ (r fﬂ“ ”fzyr C r-(a,;f}, rgf\ﬂ@ )Y“

— (r(o.sa /UyT-%(r‘sW\E /L[f]
T p(- T )

f"“ ~ ~ - r::}'“’XL /M (Q 9.}: llf

= Tawe> ek{" S Ew )FXF H xd_i /u

Whew X 3\1 s *u/j‘(?“

. See. _ Peiin

\QP\CH - L .WCR.@{:D(S).d'@"
g mf @'P( i S [ o

Whene 7 (x’)ﬁ o7 fn ‘@-.rf(_ X5 9)d

&




s mied the Zermth onlr modifel Bews|
ﬁmcﬁhnef-the st kind.

s
“i
b1
=
4
G
[

-T“‘S Rlcean >dc‘sfh btd'rbl
\ Rictan / -

1

C femr o erpl- =

O o=
L R i‘j@ Rl .
\I—*.—qg_“‘: 1 mm,.
AN ras{® - \ \
x({m &U&“‘f’*_ { 9‘2)/
G‘“

W Lo = Blo-6.)
%—--*ﬁa\a '



346 PROBABILITY, RANDOM VARIABLES, AND RANDOM SIGNAL PRINCIPLES
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FIGURE 10.6-2 | .
Probability density mmnomom of the phase of the sum of a sinusoidal &mz& and gaussian noise. Curves

are plotted for a signal vgmm of 6, = 3n/4.
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FIGURE 10.6-1
Probability densities of the envelope of a sinusoidal signal (amplitude A4,) plus noise (power ¢?) for
various ratios A,/o.
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Figure 5.2 Plot of Ip(x)
Hence, using (5.22) in (5.20), the optimum decision rule sets 7 (o (#)) = m;, when
2¢; EN
T (o — ) 523
.O(NG)OXP( Ng) { )

is maximum for k =i, Recall from (5.17) that the envelope £; is given by

& =75 + 2% (5.24)
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The pdf of a chi-square-distributed random

variable for several degrees of freedom.

%

%aiﬁav_ pdf with n degrees of freedom. 1t is Enmﬁmﬂ@a in Fig. 2-1-9. The case
n =72 yields the exponential distribution.
The first two moments of Y are

.} E(Y) = o T
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