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Problem 1. (40 points: 2 point each) Say True or False to the following statements.
Mark your answers in the table on the cover page. (Correct answer= 2, No answer= 0,
Incorrect answer= -1)

(a) The probability measure is defined on the probability space.

(b) A random experiment is mathematically modeled by a event space.

(c) A , {1, 2, 3} specifies the content of the set A in the tabular method.

(d) If P (A ∪B) = P (A) + P (B) if the events A and B are independent.

(e) If the sample space of a random experiment is S = {s1, s2, · · · , sN}, then the
probability of any event can be obtained from P ({si}), i = 1, 2, · · · , N .

(f) If P (B|A) = P (B), then P (Bc|A) = 1−P (B) for any A and B with P (A) > 0 and
P (B) > 0.

(g) If the universal set Ω =
N
∪
n=1

Bn, then P (A) ≥
N∑
n=1

P (A|Bn)P (Bn) for any A.

(h) If {Bn}Nn=1 is a partition of Ω, then P (A|Bm)P (Bm) =
N∑
n=1

P (A|Bn)P (Bn)P (Bm|A)

for any A with P (A) > 0.

(i) If P (A ∩ B|C) = P (A|C)P (B|C), then P (A ∩ B) = P (A)P (B) for any C with
P (C) > 0.

(j) fX(x|B) ≥ fX(x),∀x ∈ B, for any B with P (B) > 0.
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(k) Given a continuous random variable X, fX|X=a(x) = δ(x− a).

(l) A Poisson random variable is fully characterized by its first-order non-central mo-
ment.

(m) If ΦX(ω) is infinitely differentiable at ω = 0, then all the moments of X can be
found from ΦX(ω) for |ω| < 1.

(n) The characteristic function of a random variable X is the Fourier transformation of
its cdf.

(o) A measurable function of a random variable is a random variable.

(p) The moment generating function MX(ν) of a uniform random variable on (0, 1) is
(eν − 1)/ν.

(q) Given a gaussian cdf FY (y), the transformation Y = F
(−1)
Y (X) of a uniform random

variable X results in a poisson random variable with cdf FY (y).

(r) MY (ν) = aMX(ν) if Y = aX.

(s) E

[
fY (X)

fX(X)

]
= 1 for any random variable X such that fX(x) > 0,∀x.

(t) E[g(X)] =
∫∞
−∞ g(x)fX(x)dx for any continuous random variable X and measurable

function g(·).
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Problem 2. (20 points) Answer the following questions.

(a) (5 points) What is the cdf of a discrete random variable with the pmf P (x) defined
on x ∈ N?

(b) (5 points) Show that
E[1A(X)] = P (X ∈ A)

for any random variable X and for any measurable set of real numbers A, where
1A(x) is an indicator function defined as

1A(x) =

{
1, if x ∈ A,
0, otherwise.

(c) (5 points) What is the characteristic function of a gaussian random variable with
mean µ and variance σ2? Derive it from the pdf.

(d) (5 points) Using the Chernoff bound technique, show that

Q(x) ≤ e−
x2

2 ,∀x ≥ 0,

where Q(x) is the ccdf (complementary cdf) of the standard normal distribution,
i.e.,

Q(x) ,
∫ ∞
x

1√
2π
e−

y2

2 dy.
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Problem 3. (20 points) Suppose that a random variable X has mean µX and variance
σ2
X . Assume that σX > 0.

(a) (5 points) When X is Gaussian, find its cdf FX(x) in terms of the cdf F (x) of the
standard normal distribution.

(b) (5 points) When X is Gaussian, find the cdf F (x) of the standard normal distribu-
tion in terms of its cdf FX(x).

(c) (5 points) Find every possible linear transformation (precisely speaking, an affine
transformation) in the form of Y = aX + b such that the random variable Y has
the mean µY and the variance σ2

Y , where σY > 0.

(d) (5 points) S1 과목 성적의 평균과 표준편차가 78 그리고 8.8, S2 과목 성적의 평

균과 표준편차가 52 그리고 13.5 일때, 각 과목의 평균과 표준편차가 60 그리고
15가 되게 하는 선형 변환(affine transform)을 각각 구하시오. 단, 각 과목내의 석
차가 그대로 유지되도록 할 것.
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Problem 4. (15 points) A Gaussian random variable has a mean value µ = 0 and vari-
ance σ2 = 9. The voltage X is applied to a square-law device with a transfer characteristic
Y = X2. Answer the following questions.

(a) (5 points) What is the mean value of X3?

(b) (5 points) What is the mean value of Y ?

(c) (5 points) What is the pdf of Y ?
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Problem 5. (25 points) (a)-(d) Suppose that you construct N -digit decimal numbers
by using 9 natural numbers from {1, 2, ..., 9} with repetition being allowed. Answer the
following questions. (Caution. Sub-problem (e) is a separate one.)

(a) (5 points) Hinted by the probability of the complement of an event, find the number
of possible N -digit decimal numbers that contain at least one 1 but no 0.

(b) (10 points) Let An be the set of all N -digit decimal numbers that have 1 in the
nth place but no 0. Using (An)Nn=1 and the inclusion-exclusion principle, find the
number of possible N -digit decimal numbers that contain at least one 1 but no 0.

(c) (5 points) Using the Binomial theorem, show that apparently different answer to
(a) and (b) are in fact identical.

(d) (15 points) If you write down all N -digit natural numbers that contains no 0, then
how many 1’s do you have to write?

(e) (15 points) If you write down all natural numbers from 1 to 100000, then how many
0’s do you have to write?
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Problem 6. (17 points) In this problem we prove the total probability theorem. Given
a probability space (S,A, P ), the objective is to represent the probability of the event
A ∈ A by introducing a partition (Bn)Nn=1 of S. Answer the following questions.

(a) (5 points) What does that mean by “(Bn)Nn=1 is a partition of S”?

(b)-(c) (2 points: 1 point each) Fill in the blanks.

P (A) = P (A ∩ S) (1)

= ( (b) ) (2)

= P

(
N⋃
n=1

(A ∩Bn)

)
(3)

= ( (c) ) (4)

=
N∑
n=1

P (A|Bn)P (Bn) (5)

(d) (5 points) When (Cn)Nn=1 satisfies S =
⋃N
n=1Cn, derive an upper bound on P (A) in

terms of P (A|Cn) and P (Cn) for n = 1, 2, ..., N . Fully justify your answer.

(e) (5 points) Extend the total probability theorem to the case with a partition (Dn)∞n=1

of S consisting of countably infinite subsets. Specify exactly where you have used
the countable additivity of the probability measure.
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Problem 7. (17 points) Answer the following questions.

(a) (5 points) Show that if a random variable X has the probability density function

fX(x) =
1

σ
√

2π
exp

(
− x2

2σ2

)
,

then

E[Xn] =

{
0, n = 2k + 1
n!

2kk!
σn, n = 2k.

(b) (5 points) Show that if m is the median of X and fX(x) is the pdf of X, then

E [|X − a|] = E [|X −m|] + 2

∫ m

a

(x− a)fX(x)dx

for any a.

(c) (2 points) In (b), find a such that E [|X − a|] is minimized.

(d) (5 points) Show that if X and Y are two random variables with densities fX(x)
and fY (y), respectively, then

E [log fX(X)] ≥ E [log fY (X)] .

(Hint: Use ln x ≤ x− 1.)
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