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Problem 1. (20 points: 1 point each) Say True or False to the following statements.
Mark your answers in the table on the cover page. (Correct answer= 1, No answer= 0,
Incorrect answer= -1)

(a) Given a differentiable function T (x), the pdf of Y , T (X) is fX(x)/|T ′
(x)|.

(b) If X is a uniform random variable on (0, 1], then
√
− ln(X) is a Ricean random

variable.

(c) E[X2] =
∫∞
0

2x(1− FX(x))dx for any positive random variable X.

(d) For a zero-mean unit-variance Gaussian random variable X, E[X7] = 48.

(e) Pr(X ≥ a) ≤ E[X2]
a2

for any a > 0.

(f) If {An}Nn=1 is partition of the sample space, then E[X] =
∑N

n=1 E[X|An]P (An).

(g) ΦY (ω) = ejωaΦX(ω) if Y = aX.

(h) If ΦX(ω) is finitely differentiable at ω = 0, then all the moments of X cam be found
from ΦX(ω) for |ω| < 1.

(i) The central limit theorem (CLT) relies on the convergence in probability.

(j) fX,Y (x, y) = fX(x)fY (y) if X and Y are uncorrelated.
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(k) X and E[X|Y = y] have same mean.

(l) If E[X2] = E[Y 2] = E[XY ], then X = Y with probability one.

(m) For any joint random variables X,Y and Z, we have fX,Y,Z(x, y, z) = fX(x)fY |X(y|x)fZ|Y (z|y).

(n) Given two jointly distributed random variables X and Y , if fX(x) and fY (y) are
known, then FX,Y (x, y) can be uniquely determined.

(o) The characteristic function ΦX(ω) of an exponential random variable with fX(x) =
e−x is 1/(1 + jω).

(p) If two random variables are independent, then they are always orthogonal.

(q) For zero-mean random variables X and Y , orthogonality always implies uncorre-
latedness.

(r) The Markov inequality can be proved by using the Chermoff inequality.

(s) For any jointly random X and Y , E[X|Y = y] = E[X] + Cov(X, Y )/V ar(Y )(y −
E[Y ]).

(t) For any jointly random X, Y and Z, E[E[X|Y, Z]] = E[X].
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Problem 2. (10 points) Recall that the characteristic function of a real-valued Gaussian
random vector X is given by

ΦX(ω) = exp(jωTµ
X
−
ωTCXXω

2
).

When Y is a proper-complex Gaussian random vector with the real and the imaginary
parts Xc and Xs, respectively, i.e.,

Y = Y c + jY s,

A is a complex-valued square matrix with the real and the imaginary parts Ac and As,
respectively, i.e.,

A = Ac + jAs,

and Z is defined as Z = AY , answer the following questions. (In what follows, CN (µ,C)
denotes a proper-complex Gaussian distribution with mean µ and covariance matrix C.)

(a) (2 points) When Z has the real and the imaginary parts Zc and Zs, find the linear
transform from the random vector [

Y c

Y s

]
to the random vector [

Zc

Zs

]
.

(b) (2 points) When As = 0 and Y ∼ CN (0, 2σ2I), prove or disprove that Zc and Zs

are uncorrelated.

(c) (1 points) When Y ∼ CN (0, 2σ2I), prove or disprove that Zc and Zs are uncorre-
lated.

(d) (4 points) Show that [
Zc

Zs

]
is a Gaussian random vector.

(e) (1 points) Show that Z is a proper-complex Gaussian random vector.
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Problem 3. (20 points) Suppose that you have a random number generator uniform on
[0, 1) but you don’t have the inverse of the cdf of a standard Gaussian random variable.
When X and Y are zero-mean unit-variance i.i.d. Gaussian random variables such that

fY (y) =
1√
2π
e−

y2

2 ,

answer the following questions.

(a) (1 point) What is the joint pdf of X and Y ?

(b) (2 points) Find the pdf of the complex random variable Z , X + jY as a function
of z.

(c) (2 points) When R and Θ are the magnitude and the phase of the complex ran-
dom variable Z in (b), find the joint pdf of R and Θ. Are R and Θ statistically
independent?

(d) (3 points) Describe how you can generate R in (c) by using a uniform random
number generator.

(e) (2 points) Describe how you can generate Θ in (c) by using a uniform random
number generator.

(f) (5 points) Using the results in (a)-(e), describe how you can generate two zero-mean
unit-variance i.i.d. Gaussian random variables by using a uniform random number
generator.

(g) (3 points) Show that [
X̃

Ỹ

]
∼ N

(
0,

[
1 ρ
ρ 1

])
,

when [
X̃

Ỹ

]
=

[
1 0

ρ
√

1− ρ2

] [
X
Y

]
.

(h) (2 points) Using the results in (f) and (g), describe how you can generate zero-mean
unit-variance Gaussian random variables with correlation coefficient −1 < ρ < 1
by using a uniform random number generator.
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Problem 4. (15 points) Suppose that X, Y, Z are jointly distributed random variables.
When T (y) is defined as T (y) , E[X|Y = y], answer the following questions.

(a) (1 point) What is T (y)? That is, is it a function of y or a random variable?

(b) (3 points) What is T (Z)?

(c) (1 point) When T (Y ) is denoted by E[X|Y ], what is it?

(d) (3 points) Rewrite E[X|Y = y] in terms of the conditional pdf fX|Y (x|y).

(e) (2 points) By using the result in (d), show that E[T (Y )] = E[X], i.e.,

E[E[X|Y ]] = E[X].

(f) (5 points) Discuss how can you use the result in (e) to compute E[X].
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Problem 5. (10 points) Given three jointly distributed random variables X, Y, and Z,
it is said that X, Y, and Z form a Markov chain in this order and denoted by

X → Y → Z

if X and Z are conditionally independent given Y . When the joint pdf of X and Z con-
ditioned on an event {Y = yi} is denoted by fX,Z|Y (x, z|yi), and other density functions
are denoted similarly, answer the following questions.

(a) (2 points) Rewrite the joint pdf fX,Z|Y (x, z|yi) of X and Z conditioned on the event
{Y = yi} in terms of fX|Y (x|y) and fZ|Y (z|y), when X and Z are conditionally
independent of the event {Y = yi}.

(b) (3 points) Rewrite the joint pdf fX,Z|Y (x, z|y) in terms of fX|Y (x|y) and fZ|Y (z|y),
when X and Z are conditionally independent of the event {Y = yi} for all yi.

(c) (1 points) Show that X → Y → Z if and only if Z → Y → X.

(d) (4 points) Show that X → Y → Z if and only if

fX,Y,Z(x, y, z) = fX(x)fY |X(y|x)fZ|Y (z|y)

for all x, y, and z.
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Problem 6. (20 points) Suppose that random variables X and Y are jointly Gaussian
such that [

X
Y

]
∼ N

(
0,

[
1 ρ
ρ 1

])
where −1 < ρ < 1 is the correlation coefficient. When the random variables X and Y
are transformed to another random variables X̃ and Ỹ as[

X̃

Ỹ

]
=

[
a 0
0 b

] [
X
Y

]
,

where a and b are i.i.d. random variables with Pr(a = 1) = Pr(a = −1) = 1/2 and
independent of X and Y , answer the following questions.

(a) (2 points) Find the conditional pdf of the random variable X̃ given {a = 1}. Also
find the conditional pdf of X̃ given {a = −1}.

(b) (2 points) Find the marginal pdf of the random variable X̃. Is it a Gaussian random
variable?

(c) (1 point) What is the marginal pdf of the random variable Ỹ ? Is it a Gaussian
random variable?

(d) (5 points) Find the correlation coefficient E[X̃Ỹ ] between the random variables X̃
and Ỹ .

(e) (2 points) Find the joint characteristic function of the random variables X̃ and Ỹ
conditioned on {a = 1, b = 1}.

(f) (2 points) Find the joint characteristic function of the random variables X̃ and Ỹ
conditioned on {a = 1, b = −1}.

(g) (3 points) Find the joint characteristic function of the random variables X̃ and Ỹ .

(h) (3 points) Using the result in (g), prove or disprove the claim that X̃ and Ỹ are
i.i.d. Gaussian random variables.
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Problem 7. (10 points) In this problem, you learn what is a Monte-Carlo simulation.
Suppose that Y and Yi’s are i.i.d. random variables. Then, the law of large numbers says
that

E[Y ] ≈ 1

n

n∑
i=1

Yi

for sufficiently large n, i.e., the arithmetic mean 1
n

∑n
i=1 Yi of Yi’s can well approximate

the ensemble average E[Y ] for sufficiently large n. When the indicator function 1A(x) is
defined as

1A(x) ,

{
1, for x ∈ A
0, elsewhere

,

answer the following questions. In this problem, X and Xi’s are i.i.d. random variables
and g(·) is a measurable function.

(a) (5 points) Propose a method to find the approximate value of E[g(X)] when you
have a random number generator that generates i.i.d. random variables Xi. Also
draw a block diagram of your method.

(b) (2 points) Show that the probability Pr(X ∈ A) can be rewritten as

Pr(X ∈ A) = E[1A(X)]

by using the indicator function.

(c) (3 points) By using the results in (a) and (b), propose a method to find the ap-
proximate value of Pr(X ∈ A) when you have a random number generator that
generates i.i.d. random variables Xi. Also draw a block diagram of your method.
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Problem 8. (15 points) Suppose that random variablesXi, for i = 1, 2, · · · , are i.i.d. with
mean 0 and variance 0 < σ2 <∞. When random variables Yn and Zn are defined as

Yn =

∑n
i=1Xi√
n

and

Zn =

∑n
i=1Xi

n
,

respectively, for n = 1, 2, · · · , answer the following questions. Use the Q-function when
its use is required.

(a) (4 points) Find E[Yn],Var[Yn],E[Zn], and Var[Zn].

(b) (1 point) What happens to E[Yn],Var[Yn],E[Zn], and Var[Zn], as n tends to ∞?

(c) (2 point) Find the approximate value of Pr(Yn > k) for sufficiently large n. Your
answer must use the Q-function and the variable k. Justify your answer by using
the central limit theorem.

(d) (2 point) Find the approximate value of Pr(Zn > k) for sufficiently large n. Justify
your answer by using a law of large numbers.

(e) (4 point) Find the approximate value of Pr(Zn > k) for sufficiently large n. Your
answer must use the Q-function, and the variables k and n. Justify your answer by
using the central limit theorem. (Hint. Use the fact that Zn = Yn/

√
n.)

(f) (2 point) Show that your answer in (d) is consistent to your answer in (e) by letting
n tend to infinity.
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