
EECE 574: Probability and Random Processes

Final Exam (June 2015)

Time allowed: 4.5 hour

Name:

Student number:

(Return this test booklet with your answer sheets.)

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)
True
False

(k) (l) (m) (n) (o) (p) (q) (r) (s) (t)
True
False

Problem 1: / 20

Problem 2: / 10

Problem 3: / 15

Problem 4: / 15

Problem 5: / 10

Problem 6: / 10

Problem 7: / 10

Problem 8: / 20

Problem 9: / 15

Total Score: / 125



Problem 1. (20 points: 1 point each) Say True or False to the following statements.
Mark your answers in the table on the cover page. (Correct answer= 1, No answer= 0,
Incorrect answer= -1)

(a) The probability measure is defined on the sample space.

(b) Given a differentiable function T (x), the pdf of Y , T (X) is fX(x)/|T ′(x)|.

(c) Given a continuous random variable X, fX|X=a(x) = δ(x− a).

(d) Given two jointly distributed random variables X and Y , if FX,Y (x, y) is known,
then FX(x) and FY (y) can be uniquely determined.

(e) If E[X2] = E[Y 2] = E[XY ], then X = Y with probability one.

(f) If jointly distributed random variables X, Y , and Z satisfy Z , X + Y , then
fZ|X(z|x) = fY (z − x).

(g) For any joint random variablesX and Y , E[X|Y = y] = E[X]+Cov(X, Y )Var(Y )−1(y−
E[Y ]).

(h) If two random variables are independent, then they are always uncorrelated.

(i) If two zero-mean random variables are orthogonal, then they are always uncorre-
lated.

(j) fX1,X2,...,Xn(x1, x2, ..., xn) =
∏n

i=1 fXi
(xi),∀xi if and only if the random variables

X1, X2, ..., Xn are independent.

2



(k) The characteristic function of a summation of two random variables is the product
of individual characteristic functions.

(l) A realization of a random process is called a sample path.

(m) If a random process is strictly stationary, then it is ergodic.

(n) If a random process is stationary to order 3, then it is always stationary to order 2.

(o) A Poisson random process is completely characterized by its arrival rate.

(p) A Poisson random process is a continuous-time random process.

(q) A Poisson random process is wide-sense stationary.

(r) Two jointly distributed random processesX(t) and Y (t) are orthogonal if E{X(t1)Y (t2)} =
0,∀t1,∀t2.

(s) The power spectral density of a real-valued random process is always symmetrical.

(t) If a random process X(t) has PSD SXX(f), then Y (t) , X(t − ∆) has the same
PSD when ∆ is constant.
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Problem 2. (10 points) Given a probability space (S,A, P ), we have S = {0, 1} and
P ({0}) = 1/3. Suppose that there is a mapping rule X from S into a set of matrices
{X(0), X(1)}, where

X(0) ,

[
1 1
1 −1

]
and

X(1) ,

[
1 0
0 1

]
.

Answer the following questions.

(a) (3 points) Enumerate all events in the event space.

(b) (2 points) Find the probabilities of all events in the event space.

(c) (2 points) Find the expected value E[X] of X.

(d) (3 points) Find the probability mass function of the maximum eigenvalue of X.
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Problem 3. (15 points) In this problem we prove the total probability theorem. Given
a probability space (S,A, P ), the objective is to represent the probability of the event
A ∈ A by introducing a partition (Bn)Nn=1 of S. Answer the following questions.

(a) (5 points) What does that mean by “(Bn)Nn=1 is a partition of S”?

(b)-(c) (2 points: 1 point each) Fill in the blanks.

P (A) = P (A ∩ S) (1)

= ( (b) ) (2)

= P

(
N⋃
n=1

(A ∩Bn)

)
(3)

= ( (c) ) (4)

=
N∑
n=1

P (A|Bn)P (Bn) (5)

(d) (5 points) When (Cn)Nn=1 satisfies S =
⋃N
n=1Cn, derive an upper bound on P (A) in

terms of P (A|Cn) and P (Cn) for n = 1, 2, ..., N . Fully justify your answer.

(e) (3 points) Extend the total probability theorem to the case with a partition (Dn)∞n=1

of S consisting of countably infinite subsets. Specify exactly where you have used
the countable additivity of the probability measure.

5



Problem 4. (15 points) Suppose that X and Y are two jointly distributed real-valued
continuous random variables. When FX,Y (x, y) and fX,Y (x, y) denote the joint cdf and
the joint pdf, respectively, answer the following questions.

(a) (1 point) What is the relation between FX,Y (x, y) and fX,Y (x, y)?

(b) (2 points) When Z , max(X, Y ), find the pdf of Z in terms of FX,Y (x, y).

(c) (2 points) Using the result in (b), find E[max(X, Y )] in terms of FX,Y (x, y).

(d) (2 points) Find Pr(X ≥ Y ) in terms of fX,Y (x, y).

(e) (1 point) Repeat (d) for Pr(X < Y ).

(f) (2 points) Find the conditional density fX|X≥Y (x) of X given {X ≥ Y } in terms of
fX,Y (x, y).

(g) (2 points) Find E[max(X, Y )|X ≥ Y ] in terms of fX,Y (x, y).

(h) (3 points) Using the results in (d)-(g), find E[max(X, Y )] in terms of fX,Y (x, y).

6



Problem 5. (10 points) Suppose that X is a real-valued continuous random vector of
length N . When fX(x) denotes the pdf, answer the following questions.

(a) (1 point) When µ is the mean vector and C is the covariance matrix of X, find the
correlation matrix of X.

(b) (2 points) In (a), find the mean and the covariance of Y = AX + b, where A is an
M -by-N matrix and b is a length-M vector.

(c) (2 points) When ΦX(ω) is the characteristic function of X, what is the definition
of it? What is the length of ω in ΦX(ω)?

(d) (2 points) In (a)-(c), find the characteristic function ΦY (ω) of Y = AX+b in terms
of the characteristic function of X. What is the length of ω in ΦY (ω)?

(e) (1 point) In (a)-(d), what is the characteristic function of X if X is Gaussian? Just
state your answer.

(f) (2 points) Using the result in (d), show that Y = AX + b is also Gaussian if X is
Gaussian.
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Problem 6. (10 points) Suppose that the random variables {Xi}ni=1 are uncorrelated
with the same mean µX and same variance σ2

X . Define the sample mean and sample
variance, respectively, of Xi as

X ,
1

n

n∑
i=1

Xi

and

V ,
1

n− 1

n∑
i=1

(Xi −X)2,

respectively, and answer the following questions.

(a) (1 point) What are the sample mean and sample variance? Are they constants or
some other mathematical entities?

(b) (2 points) Show that E
[
X
]

= µX .

(c) (2 points) Show that Var
(
X
)

= σ2
X/n.

(d) (2 points) Show that E
[
(Xi − µX)(X − µX)

]
= σ2

X/n.

(e) (3 points) Using the result in (d), find E
[
V
]
.

(Hint: E
[
(Xi −X)2

]
= E

[
{(Xi − µX)− (X − µX)}2

]
.)
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Problem 7. (10 points) Suppose that the observation is modeled by

Y = b+N

where b is a binary random variable with Pr(b = 1) = Pr(b = −1) = 1/2, and N ∼
N (0, N0/2

√
Eb). It is assumed that b and N are independent. When the estimate b̂ of b

is obtained as b̂ , sign(Y ), answer the following questions.

(a) (2 points) Find the event in terms of N that is equivalent to the event A in

Pr(b̂ 6= b|b = 1) = Pr(b̂ 6= 1|b = 1) = Pr(A|b = 1) = Pr(A).

(b) (2 points) Find the conditional probability

Pr(b 6= b̂|b = 1)

of bit error in terms of the Q-function defined as

Q(x) ,
∫ ∞
x

e−
y2

2

√
2π
dy.

(c) (1 points) Repeat (b) for the conditional probability

Pr(b 6= b̂|b = −1).

(d) (3 point) By using the total probability theorem, find the probability

Pr(b 6= b̂)

of bit error in terms of the Q-function.

(e) (2 points) Suppose that you have a random number generator that generates
i.i.d. random variables b and bi, and that you have another random number gen-
erator that generates i.i.d. random variables N and Ni. Propose a method to find
the approximate value of Pr(b 6= b̂) by invoking a law of large numbers.

9



Problem 8. (20 points) In this problem, we show that, for a real-valued Gaussian
random process X(t), the wide-sense stationarity is equivalent to the strict stationarity.
We also check whether this holds for a complex-valued Gaussian random process. Answer
the following questions.

(a) (2 points) State the properties of the mean process E[X(t)] and the auto-correlation
function E[X(t+ τ)X(t)].

(b) (3 points) When the random vector X is defined as X = [X(t1), X(t2), · · · , X(tN)],
find the joint characteristic function of X.

(c) (2 points) Repeat (b) for the random vector Y is defined as Y = [X(t1 +∆), X(t2 +
∆), · · · , X(tN + ∆)]. Compare your answers in (b) and (c).

(d) (3 points) Using the Kolmogorov’s extension theorem, show that the wide-sense
stationarity of a real Gaussian random process implies the strict stationarity.

(e) (3 points) Show that the strict stationarity of a random process implies the wide-
sense stationarity of the process.

(f) (2 points) By combining the results in (d) and (e), show that, for a real Gaussian
random process, the wide-sense stationarity is equivalent to the strict stationarity.

(g) (3 points) Prove or disprove that the wide-sense stationarity of a complex-valued
Gaussian random process implies the strict stationarity.

(h) (2 points) Repeat (g) for a proper-complex Gaussian random process that satisfies
E[X(t+ τ)X(t)] = 0,∀t,∀τ .
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Problem 9. (15 points) Suppose that α(t) and X(t) are independent real-valued random
processes and that α(t) is a zero-mean wide-sense stationary random process. When the
observation is modeled as

Y (t) = α(t)X(t),

answer the following questions.

(a) (2 points) Find the mean process E[Y (t)] of Y (t).

(b) (3 points) Find the auto-correlation function E[Y (t+ τ)Y (t)] of Y (t).

(c) (5 points) Using the results in (a) and (b), prove or disprove that the random
process Y (t) is wide-sense stationary.

(d) (3 points) Let Sαα(f) and SXX(f) be the PSDs of α(t) and X(t), respectively. Find
the PSD SY Y (f) of Y (t). (Hint. the convolution can be denoted by ∗.)

(e) (2 points) Using the result in (d), justify that the bandwidth of Y (t) is greater than
or equal to that of X(t).
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