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Problem 1. (30 points: 2 points each) Answer the following questions.

(a) (2 points) Define the Jacobian determinant of original transformation y = g(x).

(b) (2 points) Given a function Y = g(X) of continuous random vector X, find the pdf
fY (y) using the pdf fX(x) of X.

(c) (2 points) Given a random vector Y defined as Y = AX, when X is Gaussian
random vector with common mean µ common covariance matrix C, find pdf fY (y)
of Y in terms of A, µ, C.

(d) (2 points) Given two random vectors X and Y , state a correlation coefficient of X
and Y .

(e) (2 points) Given two random variables X and Y , define the cross correlation and
the cross covariance between X and Y .
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(f) (2 points) Given two random variables X and Y , state the properties between
cross-correlation RXY and cross-covariance CXY .

(g) (2 points) Given two random variables X and Y , state conditions of orthogonal
and uncorrelated.

(h) (2 points) Given a real random vector X, define the characteristic function ΦX(ω)
of X.

(i) (2 points) State the total expectation theorem.

(j) (2 points) Given two real random vectors X and Y , define cross-correlation matrix
RXY and cross-covariance matrix CXY between X and Y .
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(k) (2 points) Given two complex random vectors X and Y , define cross-correlation
matrix RXY , cross-covariance matrix CXY , pseudo-correlation matrix R̃XY and

pseudo-covariance matrix C̃XY between X and Y .

(l) (2 points) A complex-valued random vector X is proper if .

(m) (2 points) A complex random vector Z = X+jY is called Gaussian if .

(n) (4 points) Given a Gaussian random vector X with common mean µ common
covariance matrix CXX , find the characteristic function ΦX(ω) of X. Fully justify
your answer.

4



Problem 2. (10 points) Given two continuous random variables X and Y , answer the
following questions.

(a) (5 points)X and Y are Gaussian random variables with zero mean common variance
σ2 and there are independent. Let R ,

√
X2 + Y 2 and Θ , tan−1( Y

X
). Find joint

pdf fR,Θ(r, θ) using jacobian determinant in terms of joint pdf fX,Y (x, y).

(b) (5 points) Find marginal pdf fR(r) and fΘ(θ). What is the distribution of R and
Θ. Justify your answer.
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