20239 108 192 SQY 1312

CM14 231024T
Announcements
1. Messages from Instructor
o An imperfect classification rule is better than no classification rule as long as you recognize the imperfection and update your rule.
o ((S))implify and ((V))isualize:
» essence, generalize, consider extremes,
» Venn diagram, necessity and sufficienciency, existence and uniqueness/plurality
» block diagram, G(V,E); graph of a function, algebraic vs. geometric interpretations, mathematical vs. physical/engineering
interpretations/implications
Purposeful practice with 3F: Time, Focused Action, Experience, Lesson, _Feedback, Fix, Growth

Purposeful practice is designed to improve performance, and is characterized by staying focused and positive, setting clear and specific

o

goals, allocating time during your week, taking on tasks that go beyond your existing level of ability, and seeking feedback.

ZK: <https://www.google.com/search?q=purposeful+practice&rlz=1C1CHBD_koKR89IOKR890
&oqg=Purposeful+practice&gs lcrp=EgZjaHlvbWUqBwgAEAAYgAQyBwgAEAAYgAQyBwgBECAYgAQyBwgCEAAYgAQyBwWgDEAAYgAQyBWEEEAAYgAQYCAgFEAAYFhgeMggIBhAAGBYYH|IICAcQABgWGBA4yCAgIEAAYFhgeMgglCRAAGBYYHtIBCDMzNTVgMGo3gAlAsAlA&sourceid=chrome
&ie=UTF-8>

O

Stop and Think; similarity to and difference;
Self-Fulfillment and Contribution to Collective
Attitude: Exceed expectation.

o

O

2. Xtk ol =3/=22 A

3. HW, Quiz, and Exam
o HWO7 will be assigned by this Friday. Due will be next Tuesday.
o Midterm Exam is approaching.
= |t will be taken on Thursday 10/26 at 19:00-23:00 in LG 102.
= |t covers upto this class meeting.
= Open everything
= Greek letters
» No communication with human being
» You cannot carry any message-exchanging device/stationery when you go to the restroom.




4. 4o 1=
o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at http://cisl.postech.ac.kr/class/eece233/schedule.htm.
o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time stamps.

>
5. &4

o ZZMENO| CHol MAFEZ A AEl( https://wpsc.postech.ac.kr/eams/login )& 2SN . AHAIR 7t U St SE HEdH M L.

6. Overview (The numbers are the chapter numbers of the textbook)
1. Signals and Systems
2. Linear Time-Invariant Systems
3. Fourier Series Representation of Periodic Signals
4. Continuous-time Fourier Transform
5. Discrete-time Fourier Transform
6. Time and Frequency Characterization of Signals and Systems
9. Laplace Transform
10. Z-transform
7. Sampling
8. Communication Systems

7. Review
o DTFS representation of a DT periodic signal
= synthesis equation
= period N; summation notation; modular N; the kth Fourier coefficient;
= the Fundamental radian frequency; the k-th harmonic component
= analysis eW
= existence and uniqueness

8. Preview

® But what is a Fourier series? From heat flow to drawing with circles | DE4 t—z




o MI'3M e Have a picture that can be drawn using a continuous curve.

L/\/*"’
N

*

Take a center as the origin.

Take a rotating line segment at a constant radian frequency with one end fixed at the origin.
¢ Measure the distance from the origin at theta and you get a periodic signal.
¢ Done!?
¢ Does this work always?

o CTFS representation of a CT periodic signal

= Ql.
= Q2.
= A2

L R IR R 2

. Now, what would be the counterpart to a CT periodic signal?

Can we do something similar to CT periodic signals? If yes, how?
What were the lessons from the DTFS representation of a DT periodic signal with period N?

X[n] and its DTFS components have the same period. (-O
All complex sinusoidal signals with period N are involved in general.

There are N distinct complex sinusoidal signals with period N.
The weights can be found by solving a system of linear equations.

x(t) and its components must have the same period.
All complex sinusoidal signals with period T are in the form of exp(j2\pi kt/T) for k\in Z.
How many complex sinusoidal signals with period T are there? :LO
O synthesis equation
¢ analysis equation
A function is equal to the countably infinite summation of scaled complex sinusoidal functions?
¢ Series and convergence of real numbers
¢ Series and convergence of complex-valued functions
¢ Modes of convergence
uniform convergence
everywhere convergence
almost everywhere convergence
convergence in the p-th mean (p\geq 1)
convegence in measure

SO OCO0




/ EECE233 Signals and Systems
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Lecture Note #6
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

. Covers O & W pp. 186-210

. Fourier Series representation of CT periodic signals
. How do we calculate the Fourier coefficients?

. Convergence and Gibbs’ Phenomenon \
. CT Fourier series examples
* These lecture notes are based on the lecture notes used in 6.003 taught by J [y
Prof. Qing Hu at M.L.T. These notes are adopted for EECE233 under the i
permission of Prof. Qing Hu.
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Def. Fourier Series Representation of a CT Periodic Sign
Given a periodic signal
x(t)=x(t+T) forall ¢
x(t)

DDA,

- smallest such T is the fundamental period
2 .
- w,= "—; is the fundamental frequency

J

e’ periodic with period 7' <> o = ko, Q. There are only|N distinct
if we have [l complex exponential functions
o s o . with period N. However,
x() = Ek=_w ae”" = Ek=_wak6’1 =x(+T) there are countably infinite
periodic complex ¢xponential

-periodic with period T functions with perjod T. Why?
- {a;} are the Fourier (series) coefficients
-k=0 DC

- k = «1 first harmonic
- k = +2 second harmonic
ere the equality in some sense, then the RHS is called the ..~in the sense.

3
Q. 2+419] note®lA1+= any DT periodic signal®ll sl A. No. Actually, "limited yes".
(i) DTES7} EAl8taL
(ii) DTEFS7} original signal®} K.4= ngtellA] dx3H-S w3 SAFElL thE A o] wo] gl o 1
& W& CT periodic signalell &l & 4= Q1&7)? oo §-ostHA B-5hA}.

emma. For real periodic signals, there are two other commonly used

. . aps ity:=
forms for CT Fourier series: 141 equality

e u] Q17}?
x(t)=a, + 2 [ coska,t+ B, sinka,1]
=] equals everywhere
or equals almost
everywhere
xt)=a,+ Z[yk cos(kw,t + Bk)] vs.
-1 equals in L~2 (the
ean|square) sense

%

m
Remarks. Because of the eigenfunction property of ¢/, we will only use
the complex exponential form in EECE233.

— A nontrivial consequence of this is that we need to include
terms for both positive and negative frequencies:

pjkwol p—jkwot



-0.2

-0.4

-0.6

— A nontrivial consequence ot this 1s that we need to mclude
terms for both positive and negative frequencies:

Jkawyt —Jjkawt
e e’

cos(2 pin/5)

T T
Q. There are only istinct complex
exponential functi ith period N.
However, there arge countably infinite

functions with perijod T. Why?




cos(2 pikn/5), k=1,6
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Question: How do we find the Fourier coefficients a;?
Let’s first take a detour by studying a three-dimensional vector:
A=AZ+AF+AZ
X,9, and Z are unit vectors.
thestf .
an ow do we find the coefficients 4,, A, and 4.?
LUH=AR), ) asy, A =A*RA=A*jandA =A*i e,
'3 T -

roject the vector onto the x-, y-, and z-axis.

y does it work this way?

Orthogonality:

I A A A~
e v _ e vas—N

A

A

A

')

&
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Orthogonality:

V=34 " ~
I N Hilbet Sr"l G Ixlz § EaFas

e =8
sk 7] Uol A finite energy S ZE4413% x (1) 7} -7-°1ﬁ—a-“|r7/ WVJ A x 1L 9

/ Back to Fourier series
afinite= [ N0 fet’s imagine that x(7) is a vector in a space of «-

power

periodic dimensions and e (k=0,+1,+2,...) is a unit vector in this
signal, space. (Such a space does exist, it is called Hilbert space, just
ora nobody lives there.) Then,

square oo

H . a

12tegrab x(t) = Eake’k“"", with the analogy ()
(during =

a x(H) < A

period) ) ®

periodic e < JA(,_\A),E

signal

a, < ALALA,

Now all we need to do is to “project” x(7) onto the e — gxis,
@we will obtain the coefficients a;. How to do that? Again,

need orthogonality.

space: a set and an accompanying operator (e.g. norm, scalar
multiplication, addition, metric, inner product, etc.)

vector/point in a space: an element of the set of the space
dimension: linear space®l*] basis®] A4

a1

basis: a subset of the space® 2] 9] 3} pointi= ©]% basis vector
£ 9] linear combination & & R}
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£ 9] linear combination & & e}

Hilbert space = a complete normed linear space with inner
product

a complete space: every Cauchy sequence converges

(Cauchy sequence® Q1A 3l= termE3He] 7Hz)o] 0o =93}
Fd AA L FEdE )

a normed space: a set of elements with a norm defined

norm of an element: size of an element.

metric space: 72| (metric) & 4 2% space

metric: 7125 A 28l $HEA

positivity

symmetry
triangle inequality 7} Al 3 sl oF .

Note: Hilbert space + 3 dimensional Euclidean space®] -3t} &
Hoz Aztaha A,

LA NN HENE AP, F QERE Ho] & o6
A9l g7ro] ).

~Ol EL]

o

—> 8hro|A] 42813} real analysisE &8 § 8t 9/FA s} gjsk gl
o

ol 4] measure theory, probability theoryS 55 Z.

-I.:

Obtaining the Fourier series coefficients
Orthogonality in the Hilbert space:

1 Jkewot | - jnw,t _ 1 Jjlk=n)w,t _ 1’

?fTe e dz-;fTe dt—o

k=n

, k=n



w1 lllUsUllallL)’ 111 UiV 1111uUNaL Dl}ﬂUU.

lf ejkw,,t~e—jnw,tdt=lf o ment gy _ 1, k=n
TYT TYT 0, k=n

=0[k-n].

1 ; . . . )
T fT e "'dr- is to take an "inner product” with e”***")

%fT x(t)- e " dt =%fT iakej(k—n)wo’ dr,

k=-%

then only one term (a, ) will be nonzero. That is:
1 — jnw,t _
K ?fT x@)-e"dt = a,.

( f ;= integral over any interval of length 7, and the operation of

Now if we "project” x(z) onto e”*" by taking the operation :

-

/ Finally

1 _j”wot =
?fT x(t)-e dt=a,.
|

CT Fourier Series Pair (w, =2n/T)
X (S
x(1) = Eakejk'”‘” (Synthesis equation)
k=—x

\ a, = % f ; x(H)e ' dt (Analysis equation)

8

TES9]
synthesis
equation¥}2] ¥
%78 countable
sumo] 2= 4.

infinite s
"o 7k A4,

DTHSS]
analysis
equation®} 2] 2}
o] =|finite sum
o] irftegration
(sum of
uncountably
infiflite terms)

NEE i




DTFS$FS] A A Q1 2o)+=, DTFSS 4% 7] NQ! 415.2] DTFS term® 47} at
most No|gl e}, CTFS?] ¢ countably infinite 7] 2] term4*7} 7}s38lthi= 20|
=
infinity7} 4222 CTFS?| convergence®ll 5=2]3}o]o} 3t}

A Snaid

N =
Q1. What is the definition of the convergence ofl a sequnece of numbcg
Q2. What is the definition of the convergence oﬁw
Q3. What is the definition of point—wise convergence ol a S
functions?
Q4. What is the definition of almost everywhere convergence of a sequence
of functions?
Q5. Following two expressions are the same? :

«©
4

0, for some 1\leq p.
onvergence of a sequence of functions?
fre—convergence in the p—th mean of a sequence

Q7. What is the definition oN®
of functions?
Q8. What is the definition of the convergence in measure of a sequence of

A S‘émsn

alt) | \mﬁ(z«a—) ,

= e
2 e

functions?

)

Convergedt Z71-& Yt sufficient conditions¥*

oy,
otk If S, then NQ_ 1:&)’-%

% .
=ik @ %STGD*M* '

_ (converges).
O =1 =z

e - . ) 3
FHeFW 20 g 2 sufficient conditionsZ) W ¥ Q). 5,
CTFS9] original function®.% 2] convergence in some sense?!

iff set®] subset&o] WA ¥ uhi= o]t}

7

744 vkl ar 418 a sufficient condition: Wiki

"In mathematics, the Dirichlet - Jordan test gives Sufficient conditions
for a real—valued, periodic function

to be equal to the sum of its Fourier series

at a point of continuity.

Moreover, the behavior of the Fourier series at points of discontinuity is
determined as well (it is the midpoint of the values of the discontinuity).
It is one of many conditions for the convergence of Fourier series."

=k -
N W ’ C{u';;.‘sn
Sn= 2 ak
<=
S=wm S,
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Example: Periodic Square Wave

‘{->

T 12 T

0

_ 1 12 _ 22
Go =g nn O = Q. T/ 19
= QoA

T2 . L.
k=0 a, = %f;/,x(t)eﬁm"zdl = leT e gy T10] #Fo})
o oo W e
S U B o
°T - jko, kn Al Wa} =712

',.lll."'.lll.lllll o l;lll.lll.lv'.lll.,, .

Precisely speaking, the CTFS Yhat{x} (1) of ¢ x (D) is defined as

\hat {x} (t) = \sum_{k=-\infty}~{\infty}a_k e~{j 2\pi kt/T} where a_k = ...

If \hat {x} (t) =x(t) in some sense, then x(t) = \sum_{k=-\infty}~{\infty}a_k e~{j 2\pi kt/
T}
where a_k = ... is called the CTES representation of x(t)

Convergence of CT Fourier Series

¢  How can the Fourier series (composed of continuous sine and
cos functions) for the square wave (with many discontinuities)

ossibly make sense? .
P y One set over which the

e Thekeyis: What do we mean by L I,P N r‘epries‘e‘ntat el
in a.e. sense is
400
x(t) = E akefk“’ot 2 the set of every signal that
= is a.e. equal to a finite power
periodic signal.
¢ One useful notion for engineers:  there is no energy in the




X)) = ae ! LIe SeL Ul every S
kz‘ is a.e. equal to a fi

periodic signal.
e One useful notion for engineers:  there is no energy in the

-

difference

e(t) = x(1) - Ew ae’"

2
frle(t)l d =0

(just need x(7) to have finite energy per period)

gllal tildal
nite power

10

ojwl 7] 3= x(1) 2] CTFSZ) \sum a_k e~() & YEREm,
Q1. What is the definition of this infinite sum?
Q2. What is the definition of =7

A.

equivalence relation =+=

1) reflexive: x=x

2) symmetric: x=yo]|™ y=x

3) transitive: x=y©]il y=z0|" x=72
=

Q3. What is an equivalence class?

A

e (t) =0 almost everywhere %}

\int |e(t)|~p dt =0 (for some p\geq 1)
2 e ol

If a periodic signal x(t) has a finite power, then x(t) and its CTFS

converges almost everywhere.

9.

a periodic signal x(t) has a finite power @ 2

x (1) 7} 71 T7&elA] finite energy & ZH=thiz wol il

%o U2 x () 7F F714 A square integrables}tli= o),
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5 g 22 x () 7F F7123 004 square integrabled}thi= ol

ol: o] conditionsES B WSSk CTH71852] A3tol
CTFS$} origianl signal®] converges almost everywhere ¥i= %] §9] &}1}9]

Fge PR Folehs W

SFA13= finite power signals®] #0313l o] 71413 Dirichlet7} 1%k o}

o A A

A

)

il

il

M

A F%H-S converges almost everywhere©] i1 x}0] & Dirichlet 2] % gh2)
7d$-1+= converges almost everywhere 7} A58t Bol g} ] e slA
converges everywhere except discontinuity points ©] i A|t}7} o] %
discontinuity points®llAli= 2}=18k} 9-=5k0] HFgho & 9 shrhi= Zlojth

Under a different, but reasonable set of conditions
(the Dirichlet conditions)

Condition 1. x(?) 18 absolutely integrable over one period, 1. e.

le x(t)ldt <

Condition 2. In a finite time interval,
x(7) has a finite number "

of maxima and minima.
Ex. An example that violates
Condition 2. Y 5
x(t)=sin2n/t) O0<t=l

- another
fficient
tclondition for

S verywhere
Condition 3. In a finite time interval, x(7) has only a finite Jonvergence
number of discontinuities. { CTFSE A
Ex. An example that violates Helck

Condition 3. —LL\: ” |'
/4
8 1

=2 I #o]
o s,
A 2L
square
integrable, ©]
LiAR
absolutely
integrable3~

Z10] gt}
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1) x(t) 7} 914
Q1 pointsoll*

’

CTFSt= 43t

= o

o] x(t) &} 32

2) x(O7F =4
491 (finite
number of )
pointsll A=

e 7

it

-

CTFS7F x (D)\°]

/=90 Ho

gkoll =5 9t

absolutely
integrables~

z10] gt

The Dirichlet Conditions (cont.)

Dirichlet conditions are met for most of the signals we will

encount

— The Fourier series = x(7) at points where x(7) is continuous

— The Fourier series = “midpoint” at points of discontinuity

e Still, convergence has some interesting characteristics:

er in the real world. Then

N e = % [x(z +0) + x(1 = 0)]

koo

Here, w

strongef

c have a
result than

simple a.e.

converg;

N

xXy(0) = E a e’
N

= points, i

ence.

At discontinuous

converges to

the mid
As N — o, x,(f) exhibits Gibbs’ phenomenon at points
of discontinuity

*Demo: Fourier Series for CT square wave

(G1bbs phenomenon).
Help  Quit
| Tustration of the Fowrier Sun | Tustration of
the Gibhs
Approximation to Square Wave Phenomenon
Number of
Terms
21
21 ~

Location of
047724
Value of Peak
11797

RMS Difference.
0.13569

Fpoint.




B
B |
gL
gL
B

L

RMS Difference
0.13569
o

Gibbs' phenomenon:

around a jump discontinuity.
F1%8 x (L 2

019 CTFS9 3t

S gs,

x (1) 9]

termsE EolW Fo =4
Huexkel A7) A #4 g d4.

a8 Y7k ez

the oscillatory behavior of the Fourier series of a
piecewise continuously differentiable periodic function

=AEA QL A Aol Al 9] squared error@- partial sum2]

9
Sec. 3.4 ~'-Convergence of the Fourier Series 201 & /Z\fb) X Zy H——)
[
Xnth Xnit) 1
PN AL . \ \ I { / )
- . S ] T +
N=1 N=3 —r } T
/ \ / ClNen -resi2 SQueve twve w/ lzm%c‘—(_/
~ P AZO
s ] T NG N o, 0 NS W A st. x(ﬁcg age) e
(@ (b) P -
Crswet o (t)= > A’
= ’
xn(t) xn(Y)

NN

Eult)= St — &)



== ’
xn( xn(Y)

A
Aot~ e Eutt)= St — &)
- N=19
/ v )= bt €l
B Qut)= XXt (o)
NI, 0 VAL Sl 000 =2 0 T
© ()
N\
[
- eway;r(eu@l I >0 as Ny
N=79 e
Def. Eten (ﬂ%\(x)),,__‘ . A lTDOR
T, (:) T fu Conees o o ™t ‘7‘1‘(1\

Figure 3.9 Convergence of the Fourier series representation of a square Ween !

wave: an illustration of the Gibbs phengmenon Here, we have depicted the T

finite series approximation xy(f) = N} _, ae®’ for several values of N. y { ‘Gn(ﬂ) —F(Z)‘? d,z =
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CT Fourier Series Pairs

27

(o, -?)
Review:
+00 +00
ikt j2mkt! T
x(t) = E ae””" = E a.e’
k == k=-0

1 —jkawt
a4 == fr x(t)e ™ dt

Skip it in future
for shorthand

x(t) <£- a
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Figure 3.9 Convergence of the Fourier series representation of a square
wave: an illustration of the Gibbs phengmenon. Here, we have depicted the
finite series approximation xy(f} = if - aye® for several values of N.
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Properties of Discrete-Time Fourier Series

221

Thus, in general, none of the finite partial sums in eq. (3.52) yield the exact values of x(7),
and convergence issues, such as those considered in Section 3.4, arise as we consider the
problem of evaluating the limit as the number of terms approaches infinity.

3.7 PROPERTIES OF DISCRETE-TIME FOURIER SERIES

There are strong similarities between the properties of discrete-time and continuous-time
Fourier sertes. This can be readily seen by comparing the discrete-time Fourier series
properties summarized in Table 3.2 with their continuous-time counterparts in Table 3.1.

TABLE 3.2 PROPERTIES QF DI Rr@@z SERJES
/

Property

Periodic Signal

Fourier Series Coefficients

x{n) ) Periodic with period N and
y[n] ) fundamental frequency wy = 27/N

ay } Periodic with

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal

Time Scaling

Periodic Convolution
Multiplication
First Difference

Running Sum

Conjugate Symmctry for
Real Signals

Real and Even Signals

Real and Odd Signals

Even-Odd Decomposition
of Real Signals

Ax{n] + By{a]

x[n - 1o}

(juﬂlwlxh:“.[”}

x'[n]

x[~n]

Yoninl = x[nfm), if nis a multiple of m
et T b, if 1 is not a multiple of
(periodic with period mN)

> afryln—r)
N

x{nly[n)
xfn] = xfn - 1]

< . ffinite vatued and periodic only
> "[“(ira., =0 )

=
x[n] real

xfn] real and even

x[n} real and odd

{ x[n] = Ev{xin]}  [x[n] real)
x,{n) = Odixin}} [x[n] real)

Aa; + Bby

ase ACENm,

A pt

a’y

a

1 (vicwcd as periodic’
m™ \with period mN )

Nayb:

Z ab;
)
(1 — 7Ry,

1
(ﬁ__}‘-m)"k
a =a’,
Rela;) = Rela.. i}
Insfa,) = —Imfa )
laz| = la il
Ya; = —<a-;
a; real and cven
a; purely imaginary and odd
Relac
Jomiach

Parseval’s Relation for Periodic Signals

& S bl = S lad

ne(¥ o




206 Fourier Series Representation of Periodic Signals Chap. 3
TABLE 3.1 PROPERTIES O CONTINUOUS-TINIE FOYRIFR SERJES
7
Property Section Petiodic Signal Fourier Series Coefficients
x(ry| Periodic with period T and a
(1) | fundamental frequency wy = 27/T by
Linearity 351 Ax() + By(1) Aa, + Bb, N
Time Shifting 352 2t - 1g) age o o gy o 2T
qu«enq Shifting oMl (1) = @ BM2ETN (1) gy
Conjugation 356 x'(n a
Time Reversal 353 x(=n a-
Time Scaling 354 x(an), a > 0 (periodic with period T/a) a;
Periodic Convolution ! x(T)y(r = Tydr
T
Multiplication 355 Xy
. - d . .2
Differentiation —;52 Jkwpa, = ;k-;.—'m
. o (finite valued and § _ 1
fmegration j O eriodic only if ag = 0) (j_'«;; )a‘ B (m)ax
ag = ﬂf‘
Refa,} = Rela .}
Conjugate Symmetry for 3.5.6 x(r) real Imfa,} = ~Ima ;)
Real Signals lag) = la_¢|
da, = ~da.y
Real and Even Signals 356 x(0) real and even ay real and even
Real and Odd Signals 3.5.6 x(1) real and odd a, purely imaginary and odd
Even-0dd Decomposition Refay}

of Real Signals

xA1) = u{x()}  [x(r) real]
{x,,(l) = Odix(n} [xtr) real}

J9mda,}

Parseval’s Relation for Periodic Signals

1 . &=

£




