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CM19 231109Th on CTFT; convolution and modulation properties
Announcements
1. Messages from Instructor

o Goal of Life: Self-Fulfillment and Contribution to Collective (AFOFE &, S&H| 7| 4)

= Attitude: Exceed the expectations! (7|CHE & 0] A 2H)
o "Ot= Z0| &lO|C}, HfR10F F& YO|E SHCEL" -dl 8, SE -
o ot& (HIRL 25|7])

= Theory Learning (0|2 H{27])

= Problem Solving (X 27I)

= iR 7|2t 25|72 7Y
o How to Learn

= Stop and Think; 57|7} chess master & TH=LCf; Find commonality, similarity, and difference
o How to Practice

Purposeful practice with 3F: Time, Focused Action (F X2 & A|7|2{= 2 & Ql7I?), Experience, Lesson,

IR << cback (2110 E24), Fix, Growth

o How to solve? How to understand? ((S))implify and ((V))isualize:
» essence, simplify; generalize; consider extremes; mental representation, representational examples;
= Venn diagram, necessity and sufficienciency, existence and uniqueness/plurality
o An imperfect classification rule is better than no classification rule as long as you recognize the
imperfection and update your rule.
» block diagram, G(V,E); graph of a function, algebraic vs. geometric interpretations, mathematical vs.
physical/engineering interpretations/implications

2. K| 2o 78/=2 2 Ared

o A Gaussian pulse can be used to approximate the Dirac delta function. Actually, any time-localized

function with_unit area can be used. _ %* &
o Notationé CES C T [ ’I\ sft) AP o
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o gaussian <-> gaussian
o Impulse train <-> impulse train

3. HW, Quiz, and Exam
o HW10 will be assigned by this Friday. Due will be next Tuesday.
o Quiz 2 is coming. Maybe on Tue. 11/20.

4. 49| X2

o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at

http://cisl.postech.ac.kr/class/eece233/schedule.htm.

o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time stamps.

5. =4
o EZAMENO| CHSH MAtEZA|AEI( https://wpsc.postech.ac.kr/eams/login )=
M2 ZHE KMEl FAM L.

6. Overview (The numbers are the chapter numbers of the textbook)
1. Signals and Systems
2. Linear Time-Invariant Systems
3. Fourier Series Representation of Periodic Signals
4. Continuous-time Fourier Transform
5. Discrete-time Fourier Transform
6. Time and Frequency Characterization of Signals and Systems
9. Laplace Transform
10. Z-transform
7. Sampling
8. Communication Systems

/\/\_/\_/\/\./\
7. Related Courses offered in 24-1
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o EECE302 TXjst A (RHE X HEZZ M), %# |~ 8

o EECE361/DISU361 HXIIIS&; 3tE 11AL-% B

o EECE441 CIX|E&UME; E5 MAI( M A A- DH X5t

o EECE442/NGCN301 E*I';'HIEﬂEJH ; 2H= 24

o EAMUYEQYIAY. 0

o EEE::?/E(;TETIRQH&;;' gl-IE 3A|EHAI S QIA| A HE Zf@: éhxﬁl\y Q)—\wuw

8. Review )((J\ oJ)’:— S‘__‘: A t€) '@‘_)MC!T

o £8tH operationsZ Al
= Continuous-Time Fourier Tranform(ation) = CTFT
O continuous-parameter to continuous parameter Fourier TransformationOf| A| timeX} frequency .
o Def.

¢ Existence and LA 1(R) functions, i.e., absolutely integrable functions on R.

¢ Fourier-Plancherel TF and LA2( R) functions, i.e., square integrable functions on R.
= inverse CTFT

O continuous-parameter to continuous parameter Fourier TransformationOl| A frequency®} time2 £.
o M= Sl AAHO|N
T

» Synthesis equation Y= lr@(j(t j —> X(jw)=f_T e dt =
* Analysis equation '
= Time <-> Frequency; The problem is that L*1in TD is not necessarilly L1 in FD.

2sinwT]

w

r

. X(jm)=JE g
o Examples . ar ALK Yo

® Dirac delta <-> constant

= delayed Dirac delta <->linear phase shift
= right-sided exponential function <-> a 1st-order rational function of J\ome 1/
= rectangular pulse <->sinc pulse _,i _I_ ) Yot

= Gaussian pulse <-> Gaussian pulse 3(&1—0)0)

= Dirac delta in the FD <-> complex sinusoidal in TD J‘f

o periodic signal <-> equally spaced Dirac deltas )U’ -t — zjtg‘(w—wo) j _’k o
¢ CTFS of periodic signal fin2

¢ CTFT of periodic signal ‘Z(—E)ZI O E’)\twst v

O impulse train <-> impulse train - = 0
N s o _ | N 2 k2n
o CTFT and CTFS = CTFT of periodic signal 1\ ‘ x(1) = EG(I n) < X(jo)= E 0@ ~-—"-)

X(0)/ 2

-w2aln2  «2aln2



e ~lnn v H\_I IvuiIu JIBIIUI \A(_b)'- ! chJ
O impulse train <-> impulse train ,l\ . o 2
2n

O CTFT and CTFS = CTFT of periodic signal x(1) = Eé(z -n) < X(jo)= E 2—ﬂé(w -—)
o Properties of CTFT )(C\vb) = > G Z‘(S_(ou—yobk) n=—c0 =T L
= |inearlity in TD <-> linearity in FD J (=
= shift in TD <-> linear-phase shift in FD
= real in TD <-> conjugate-symmetrical in FD
O real-even mag; real-odd phase; real-even real-part; pure-imagainary odd j times imaginary part

/ Properties of the CT Fourier Transform

1) Linearity ax(t) + by(t) <— aX(jw) +bY(jw)

Eern X6 @X\(jx“’))

Al \’(jcb) Ueu g ltf=octt>)

a4

2) Time Shifting x(t—-1,) =< ¢ " " X(jo)

Proof: fix( t—1)e "t = e‘j“"’fm Xt )e " dr
— -

4 X(jo)

FT magnitude unchanged
-jot . )
e X(joo | =l X(jooh

x (t) Z time shifting< 317 X (j\omega) °l

Linear change in T phase linear phase shift7} F7}¥ ).
L(e "X (jw)) = LX(jw) - wt, J
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CTFT Properties (continued) \

3) Conjugate Symymetry
(@' — X(-jw) = X (jo)
U

|X(_jw)| = |X(jw)| Even




Kejol=KGol  pen
LX(-jw) = - LX(jw) odd
Or Re{X(-jo)}=Re{X(jw)}  Even
m{X(-jw)}=-Im{X(jw)}  Odd
When x(7) is real (all the physically measurable signals are real), the

negative frequency components do not carry any additional information
from the positive frequency components. w > 0 will be sufficient.

17

= time compression vs. dilation
= Given a Fourier Transform pair x and X, find the CTFTs of ...

e The Properties Keep on Coming ... —- J
. aud 1 =
o (MR) ~B=ce

st 153k |¥]  4) Time-Scaling x(at)—— =X| j= S a=i-sar=t
o) o= A [} la| a compressgd in time <>
m o] A ba--1 stretched in frequency
a7 A m  5) Time—Reverse .
=7 play @ |4 o) = X(=jo)
1877
a) x(7) real and even x(t)= x(=t) =x*(1)
—> MATLAB = X(jow) = X(-jw) = X *(jw) — Real & even eIikA © 7 X (j
projectoll A [+ \dmega) +=
& b)  x(¢) real and odd x(1) == x(=1) =x* (1) cpmplex

valued function

= X(jw) = - X(-jw)=-X*(jw) — Purely imaginary P >
of \omega©]t}.

& odd

©) X(jo)=Re{X(jw)}+ jim{X(jw)} o] #A) ¢)i=

T T communication system®l
oAl o o] #l 51
vorreal x)= Evlr@)} + Odx@yy ~ Dandpass signaler o] 3]

| real

- o]

- & K8k

18
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| J andnace <ionale ol &l St
Qr real x(t)= Ev{x@®)} + O0dx()} E]??%d%azb‘a?ﬁndlg Sl Sl
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NEEA] 7198 A

x (t) <—> X(j\omaga)

x(—=t) <—> X(—=j\omega)
x ()~ <—> X(—j\omega)~*
x (=)~ <—> X (j\omega)~*

9. Preview
O Properties of CTFT
PPoperty; TD convolution <-> FD multiplication
O Frequency reponse revisited
O Examples
¢ phasor analysis for an LTI system with real-valued impulse response and a real-valued sinusoidal input
signal.
¢ adifferentiator in initial rest
¢ anintegrator in initial rest
¢ the notion of impedence
¢ anideal LPF
¢ impulse response and causality
O step response and sine integral, Gibbs' phenomenon
¢ cascading filters
¢ integration of product of sinc pulses
¢ convolution of gaussian pulses
¢ convolution of two right-sided exponential functions
¢ A system whose 1/O relation is described by an LCCDE with initial rest condition satisfied

linear constant-coefficient differential equation (LCCDE)
= Parseval’sftelation

[ _Energy Spectral Density (ESD)

= Multiplication PPoperty; TD multiplication <-> FD convolution
0 Duality A CHA

o Example




* amplitude modulation (AM) in communications

EECE233 Signals and Systems \
w9

9kA] Lecture Note #8941 CT signal®ll tl&] FT¥} inverse FTS
t}. o] 7] A= o] 5 9] propertiesel i3l ¥t}
Lecture Note #9
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

. Covers O & W pp. 306-333, 358-361
. The convolution Property of the CTFT
. Frequency Response and LTI Systems Revisited
. Multiplication Property and
Parseval’s Relation

. The DT Fourier Transform
* These lecture notes are based on the lecture notes used in 6.003 taught by
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

1



Math: Convolu

o

The CT Fourier Transform Pair \

x(t)«=—X(jw)
X(jw)= f:x(f)e‘f“dr
x() = ﬁfj: X(jw)e!” dw

Last lecture:
Today:

some properties

further exploration

—x()8 FT

— X(jw)2] Inv

erse FT

/

FTE 9] Proddcte]t}.

EE: LTI sy
CTFT+ inp
frcquom,y

ojet,

stem output 2]
ut CTET 2}
esponse?]

x(t) = f

ton?] T+

Convolution Property

W) = hie) »
where h(t) < H(jw)

——Y(jw)= H(jw)X(jw)

Basically a consequence of the eigenfunction property

X(jw) dw e’

%

|| superposition

0= -[" H(jw)'ﬁX{jw)dw)ef”’

coeff ent
)E;

New coefficient

r j et g

o] 4L two
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valr|
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var
chd
fun
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s J_m\\'-\;' -, zxw r } Ui = l\d,é__c',_ﬂ
: k=

New coefficient

T 2j[f _em deo

= Y(jow)

—

Now, we have a crude tool to design the impulse resp. of a filter.
1. Design the frequency response of the desired filter.
2. Find the inverse CTFT. Done!

/ The Frequency Response Revisited

() —— A s y(0) = k()= x(1)

Y(jw) = Hjw)X(jw)

I

The frequency response H(jw) of a CT LTI system is simply the
Fourier transform of its impulse response /()

—_— Example #1: () = ™' H(jw) (1)
Recall e’ s 278(w - w,)
Y(jw) = H(jo)X(jw) = H(jo)270(w - w,) = 22H(jw,)3(o - o,)

|} inverse FT

¥(t) = H(jw, )™
Now it is clear to see frequency shaping effects of earlier demos.

4
o] A} YE] phasor analysis 7} l-lif-lr linear circuit®] §1# ] sinusoid¥w &2& 7A4tslr] 9]
al|A] wo] differential equations ¥ 2 27} 99| algebraic equations ¥ &4 0] A},

Example #2: A differentiator

odg) [ ) ¢
@3@) V‘[)-M — an LTI system

From differentiation property ;-v LB

..\ a jtﬁﬂ'\»

I




2) +a/2 phase shift (j = &%)

@%

!
Hijw)

1) Amplifies high frequencies (enhanTes sharp

dt /’
\

v

k=

>y

—

Larger at high o,

2 iabilh- L
“sinw]t = w,cosw,f = w,si

sin(w,

5 9
—=0)
dg%

phase shift

{+1/2)

K 4 cosw,t=-w,sinw,t=w,cos(w, +7/2) /

5

ﬁtample #2: Edge enhancement using DT differentiat(m

Fyamnlo #3: Tmnnlee Reennnes af an Tdeal T auvmace Filter

Ol AT

B Migretor~ e~ MR vost

= 1 Y=

X(\O) =+ T[BYU
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Lw %)+

tw— Sl
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A&mple #3: Impulse Response of an /deal Lowpass Fm

Q1. Is the square pulse an H(jw) Q3. Is the CTFT of the squdre

[.~1 function? pulse an L.~2 function?

Al. Yes. ! A3. Yes.

Q2. Is the TFT of the ?ﬁ]’f‘]]l?/ﬂi‘; I%EX]L’?L/“] kA ) 5

square pulse an L1 - iIFPT7} €Al skal MS sense F x(t ~ )
function? 8 D 1 7} ag. L‘lt‘ = I"K:}d
AZ. No.

h(t) = ﬁf: ™ dw = Sin;}‘r =%sinc(w?‘r) }W‘P"‘ﬂd—t ["esrm'\
Questions: sin(x0) T - -L-}-?S;ih e | o

1) Is this a causal system? No. sine(0) = =
' 9
2) What is hl(O}o_c | | ) < - £
h[ﬂ)-aﬁwHUw)dw-mcnt o I
3) What is the steady-state value of = gl\ {7(..)

the step response, 1. e. s(x)?

[ t
\s(«-)= f; h(t)de = H(j0)= 1 ' /

7
Def. The sine integral is defined as
Si(x) = int_{0} ~{x}sin(t)/t dt.

0] 715 o] 4-5le] CTFTelA 2] Gibbs' phenomenong 44

gk 4= it
@ample #4: Cascading filtering operations \
- H(o) = H(o) | -
H(jmi = H,(jm) HZGQ) convolution®] CTFT}E 2]
¥oz Yeigeng g
Aot
eg H(jo) = H(w)
1 H(j®) = H{(jo) has a

—> sharper frequency
selectivity
&v-, =1 = Al=a s 1T TaiTial e 1. e 1. a1 =1 v Y\Zv—l



Q. int
sinc (x) sinc
pi. int 1 3§
Then, int 1
dx?

A. < pi. Wh

o NLer/r -5 °F non—ildeal LIFF YN resultant 1iters= Y narrow eF Ly r v .

ZFQ: A AEo] LTIo]™ inputel ¢l froqucncy At-o] outputoll Al AAYA =t}

0

P

SMTx  SM3TK oQD(: ,

=

3TT2C

3 &

oﬂ;g = I

Example #5: \
sindnr sin8w _
—_ %k =79
LSRN Y(jw)=X(jw)
3x)dx = x(t) h(t) = (1) =x(7)
= pi. ) R .
15 15 X(joy) H(jo) Y(jo)
i 1 1 1
X
? -
—4n 4n © -8 8t ©® —4n 4n ©
AApgsrA A, "5
) _at? _pt? A T y T .
Example #6: e * =7? independent (Gaussian
random variables®] -
T Gaussian random variable
g LY e HolPhrE BAE E
—e e x g i 41a ¥ Characteristi¢ functions
b ab o] galx ¥

Gaussian x Gaussian = Gaussian,

Gaussian * Gaussian = Gaussian

&?} -F (lesson):

ol el 71

x()=edu(t)y, a>0

X(jw)=f_+:x(t)e"“’dt =j;+w e e’

(uns

jwt dt

N

o)1 kAl 7]9)
# AL,

riocht —<ided real

N
§
J

Bgunem faxb

_\ [
2o (;-&q A-ton

&0



Q. A o)Al

skt o] %

A, FEE4
right—sidd
function+
\omega) ]

X(jw)= f_+:x(z)e-f“‘d: = f: e eI dy

e*(a +w)t

=_;e'(“+j&’)tE: 1 CTFT%
a+jw a

rational
10

j_ome
@mple #7: Ity = e u(t) , x(t) =e>u(t)

ot
1) = h(t)* x(t) = ? =
V@) = h()* x(®) Stw QA b o

O
I = Zeolth Al

function of
2} A0

")

Q. G 3ra A3l EA o o]
=] tl_tq 9

L

—_t:
ﬁ; b

1 Z1euf o] A=) 777
frequency—dpmain®l Al ¢

4= sl glefof gk

Y(jw) = H(jw)X(jo) =

inverse FT & &o}

)| 3L}
- 88 o] vl

(1+jo) 2+ jo)

— a rational function of jw, ratio of polynomials of jw

d exponential || Partial fraction expansion
] FTO) 1/(a+j
2 ol ¥t Y (i) m e —

I+ jow 2+ jw

RLC circuitell
HE RV

A S1EL=L A

|| inverse FT
y(t)y=[e™" — e Ju(t)

\ /

11

A

Example #8: LTI Systems Described by LCCDE’s
(Linear-constant-coefficient differential equations)
= = Yel = 218 o}y #] | initial condition
o] ulzg} LTI system ©] o} 5= glv}.

Haiidd 58 LCCDEZ A sfo] 1Ay LTTA A25&
dr®
Using the Differentiation Property P B

AL When
) |y rmgty-att) Z

‘gr’tb)+ o=z , A hit.

D

Qv+ ¥hw)=XG=)
How=XOW 1




' —‘

%ak" ~V;" = gbk b ";” LCCDE®FaLl 519 Q1AL L] lAIC‘:i!}.—é‘
SRR 0|y = d = d e = 218 oy 1| initial condltlon
Q1717 ) ) o of w2} LTI system ©] o} 4= it}
A A 3-&3}01 2 Using the Differentiation Property freauency response
71& lell #31 d*x(0) 7} e gharol 2
Al Bl A st > (o) X(jo) e kel sk
W . . inverse Fourier
]H ) -;01 . U ’Lransfonn oth sides of the equation tralisformz,}_%cl-}:]
EsAES N : PR AN S Ca causality & ] 8|
A Eoln wd) ;ak(lw) Yje) = ;,bk(lw) ) impul$e responses
Q. A9 9] right—sided
frequency 1) ) canuse €xpong¢ntial function
responsei= 59 et 0] =32 Y2k
Q17}? 2) ) 1s rational
A. 1/(j\omegd) ie. x(f) = YaePrul(r),
then Y(jw) is also ration

=> phasor
analysis”ls... 12

Zaln

o)A $-#]i= 3= CT LTI system® CTFTS design$ro. A ¢13}=

system< "‘:“C ‘ﬁ—% v $A e,

gy AAE sk AA g o & Eo] LPF)F ¥ k% FA7kA a1 oW

Al WHEH E =712

o] 714 ¥4 LCCDEL. % input output relationg %5 circuit theory©llA]

wl$ A2 o7 systemS AAZ F-FE S= Ql=d], componentTE Z 24 3}0]

ek

linear circuit® @ & &hA ¥ A= A2 d=gHin

L R e L

Pade approximation!!!
See https://www.youtube.com/watch?v=szMaPkJEMrw
See https://www.youtube.com/watch?v=Uzjx8uOL6as

cf) Power series approximation

-

-

Z 5= ovka) o}F (?) closedt F J}): 259 IR = LLCDEZ o]

zte 2 dt
—harseval’s Relatiop— ﬁxm (Lo, . z)k.l_..

Y T /‘\j"/

[
\w-ta

. 3 —
l’T(\w), 7‘9‘«‘9

L=
Yth= ¢ ™ u)

"ﬂ‘u(—t)

aul ﬁQ
av-gued
G
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|, 20 2 ot
X

o0 o0 ~
=\, f@;f:ﬁ)(g‘w)e dt

Sarseval’s Re
1 +00

+00 2
E_ =(_kofa A
e = |- 1
Total energy in the Total energy in —LX( JW)IZ = - -
time-domain frequ Omain 2n
— energy ()(C\w)\ LN
0] 3 energy spectral density @il $tt}, o] §-1=7?  spectral /HL

density (ESD) \ ZKT
ARG A] energy?l ¥ 7).

A A2
o]W =3} A] very narrow bandpass filter& WHEW 1 #¥ 2]

A= o] Sl A EG R 7 Fa4 AR k7] Aele)
bandwidth7} ¥t}

Q. 53l wek J

13

Multiplication Property \

Since FT is highly symmetric,
(1) = 5 (X (o)} =2L 7 X(jo) edo, X(jo)=5{x(0)} = [ x(t) e dt
n - -

thus if x(1)% W(t) <— X(jw) Y(jow)

time domain®llA| 9] +&
frequency domdin®llA] ]
convolution
7194 radian frequency & 2~
A 2\piw] el )

%("(A) = 1 Hz s 20a ghdalo
2= Y 2\pi oA T8 PI7) vheh
Uoves ; A =
then the other way  x(¢) W(t) <—— 2—X(]w) * Y(jw)
1
around is also true L [ X(jO)Y(j(w- 6))do — Definition of
2= convolution in m



men me omer way  x(7) W) <—> 2—Auw) = I(Jw)
b1

l +%0
- 5[ XG0V (@-

— A consequence of Duality

around is also true

— Definition of
convolution in ®

0))do

13

s of tl}&Multiplication

Example
\owae?

W‘Q_ \/DV-Q

(S
( 0 (D RGw =5

Property

Q. s() 7} inpuLOIJl r(t) 7} outputd Wl ©] system
lineargh¥ LTI 7}?
A. linear®]1} nonzero \omega®l t]&] LTIi= o}

! S(w)*P(jw)

@ inputell Qg Aol WAk, w2 LTIZ} ohoh

For p(t) = cosw,t «<— P(jw)=md(w-
Nw

Carlenc

%-Alo]A] up—conversion!

a)ol)+ 70 (w + w,)

> RgY

AN ()
NEYIR

\\ R(j) = %S(j(w - 0,) 43S +0,)

J\

4 \

2w

14

AN
|
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Example (continued)

-~

S(jo)
A
-y r
(1) = s(t)-cos(w,)
Amplitude .
modulation (411) ¥ P(jw) 1Tr

~

Q. o714 s 44
- Fefkarl shal

cos (\omega_( t) 7} Wk

vl A s e sy F82?

A. AM signal




Amplltude ) JJr Al RE} S 1 = KX
modulation (411) N P(o) I -
I I A. AM signal
-0 @ ®
. 1 .
R(jo) = 2[5 - 0,) 1
4 R({0) =57 S() * P(o)] Drawn assume
+S(j(w +w,))] wy- ;>0
AT ie w >0,
Ca o Yo
(-og - @) (-0 + @) (09 - @)  (w + @)
15

Q. AM signal®] Fourier transform->?

A.s(t) 9 FTE 3% frequency shifting3d+ 2.

=> radio stations2| frequency division duplexing®¥] ©.& A & t}& F=3}
TF5 WA FE Gl oA] A B E0] overlap®] ¥ A] % s},

. Time domain®lA] AZ}&l % AMS §A o]sl gk 5= At}

Algkol A= WA A A% s(t) ol carrier A3 cos[\omega_0 t] = #3lo] B
al

Ao A= S AIA

s(t—t_0)cos[\omega_0 (t—t_0)]

o cos[\omega_0 (t—t_0)]% +3}al LFP3HA s(t) /25 A=t Why?

12 B7bs st wEkA 1
W o] 1ol 7? o] FLAIE o] g

Lo IND

184 cos[\omega 0 (t—t_0)]E o= A
cos[\omega_0 t+ \theta) | = 35} o]
AT —> JRFANF NS K



