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CM22 231116T on DTFT Properties, Duality in FS/FT
Announcements
1. Messages from Instructor
o Goal of Life: Self-Fulfillment and Contribution to Collective (Xt} &, 3 S X 7|0)
= Attitude: Exceed the expectations! (7|CHE & 0{A{2H)
o "Oh= Zi0| 2lO|C} HjR10f F& AUO|E DLt -dl 2, HE -
o & (Hif1 A35|7])
= Theory Learning (0|2 H{27])
= Problem Solving (24 £71)
» H{R7|Qt 25|79
o How to Learn
= Stop and Think; = 7|7} chess master & BH=E; Find commonality, similarity, and
difference
o How to Practice
Purposeful practice with 3F: Time, Focused Action (2 E&A|7|2{= 22 QI71),
Experience, Lesson, Immediate Feedback (ZX|2] 38‘5') Fix, Growth

o How to solve? How to understand? ((S))implify and ((V))isualize:

= essence, simplify; generalize; consider extremes; mental representation,
representational examples;

= Venn diagram, necessity and sufficienciency, existence and uniqueness/plurality

o An imperfect classification rule is better than no classification rule as long as you
recognize the imperfection and update your rule.

= block diagram, G(V,E); graph of a function, algebraic vs. geometric interpretations,

mathematical vs. physical/engineering interpretations/implications

2. X' Zo| £78/2 2 A

o LCCDE O, Initial rest
@@f related definitions and consequences
o Def1(ZIZO). A CT/DT system satisfies the zero-input zero-output condition if
+ the input is zero for all t implies the output is zero for all t.

O LemmgLIf a CT/DT system is linear then it satisfies the ZIZO condition.
# The converse is not true.

o Def2(Causality). A CT/DT system satisfies the causality condition if
+ two different inputs are equal until time t_0 implies the outputs are equal
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o Def2(Causality). A CT/DT system satisfies the causality condition if \éé/
+ two different inputs are equal until time t_0 implies the outputs are equal
until time t_0.

o Def3(Initial Rest). A CT/DT system satisfies the initial rest condition if Ié@‘ xt‘«’)ﬁ (Q(H't) {Z&j'l (oS Z:W%(T ‘Pé#o
# an input is zero until time t_0 implies its output is zero until time t_0. e | \reai— yonlMeal~
o Lemma2. If a CT/DT satisfies the initial rest condition, then it satisfies the ZIZO cauncal. + T Cm;z&_)'r\/
condition. R, R,
# The converse is not true.
o-Theorem. A linear system is causal iff it satisfies the initial rest condition. ‘Mﬂwﬂe}} S W‘GW‘DV)AQSS
¢ ie. linear A causal = linear A IR CAs

= A CT/DT system whose 1/O relation is described by an LCC@E is not necessarily a <
linear system. T
o ex) charged capacitor at time O, inductor with magnetic field present at time 0
* Lemma. If a CT/DT system whose 1/0 relation is described by an LCCDE satisfies
the ZIZO condition, then it is an LTI system.
+ ay(t) = x(t) with ZIZO can be an LTI system with_i esponse h(t) =
%ﬁmﬁystem with impulse respons%
= Lemma. Tf a CT/DT system whose 1/O relation is described by an LCCDE satisfies [ —
the initial rest condition, then it is a causal LTI system. g, fb) F\_ Q%L(‘E)—-—Z(ﬁ) ' L-CCDt CT S)(S"\\'QM
o ex) Y'(t) + ay(t) = x(t) satisfying the initial rest condition is an LTI system with [ 2 e
impulse response h(t) = e (-at)u(t). & [ Mezi~

AL No
. HW, Quiz, and Exam

2 . ZI20 ! e/
o There may be a supplementary CM. No attendance required. The recorded lecture will be ’ \( J
uploaded as CM21. AD eSS woneover, =
o HW11 will be assigned by this Friday. Due will be next Tuesday. Q> IR / L‘m,]

o Quiz 2 will be taken on Tue. 11/21. A2 \Ces o C 9&
. . 7 . Cangl_.
20| 7tz hO=e " ut)

o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at
http://cisl.postech.ac.kr/class/eece233/schedule.htm.

o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time
stamps.

o ZZMENO| CHdl M AHEZ A AEI( https://wpsc.postech.ac.kr/eams/login )& ZQlstM 2. HH
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. Overview (The numbers are the chapter numbers of the textbook) "‘9\10I O'IE,(
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6. Overview (The numbers are the chapter numbers of the textbook) OI% s

1. Signals and Systems K E |
2. Linear Time-Invariant Systems I-MI EH I %

3. Fourier Series Representation of Periodic Signals

4. Continuous-time Fourier Transform I:" _I : 8 * 7‘1

5. Discrete-time Fourier Transform

6. Time and Frequency Characterization of Signals and Systems A«:ﬂ m\:ﬂ H: AU: N:HH
9. Laplace Transform | (@») /Z t& :H

10. Z-transform

7. Sampling A X
8. Communication Systems “ E
AEEEN OIfE T

7. Related Courses offered in 24-1
o EECE302 TAt=gt A (=HE A HWEHIZ M A), S 24 M AAH

o EECE361/DISU361 HALIS 8, s*a}; Al =21 7HE lﬂlﬂo@?@ ~ ﬂ@oﬂ@%)

o EECE441 CIX|EEAMINE; e 1A, MS Y AAH] MXtpTt
o EECE442/NGCN301 EAISHEQIINE; 312 24| Z10{CHA! st
o EECE443/NGCN302 SAIUHEYIANS: Y5A|-10A] et e

o EECE451 CIX|HAMZXNE|IWE; 35 348 MZSIAAH

g4 SHdlz|at1E - 2SEA2E 10:30~16:00

8. Review SOJAIE LGS 416= | 054-279-5115

 DTFT ZMOIXI  www.ngcn.postech.ac.kr
o Motivation of DTFT

= Periodic extension of an aperiodic signal ﬂc%)@'\m&o
= For sufficiently large period %V’Klﬂ ZT
o Synthesis and Analysis equations -~
« periodicity of DTFT X(C)“"Tm})((@ “’) <5 I(M]CJ )V
= Math. vs. EE N=x
= Def. discrete-parameter to continuous-parameter Fourier Transformation
o In EECE233, DTFT.
o Existence and I71(Z) sequences, i.e., absolutely summable sequences on Z
= Def. continuous-parameter to discrete-parameter inverse Fourier Transformation

o In EECE233, inverse DTFT. ’
o Existence and LA 1([0,2%pi]) functions, i.e., absolutely integrable functions on [0,2 'ﬁ k‘?v\] '—j

wpi) ~W.V\ e) )\won
= Def. Fourier-Plancherel FT for 122(Z) sequences JT : 6) —1 H( )
o Examples Yo No eon oo '—}.JY)
= delta, delayed delta 6[’“’_”01 < ‘Q/‘) o ‘VLW H(e) )‘ = N}(J e\) Qgéb&‘ bef)pound
= right-sided exponential _}_‘ N2

= rectangular pulse <-> DT Dirichlet kernelt\\ OL ‘U;Vlj '(___‘c@_@ H(%) = Aﬁ\ [,\(',Infl %_V\ - Syjb«,ﬁ-(-

- Atimm o~ iAdaAl I DP



" deita, aelayea aeita [ R | - - /7 v T LI § X

* right-sided exponential

A~ n=
= rectangular pulse <-> DT Dirichlet kernelt\ &n ‘U;Vlj e r:\@(ETD H(%) = ii_kb\(;vl] %“/\

= sinc <-> ideal LPF
o SAW filter
= periodic in DT <-> impulses

H

impulse train <->impulse train IWen ) lw—wo)
. ™" xf) <= X&)

= carrier modulation <->frequency shifting
= time reversal <->frequency reversal
= real <-> conjugate symmetrical
o real even <-> real even
o real odd <-> pure imaginary odd
= linear factor multiplication<->j times differentiation in FD
= Parseval's relation
o Convolution property
= convolution of sinc pulses = sinc pulse
= DT (down-)sampling
o Fast forward by removing samples
o decimation = anti-alias filtering + downsampling
= DT upsampling
o slowing down by zero insertion
o interpolation = upsampling + interpolation filtering
o upsampling in TD <-> compression in FD

9. Preview
= |CCDE
o PFE
o Multiplication Property
e Duality in FT
o Effect of Phase
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/ EECE233 Signals and Systems

Lecture Note #11
Prof. Joon Ho Cho

Weiss, J. White, and A. Willsky)

Covers O & W pp. 385-427

. DTEFT Properties and Examples
Duality
Magnitude/Phase of Fourier

N\

N NN

permission of Prof. Qing Hu.

L]
L]
transforms
* These lecture notes are based on the lecture notes used in 6.003 taught by
Prof. Qing Hu at M.L.T. These notes are adopted for EECE233 under the

(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.

m
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Convolution Property Example

Example 5.13  jn]=a"u[n], xnl=B"uln], lal1fl<1 Q}. 94]701 ZHAE0 Fa
(O & W p385) — H7H .
o 1 i 1 A. o] ZHE0] violate
He) = e X = pm @ DTFTEo] &4
ShA] kTh
[n]= Al xin] s Y(e") = ——.— L
n= Tloae 1- Be A CTHIM = j\omega
o of pol cals 1 9] rational function®]
— ratio of polynomials in v = ¢ At} ol A1 en(—j
~ PFE A B \omega)[®] rational
CTel Bra: Y(E*) = ——+——0 functionp] tt.
A 1-ae 1-Be
parallg A, B — determined by partial fraction expansion Fon
13+ 7 " " e~(+j \omega) 9|
= 7/]\‘31 Ynl=Aaun] + Bfuln]. rational function®. = K.
a1 ! A ek

A,

B=a: Y(E*)=——
(I-ae™) IS (Gl
yin]=2 ———y[n]=(n+D)a"uln]

2



Q. ¢A A%, FaT Il et A 2AE AASEY] inverse DTFT3Ee] 7%
impulse responseZ A 4&alo] software® ©& DT LTI system< 7@3st= W& #4719
W2 A| AES 13 St 283 0}1:}

CTollA& RLC 18]3L op—amps = WA ((+ their equivalentsE % A1) approximately
TR DT = o %A shel 0712

A. We use delay components (shift registers), multipliers, and adders.

DT @System Described by LCCDE’s

input putput

N M relatioh®] Webdth
N ayin-kl= Y bxln-kl 3 84| B linear
P k=0 system= ot}
T 1[ 0]3] ;r] Al From time - shifting property :  x[n — k] < e "X (e’") éiigj?f}“ifiﬁ =
— xIn o o
y[n] ¢ DTFT | initial Orldlt_lOI’lS7}‘
7} B 27 € N - . " . . = g alA o gt
stob= 71Hd 8t FT on both sides: Eake'”“”Y(e"‘”) = Ebke""‘”X(e"")
of M-S 3} k=0 k=0
oi\;],
' |
R R
(°1]** = A
h[n]®] Devide both sides by Eake o Y(e"“) (e’)
absolutely % o T
A — Rationa
;urilcrllllljgleeé‘} function of e7,
2] ok U9 3 use PFE to get
= A9)7} A ——/[1].
71wl 4ol 3
XL%EJ Aot} LCCDECI A #A ¢ o]
A yIndell FFS =t
Q. $-=3 xample: irst-order recursive system = recursive System©|t}.
© Z 3] E pl First-ord yst o|t}
Zo] 1/0 | g5
relation®] first—order=y|n—1]°] 93
LCCDES yln]-oay[n-1]=x[n], lal<1 o Z0} °
e ?
causal DT with the condition of initial rest € causal [-{] Recall thdt a linear
1Ll system ig causal iff
system9] . . . . initial res.
impulse FT on both sides: (1-ae )Y (e’”)=X(e’)
response |
TIA 2. Y( jm) |
i e
H(ejw) = Joy -jo
X)) 1-ae
1) ol =7 impulge
response”} infinite
A hln] durations 7fA &= filter
oo h[n]=a"u[n] - infinite duration (DT systepd)= IIR

4 Response) filterg} 3t}



Q. 9] FAollA causal 20| glow oJEA A7k
A.

o] impulse responset %3] LCCDEE W3t} & LCCDEZ} AW %

A causal system 1 31 ot}

1. adder, constant multiplier, delay components® 7 ¥ discrete—time
circuit => causaldt™ LCCDE® el

2

2. LCCDE® linear & does not necessarilly imply causal system.

Remind that
x(t) and y(t) are periodic with same period
=>

x (t) periodic convolution y (t) has the CTFS coefficients that are term by
term products of the CTFS coefficients of x(t) and y (t)
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DTFT Multiplication Property

74242 DT 4%
_ . V(e = X.(e”)X, (e’ ")do o] DTFTE =+
= B = R = DT il )
. . Al glo] 31
=—X,(e")® X,(e’") — periodic convolution 9| DTFTE
21 - _— R g =
ol T4z 9
) x ) peripdic
Proof : Y(')= Ex,[n}xz[n]e"’”” conyolution©]
. - (1 o\ jon —jon
Use synthesis Eq. for x,[n]: = _2 (E szX,(e’H)e’H de)xz[n]e /
x,[n]
Exchange order of 3 and [: s X,(e’) Exz[n]e‘j""‘”'" do
2n " n=-%

e
Xy
1 )
- [, X)X (e "")do QEy

eoksbd, DT 34

5

TDelA ] convolution< FDIA €] o] al TDIA ] -2 FDollA 2] periodic convolution®] t.

CTe 735

TDeA 2] convolution< FDIA 2] #o] i TDoA 2] 2 FDIA 2] convolution®] t}.
&I Aol ol Fon

where

o

Suppose we integrate from -7 to 7:

. 1 © A . .
can be written as: = —f X, (e”)X,(e”)do
2w Y >

Changes a periodic convolution to a regular convolution.

Calculating Periodic Convolutions

Y(e™) =$ I X)X, (e")d6

Xl(eje) , Pl=n

0 , otherwise /

£ (e") -

6



. _[sin(zn/4) : B ) B _ sin(zn/4)
ﬁample. Mn]= T] = x[n]x[n] . x[n]=x[n]- ——"—=
Y(e™) = ZL X,(e")® X, ()
1
X (el%)
| I :
-l 1 | ! | RS
‘ mom !
2n -7 2 4 T 2n ]
3 X (eJ{m—E))) 3
. | f I : L~ 3 -
-2t O 0y : o2 0
| Y(e
1

DTFTe]o}]
o] A= CT/DT FS/FTo] o]

duality+= o Ad o] 2} strt.

Duality in Fourier Analysis
Fourier Transform is highly symmetric

CTFT: Both time and frequency are continuous and in general aperiodic

x(t) = ifj:X(jw)eﬁwdw
» _ Same operation
X(jow)= [ x@e " dr

U

Suppose f(*) and g(*) are two functions such that they are a Fourier-
transform pair (Eg. f is a square and g is a sinc),

() =) < X, (o) = g(w).

Then for another time-domain function such that,

N Y

x,(0) = g(0) gkeke] £(t) & CTHT7}
. . g(\omega) Z+¥
then without doing any math, we should know that
X,(jw) = 2nf (-w) g(t) e CTFT3 2\pi f(—

3 Yormega) ©f



Example of CTFT duality
¢ in either time or frequency domai
Xi(jo)
T
1 ﬂ-

: —F /T4 C"/ﬁ l

Vo=V

1

VW W= W T |_
N /
A~ t -W w
@:

e ———

/ Duality between CTFS and DTFT

CTFS

DTFT

o

/

< 27
x()=N ae’” = x(t+T w, ===
Q) kz_w A (r+T) 0=

1 —jkawyt
@ == fT x(t)e™" "' dt

Periodic intime <— discrete in frequency
x[n]= if X(e'™)e™dw
2md 2

X(e')= 2@ A nle " = X(e/ 227

n=-m

Discrete in time <— periodic in frequency /

m AR



XGw)

0

B

It is clear that x(7) = () * E 6(t —nT) |— sampling function sam|
n= - 9/] C
Eé(t -nT) periodic signal Ll;r;i
ne-= (t)isa
’ ’ ‘ 1 ’ ’ convolution of x(r)  w}z}
in one period with  \pj/1]

f
-2T T 0 T 2T t Eé(t D) Dl:;
T\ U N=-%
Il
12RO
T 4L s
T T/T
Kllustration (continued): \
. S . < 27 k2w . .
X(jw)= X(jw)x kzm?é(a) - T) — also a sampling function
Also discrete :
Discrete

= 2R

P,, B ZywL T~mda

<T

pling function
TFS+ 1/T

s sum of all
honics

M CTFTE 2
[' sum of delta
tions with

od 2\pi/T

i = XG5 ;5%
= =
et &

12






Ilustration (continued):

= <« 2 k2
X(jo)= X(jw)x E —né(a) ——ﬂ) — also a sampling function
—/ T T
Also discrete Diserete
=S 2n k2n
‘;& ;3©-=5)
2n
4 2m 0 2n An @
T T T T

From the symmetry of Fourier Transform, the reverse is also true:

Discrete in time <21 periodic in frequency

12




/ DTFS \
Discrete & periodic intime <—> periodic & discrete in frequency

i 21
n]= a e =dn+ N w, =—
An] kEN A n+N] ~
1 - jkoyn Same
“=N k;>X{n]e mathematical
I operation

Suppose /[*] and g[*] are two functions such that they are a FT pair,
x,[n] = fn] < a,=glk ﬁ(
] = £l ¢~ 1A HNJ f[n] €] DTFS cpefficient7}

Then for another time-domain function such that, glk]ol®

by <> x[n] = g[n]

then without doing an;
\ ﬁ\* b= /4]

g[n] €] DTFS qoefficienti=

should know that f[—k]/No]t},
o? /
\
/ N?

ﬂ\’[agnitude and Phase of FT, and Parseval Relatiom

| P N
CT: x(t)=EJ:1 X(jw)e™ dew
X(jm) = |X(jm)|ejmj"’)

. e T T
Parseval Relation®== [ @pde= " ;lx(fw)fdw
e

Energy distribution in @

DT: A== [ x(e")e ™ do

T 2nden

(o) =[x e

F . - 2 1 ” No phase infofmation in
%eval Relatlon.Ez,L:nZJx{n] = fz«ﬂ X (e’ )Izdw the TD a)dl?é.

14




Effects of Phase

Not on signal energy distribution as a function of
frequency

Can have dramatic effect on signal shape/character ¢

— Constructive/Destructive interference

F Al gl

e Is that important? phase¥ 7}

5] 50

— Depends on the signal and the context, notas &, Pasei= @obs

important as the amplitude in hearing, but very
important for image processing.

15

Demo: 1) Effect of phase on Fourier Series
- 1.00 Sinusoid #I:Alcn\(lnt r¢|i
71 1
T
0
Resultant Sinusoid: X, A cosrkt -0,)
. : ‘ A
= 0 1 2 3
Phas 0 & = r
| Amp: 100 Sinusoid #2: A, cos(4mt - ,) |
g 1 A A _g
5 = ol
0 z
E
| \/\/\/\/\/\/ Lt
‘ 0 1 2 3 2
[Phas 0 T
3t i H H 1
. Sinusoid #3: A, cos(6n t - ¢,) 0 05 1 15 2 25 3
\A—‘r'_’& ! Time
: \/\/\/\/\/\/\/\/\/
0
1
_ 0 1 z




Demo: 2) Effect of phase on image processing

Phase of #T'

Demo:2) Effect of phase on image processing (cont.)

Constructed with the amplitude of ~ Constructed with the phase of
FT of the boat, but with a FT of the boat, but with a

uniform phase. uniform amplitude.

18
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—DFT '\"‘
fnc A pMx i
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N=IDFT
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Demo:2) Effect of phase on image processing (cont.)

o X

This image was constructed with the phase of T of the boat, but with
amplitude from a very different image — you wouldn’t have guess it.

19

Demo:2) Effect of phase on image processing (cont.)

The amplitude information for the previous image is from our old
friend! Cannot make a monkey out of a boat!
Next lecture covers O & W pp. 427-472.
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