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CM24 231123Th on Bilaeral Laplace Transform
Announcements
1. Messages from Instructor

o Goal of Life: Self-Fulfillment and Contribution to Collective (KOt &, 35X 7| A)
» Attitude: Exceed the expectations! (7|CHE HO{ M2h)
o "Ot&= Z40| 2lO|Ct Hf 2 n0f F& YO = BtCh M2 M ES.

o Bt (M2 2J3]7))

= Theory Learning (O| & H{| 2 7])
= Problem Solving (2X| £7)
= H{R7[Qt 5|7|9| 7Y
o How to Learn
= Stop and Think; = 7| 7| chess master & ZH=C}; Find commonality, similarity, and difference

o How to Practice

Purposeful practice with 3F: Time, Focused Action (£ A2 & A|7|2{= Z 3 Q1 7}?), Experience, Lesson,

Immediate Feedback (2 X|2| &2 d), Fix, Growth

o How to solve? How to understand? ((S))implify and ((V))isualize:
= essence, simplify; generalize; consider extremes; mental representation, representational examples;
= Venn diagram, necessity and sufficienciency, existence and uniqueness/plurality
o An imperfect classification rule is better than no classification rule as long as you recognize the

imperfection and update your rule.
= block diagram, G(V,E); graph of a function, algebraic vs. geometric interpretations, mathematical vs.

physical/engineering interpretations/implications

2. Xt 2ol +=3/22 Are

3. HW, Quiz, and Exam
o Quiz2

o HW12 will be assigned by this Friday. Due will be next Tuesday.

4. ZO| X2
o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at

http://cisl.postech.ac.kr/class/eece233/schedule.htm.
o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time stamps.

o There may be a supplementary CM. No attendance required. The recorded lecture will be uploaded as CM21.

# of students

# of students

23-2 233 Quiz 2: mean 9.5, std = 3.25

0 5 10 15 20 25
score (out of 25 points)

-1.5 -1 -0.5 0 0.5 1 1.5
Z-score



I T I L | ||
1.5 -1 0.5 0 0.5 1 1.5
z-score

o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at 0
http://cisl.postech.ac.kr/class/eece233/schedule.htm.
o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time stamps.
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6. Overview (The numbers are the chapter numbers of the textbook) K I-MI EH ! :

1. Signals and Systems H I — @_I —' 56 L] 'I

+
2. Linear Time-Invariant Systems | g S cm )

rn
)1

AH

|'|0

Ol 40
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3. Fourier Series Representation of Periodic Signals /\ BDAJJ . M /\“J@_D m /7

4. Continuous-time Fourier Transform = (@)Lt [
5. Discrete-time Fourier Transform
6. Time and Frequency Characterization of Signals and Systems

9. Laplace Transform gﬂA I E
10. Z-transform e U e B

7. Sampling
8. Communication Systems

7. Related Courses offered in 24-1 ﬂﬂ@?« ~ ﬂ@oﬂ@%)

o EECE302 TAt=ShA (HE A HEHIZZM L), H oA UBHAILE

x =
’ EECE%I/DISUSMHM S8; 25 1Al BAIE A4S EIOI[HA!  SRM0IT (MS2D) =1L A0S
o EECE441 IR ZSNNE; E 114 2 A AL, MRt} MBRIBE RASHE 0] 0[HIE 210l Jl3!
o EECE442/NGCN301 EAUHEQIINE; 312 24|
o EECE443/NGCN302 S4ISUHIE TJEL%'%*, 25A|-104] B4 SpsEIE  22AZE 10:30~16:00
=) “oo)
o EECE451 C|X|EAZ KN E|7]E; 2t= 3A|Hh; Al A AH L H(j SOIME LGYUTS 416= | 054-279-51156
l le @/3 \i Yewe\. ZMOIXI  www.ngcn.postech.ac.kr
8. Review 5
e Miscellaneous

= phagnitude and phase responses

o LTisystp N&""““ ""‘7 H M) ,HC(/O) [ Q‘) J )
. log-magnitude and phase responses lﬁ
: 38 o _ﬂ‘ Hy_ H5 { (’(’4 ]lja HRNQIK 6 1% 5 — o
ode plo HRANAKIS 1y nm EXI3| AE R (es25, iz, 31 5 NEHs)
= How to read a log-log plot B A T
o Linear-phase system vs. Nonlinear-phase system i S t l:
= Def. A CT/DT LTI system is a linear phase system if .... Otherwise, the system is of nonlinear phase
= Caution. In DT LTI, arbitrary linear phase is NOT allowed.
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o Linear-phase system vs. Nonlinear-phase system Deaac v\
= Def. A CT/DT LTI system is a linear phase system if .... Otherwise, the system is of nonlinear phase

= Caution. In DT LTI, arbitrary linear phase is NOT allowed. —
o All-pass system ‘ wm = ‘.OOO mm
= Def. A CT/DT LTI system is an all-pass system if ... loo cwn
o Def. Given a nonlinear-phase system, the group delay at omega_0 is defined as ... = JW
o ldeal vs. non-ideal LPFs
e Q. How to choose coefficients to design a desirable frequency response? l B 1 (O CQB ( ()] (C_K ro @
= Al. CT/DT rational frequency responses with real coefficients =

= 1st-order system
= 2nd-order system
= A2. Laplace and Z-TFs.

9. Preview
e Limitation of FT
e control of an unstable system
e Recall BIBO stable iff ...
¢ In the world of functions not generalized functions, Fourier transform exists iff LA1.
= FT does not work with an unstable system.
= Q. Why did we consider complex sinusoidal signal?
= A, e’st can be an eigenfunction of a CT LTI system.
= Can we go back to the complex exponential function not limited to the imaginary axis?

e Laplace transforms
vs. unilateral
e Bilateral LT
e Def. Two functions are the same if ...
= |Importance of the domain of a mapping rule
¢ Def. of bilateral LT and its ROC
e Examples.

e Properties of ROC of LT
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EECE233 Signals and Systems domain’g-] ] 2| design=}

analysis,

71¥] 31 frequency domain
&A1 €] designat
Lecture Note #13 analysisell 3l v 3ich,
Prof. Joon Ho Cho ey, 98k Al AL A
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T. L R RS P I e R
Weiss, J. White, and A. Willsky) obA FHgE At
. A5 4-El3= LCCDE® CT
Covers O & W pp. 654-670 LTI Al 2818 ] 51el 1]
. Motivation and Definition of the ateral) I 9% = o 7248 %
Laplace Transform transform% | -t}
*  Examples of Laplace Transforms and Their
RegiorS)of Convergence (ROC’@ °] LN13°“ 3= signalell o
Pr 3 ’ 5 .r_ L]"r‘_l_
. roperties of ROC’s

o LN149] 9sflo] 4 36]
* These lecture notes are based on the lecture notes used in 6.003 taught by LS = =

e systemel dl&l] o}k
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the - SY =

ermission of Prof. Qing Hu.
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Laplace transform (LT)©] 83+ o]+ Fourier transform* @ convolution property”} ¢l
7] W&ol Y(s) = H(s)X(s)
ey, A 9l Al F 9] inverse transformS 1] -8HA] S-3h)
=g
rational function of s@ LTo] Y23 Z$1= 97 inverse® 7% 4 2li=dl v}5 LCCDE® I/
O A7} Y= Al 28-S 59 rational functl()n#:c impulse response? LTo] veRt},

Motivation for the Laplace Transform TThwa- A:\C:T&Sﬁ*“
3 BleD stlle

CT Fourier transform enables us to do a lot of things, e.g.
(=
— Solving LCCDE’s %l ];;U'\(’L')'CH'<
— Analyzing frequency response of LTI systems [ewma. . A CT sy Q &
— Sampling
— Modulation : fornn Tawsfrmally
e Why do we need yet another transform? Some real—world

systems are better

st~
(=)
e Fourier transform cannot handle unstable modeled by unsatable — L:\_%

signals/systems. i.e. systems.

o We may want to design
f | x([) | dt =0 a proper electrical
=0 system that will H(S
Because the eigenfunction &' in Fourier transform has stablize the overall Yt AN

. . A system when
unit amnlitude | &9 = 1. For examnle: y AR p‘) = racc.fims .
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Because the eigenfunction &' in Fourier transform has
unit amplitude | &/ = 1. For example:

2

Motivation for the Laplace Transform (continued)

x(0) y0
h(t)
And h(t) = eu(r)
— an unstable causal system

H(iw)="?

t
Consequently, we cannot analyze this system using the easy
method of

Y(jw) = Hjw)X(jw).

Do we have to go back to y(7) = h(t)+x()?

3

Remind that a CT LTI system is BIBO stable iff h(t) is absolutely
integrable.

o= £9] right or left—sided exponential function e~{—at}u(t) 3=

erattu(=t) 2 A a7} &°1¥ Fourier transform=> EA|34] o=t}

Motivation for the Laplace Transform (continued)

e In many applications, we do need to deal with unstable systems, e.g.
— Stabilizing an inverted pendulum
— Stabilizing an airplane or space shuttle

— Instability is desired in some applications, e.g. oscillators and

lasers

¢ How do we analyze unstable signals/systems?
Recall from LN #5, eigenfunction property of LTI systems:

“pr g vavvva avaas

system that will
stablize the overall
system when
connected to the
unstable system.
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¢ How do we analyze unstable signals/systems?
Recall from LN #5, eigenfunction property of LTI systems:

e’ h(t) H(s)e"

H(s) = f_ *: h(t)e*dt  (assuming this converges )

— ¢%is an eigenfunction of any LTI systems,
— s =0+ jow can be complex in general

4

The (Bilateral) Laplace Transform

(Can be viewed as an extension of the Fourier Transform)
0

(1) F= X(5) = [ xyedr = £{x()y

s = O+ jwis a complex variable — Now we explore the full range of s
First comments:

(1)X($]rX(a+ Ja)) [ lxe e dt = 5{x(He ™)
NAAAAL

S=0+«
@A critical i 1s e 1n dealing with Laplace transform is convergence:
— X(s) generally exists only for some values of s,
cated in what is called the region of convergence (ROC)

\ = 400
S'V“ {s =0+ jo sothatf_x |X(f)e'°'|df < o0}
.

Depends
(3) Ifs=Jwis in the ROC (i.e. = 0), then only ono
{0}, o =X(9) T F{x(1)}
5

Q. Laplace transform©] general$t7} Fourier transform®] general$t7}?

x(t) times e~r—\sigma t°] Fourier transform 2.
Fourier transform©] I,aplacc tran%form‘# o} A o]},

x(t) 9] Laplace transform2. & 4
evaluate 3t 212 Fourier transform O 7 B 4= Qi) 1¥l AollA]

A. (1)ell wk=w, Laplace transform of x(t) =
o Stk ol@l HollA=
J.Li"] L B S A ) 4=
98}l s= J\omega"ﬂ’ﬂ ol E

Laplace transform®] Fourier Lransform_‘?l‘:l' kA ot}

ojofr] gt} (3)2 meh. =, X(s) &

Example #1:
x,(1) = e “ult)
Ix(t)! Ix(t)l

\ DAfalen Re{a}<0 /<— Uﬁs{aMbIe , 10 FT

(a — an arbitrary real or complex number)

ol & flallAli= A,
time—domain£] ol A &=
unstable CT L TI
systems s = Sl
toolo] Q1o d =051
=& O] Al ¥ tool>
BIBO stable$t CT LTI%
S g 4 e E4

o

Wb A -310] non—
negative t7F?l Laplace
transform->

unilateral LT} -1},

Fourier transform3} v}k

7}?<] # Laplace transform

T to] sE g —”F-J
g “H’L Zoltt, 5,

slr/\_'"-‘d_ Bk npIt= A 8 (Tl b 0

2810, o] A5 $1
A olefo] 91& o]t} o] 2
o] ROCo]}.

LT 59 $4:7) 83,
oyl sgtel A= 3ol 5
#atal 5 L7k 3953
of ¥l sgtel M= A3ko] 4
o514 g7} WhATstol

HEEEREE R



Ix(t)! Ix(t)!
<— Unstable, no FT

Re{a}<0 A
but L7 exists

Re{a}>0

t t

X,(s) =jf e “ult)e™ at =J§e 2 dt

(s)

1
e (s+a)

s+a

” 1
o s+a

This converges only if Re(s+a) > 0, 1. e. Re(s) > -Re(a)

4

X, (s)= L , Re(s)> -Re(a)
s+a _—
ROC

6

Example #2:

Ix(t)!

x,(1) = —e~“u(-t)

[ t ‘ t
- st

X, (s) = -fj:e'“'u(—l)e dt

fFa Rels@)<o
1

e—(sm)l[ -
s+a o

This converges only if Re(s+a) <0, i. e. Re(s) < -Re(a)
!
X, (s) = L , Re(s) < =Re(a)
sta @
ROC

Key Point (and a key difference with #7): Need both X(s) and ROC to
uniquely determine x(7). No such an issue of ROC for F'7.

[l _ e(s+ a)oc]

e -
?

s+a

Same as X;(s), but a different ROC

7

Graphical Visualization of the ROC
Example #1 Example #2

x,(t) = e®u(t) — right-sided signal,  x,(7) = -e"*u(-t) — left-sided signal

(02?/0

ol sgkollAli= Aol 4

9= #] LAY k3]

LT7} Aol ¥) A k8 4= 3

=3

ROC7} F 2.8 o=, Al
F % CT signal
x1(t) 2 x2(t) 7} A 2o
ROCE 7 WA & 22

) mokel 59l #4 X1(9),
X2(s)E 7H4 4= 371w
ol

4 X(s) 7 A H =

domaing specifyd}i= A
2 3] F sk

See Example#1 and
Example#2

not defined elsewhere
< e o goln,

;ﬁ‘ GE
X1(syY=
(s+a), for Re(s+a)>0

not defined elsewhere

(o)

a), for Re(s+a) <0
not defined elsewhere
so] g4 49l

o, T §9E ol




Example #1

x,(#) = e“u(t) — right-sided signal,

, Re(s) > -Re(a)

Example #2

x,(1) = -eu(-f) — left-sided signal

1
X,(s)=—— , Re(s) <-Re(a)
s+a
Im
s-plane
-a Re

-\

1

right—sided exponential

has right —sided ROC

¢}7]: left—sided exponential
has left—sided ROC

Rational Transforms

*  Many (but by no means all) Laplace transforms of
interest to us are rational functions of s (e.g. Examples
#1 & #2, in general, LTIs described by LCCDEjs), 1. e.

N©)
D(s)

-

¢ Roots of N(s) = zeros of ﬁ(s)
* Roots of D(s) = poles of Jq(s)

* Any x(?) consisting of a linear combination of complex

N(s), D(s) — polynomials in s

exponentials for > 0 and for 7 <0 (i. e. as in Example
\#1 and #2) has a rational Laplace transform. /

9

0= |
St(=o
S|

A LTIE LCCDE®
Eljo] RLCS-S AA ¢
291 3171 $18l Laplace
transform- W&t}

2FA LCCDE®] Fourier
transform . Z4-E]
j\omega®| rational
function.©. 4 2]
transfer function -3l
nok}, xreks] Ayzts
j\omega tjAlol] s& =
RO R 4 Qi
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Example #3  x()=3¢"u(t) - 2¢7u(t)

X(s) = ﬁ:[3 R
=3[ e Mar -2 e Mar < ) % E
S, RN A S
RequiresRe(s)>2 RequiresRe(s)>-1
3 2 s+7 Re(s) > 2 X(s) o] whA u} Erof A
=TT Ty R©> 2= pole—zero plotel @ @
SRR S e
Im d '
= two poles (p,=2, p,=-1) Notation: right—sided?14) left— \o \Ottves
& one zero (z, = -7) s-plane sidedQ1A] B2 o
x — pole er(2t)
12 an
o O zero b on(=)
7 - Re Zd3-o] Qlrk= Zloj
Q: Does x(¢) have F1? "s9] pole times t7}

exponent”Z} ¥ t}."

10
"FT7} #4118 = "omega®] 52419 FT7F .= \omega®l tjal] EA] e}

oju i o] AL

o @2 ROC 7} \sigma = j\omega F% %3}k 31#4] Qkr-vpEl= ol

EELE
/ Laplace Transforms and ROC’s \ ?%tlﬂ%dlég
. S Laplace transform<)

First of all, some signals do not have Laplace transft ROCF 48] ofjut

(@  x(t)=Ce™" forall ¢ since fxl x(t)e ™ ldt = o forall o o SR
o ROC7} &4 §toltt."
x(t) Ce-lo+Dt
ot Laplace transform--
o CT signals

right %= left —sided

exponential functiong t}

X 7] AskaL

) CT system% LCCDE®

(b) x(t) =€’ forall ¢ el systemS T
v v s}t

AT L. At ~ e~




B

x(t) =e™" forall t

fj:l x(He ™| dt=f_+:e“’dt= « forall o

(b)

X(s) 1s defined only in ROC, by definition,
X(s) = oo = No &(s) is allowed, different from FT

11

EAo)|A3= complex sinusoidal signals7} % 2.8}tk FTo] ®t} ] &5
291t}

Properties of the ROC

Secondly, the ROC can take on only a small number of
different forms

\

1) The ROC consists of a collection of lines parallel to the
jw-axis in the s-plane (i.e. the ROC only depends on o).

Why?
f_il x(t)e™™ | dt =ji| x(t)e ™ | dt <o depends only on o = Re(s)

2) If X(s) is rational, then the ROC does not contain any

Why?
Poles are places where D(s) =0

poles.
= X(5) = N = o Not convergent.
D(s)

12

More Properties

Go??oﬂc'
3) Ifx(?) is of finite\duration and is absolutely integrable,
then the ROC is the entire s-plane.

\

N z

>0 c<0

CT system® LCCDE®
el systemS tHEY]
s,

key restriction in FT=

LTelA = X(s) &
generalized function< 3]
g5 gh=thi

A. Lebesgue integral®llA]

improper integral
\int_{—
\infty} ~{\infty} x (1) dt:=

\int_{—=\infty} ~{\infty}

[x (t) [~+dt

<}

\int_{=\infty} ~{\infty} [—
x (1) |~+dt

7} 2y 2} s o,
\int_{=\infty} ~{\infty}
[x(t) [~+dt

\int_{=\infty}~{\infty} [—
X (t) [~+dt

2 AoHr =,

x (t) 7} absolutely
integrable st w] A o] ¥ o},




then the ROC is the entire s-plane. S=0 ?7.\

. 06>0 <0

X(5) =[x dt =[x ar

¥
$

—_—
T A finite integration
<o if [lx@)ldr <o
1

13

A)C Properties that Depend on which Side you areh

4) Ifx(7) is right-sided (i.e. if it is zero before some time),
and if Re(s) = o, is in the ROC,
then all values of s on the right side of the vertical line
Re(s) = o, are also in the ROC.

o0yt x(t)

v wka] 7R A7)
L=

A30) AT 5
el ek
comparison test!

o 4 g.




A)C Properties that Depend on which Side you are On

5) Ifx(?) is left-sided (i.e. if it is zero affer some time),
and if Re(s) = o is in the ROC,
then all values of s on the left side of the vertical line
Re(s) = o, are also in the ROC.

x(t)

/
/
e 01t
/ /
/ /
\ e
/ /’
/ /f
a
/s

(,j’/ e-Gol

6y <0p

15

f Still More ROC Properties \
6) Ifx(z) is two-sided and if the line Re(s) = o, is in the

ROC, then the ROC consists of a strip in the s-plane that
includes the line Re(s) = o,.

m | Re(s) = o,

x(t)

\_J#—’\_J O{{_'eerlgeoof

To t Gy A )
Il

xg(t)

I_/#—’—\' = =
To + t
x (t)
Op Re 0. Re
\ To t /

B ] o e

v wha] ZFA A7)
o] EAE kel
SLet.

comparison test!2]

A8
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/ Example: R }x
- bt
xty=e™ = $Fupte
-bltl T (
e :—4 _e —
Stb <
/‘ b>0
e-bltl !
\/h<0

/ Example (continued):
e”u(=1)

x@t) = + e u()

I 0

—s—-lb' ,Re{s}<b &b_ Re{s}>-b

Overlap only if b>0 = X(s) = 22 , withROC

Im

- o

~

Roc

=), ﬁ;vrno ZE‘@

“

’FJ&)R



s-plane

b Re

\What if 5<0? => No overlap = No Laplace Transform
18

Properties, Properties

7) If X(s) is rational, then its ROC is bounded by poles or extends to
infinity. In addition, no poles of X{(s) are contained in the ROC.

8) Suppose X(s) is rational, then
(a) Ifx()is right-sided, the ROC is to the right of the rightmost
pole.
(b) Ifx(7) is left-sided, the ROC is to the left of the leftmost
pole.

Im Im Im
It . ml
(a) (b O

9) IfROC of X(s) includes the jw-axis, then F7 of x(r) ¢

et

W RO} 0L

(s+3)
(s+1)(s=2)

9,
Two poles @ossible ROC’s ‘m

Example: X(s) =

s-plane

S
Al PFES.& Yebdl 4

X (s) 7} rational®]'d
PFES. &

X(s) &

1/(s—a_i) 52 linear
combination®. & e}
W 4= Qe (Fd
E7? Wb Y ES A
—I—‘é“ﬂ—&?)

X(s)7} rational® w
= PFES.Z &
property& HA A
sk

WA xp7t A A
WELFE A A
w5 PFEsHA
o} olw] 1, s, s~2, ..
< 7tz

_0(t) =delta(t),
_1(t) unit doublet, ...
5O i npt ¥l

U

ot & £ o

s7} unit doublet ¢}
inverse LT2] oA 47
7).

ROC #1154} (?1)

B @’bme)
—e*Turt)

ol Qiek. —> e}
Q.

ApE ROC



LiAaauuupac. A\S) =

(s+1)(s=-2)
. 5 gm s-plane
Two poles @osmble ROC’s
I Il I
g 1 2 Re

x(?) 1s right-sided = ROC: III
x(?) 1s left-sided = ROC: I
x(?) has a Fourier transform =  ROC: II

3B S/ F AL,
A PFE® 2 e 4

/

20

Example (cont.)
ROCI: — Left-sided signal.

x(t)= - Ae”'u(-t) - Be u(-t)

2 5
= [ge" - 3e2'] u(-t) Divergesas 1 — —

ROCII: — Two-sided signal, has Fourier Transform.

— 2 -t 5 2t
x(H)= - ge u(t) + ge u(-t)|—=0ast—= xx

ROC III: — Right-sided signal.

x(1) = Ae”~'u(t) + Be* u()

2 ., 5, .
[—3e +§e ]u(z) Diverges as t — +

5

O] WL — > upet
ATt

A2 ROC
7F &38Rl
A7A ET
31o] four
possible
ROCs
o)Ak <)
olo] 343
9l g4 2o]
o7k A&

7}?

FRoR
’ﬁ@ﬁi,@ﬁ%fM°‘(eEi

o} 7] A W= vle} Fo]
ROCe®| u}2} 3744 (=)
T ATA) G Als R
inverse transform¥ t}.

71 tip:

1/(s—pole) &
"e to the pole t u t"

.
E

"—e to the pole t u —t"%=
inverse LT¥ t}.



