LN14 Inverse LT, LT Properties, System Function and LT, LT
and Frequency Response
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CM25 231128T on Inverse LT, LT Properties, System Function and LT, LT and Frequency Response
Announcements

2. A Zel 78/ 2t At

3. HW, Quiz, Voluntary Project, and Exam

1. Messages from Instructor
o Goal of Life: Self-Fulfillment and Contribution to Collective (A0, S A| 7| )
= Attitude: Exceed the expectations! (7|CHE H O A 2H)
o "Ob= Z0| 2O|Ct HiRnOF F& UO|E it M2, M E-
o &g (H®1 25|7])
* Theory Learning (O| £ H{| 2 7])
= Problem Solving (24| &71)
= HIR7[QLA5|7|2| 7
o How to Learn

= Stop and Think; &= 7| 7} chess master & ZH=C}; Find commonality, similarity, and difference
o How to Practice

Purposeful practice with 3F: Time, Focused Action (£ 212 SF&tA|7|2{-= Z 3 QI 7}?; push oneself little bit out of
o

the COMFORTABLE ZONE), Experience, Lesson, Immediate Feedback (2 X[ 2| &2 ‘d), Fix, Growth

o How to solve? How to understand? ((S))implify and ((V))isualize:
= essence, simplify; generalize; consider extremes; mental representation, representational examples;
= Venn diagram, necessity and sufficienciency, existence and uniqueness/plurality
o Animperfect classification rule is better than no classification rule as long as you recognize the
imperfection and update your rule.
= block diagram, G(V,E); graph of a function, algebraic vs. geometric interpretations, mathematical vs.
physical/engineering interpretations/implications
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o Bode plots: asymptotic analysis — log

o All pass system can be used to adjust phase response of a bandpass fril\tsr.

o Final Exam is approaching. Unless basic mandatory courses have conflicting schedules, it will be taken 7 pm to
11pm on Thursday Dec. 21 at LG 102.

o Voluntary Project
= Topic must be approved before final exam. Topics related to this course material is acceptable.
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It can be proven that, if a function As) has the inverse Laplace
transform A2, then A2 is uniquely determined (considering functions
which differ from each other only on a point set having Lebesgue
measure zero as the same). This result was first proven by Mathias



11pm on Thursday Dec. 21 at LG 102. transtorm A%, then A7 1s uniquely determined (considering tunctions

o Voluntary Project which differ from each other only on a point set having Lebesgue
= Topic must be approved before final exam. Topics related to this course material is acceptable. measure zero as the same). This result was first proven by Mathias
= Presentation file and presentation mp4 of length >20 minutes must be submitted. Lerch in 1903 and is known as Lerch's theorem.
= No reuse, double use, etc.

o There may be a supplementary CM. No attendance required. The recorded lecture will be uploaded as CM21. =M <https://en.wikipedia.org/wiki/Inverse Laplace_transform>

o HW13 will be assigned by this Friday. Due will be next Tuesday.

4. Bl A=
o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at

http://cisl.postech.ac.kr/class/eece233/schedule.htm.
o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time stamps.
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6. Overview (The numbers are the chapter numbers of the textbook)

1. Signals and Systems KI"A‘" EH % Al

2. Linear Time-Invariant Systems P> P

3. Fourier Series Representation of Periodic Signals I_'_" E _I ] 6|=|'

4. Continuous-time Fourier Transform \ ) N =
/f\\L‘ //\ | //\ (\ ,\ /A

5. Discrete-time Fourier Transform Q\ra l‘ { W J i ‘L\%

6. Time and Frequency Characterization of Signals and Systems

9. Laplace Transform gﬂA IE
10. Z-transform D [
7. Sampling

8. Communication Systems

7. Related Courses offered in 24-1 ﬂﬂo@?@ ~ ﬂ@oﬂ«%)

//

o EECE302 TALTSfA (=8 X HHZZNM L), B 20 U2 SALE EOI[HA!  SEA0IH (MBI ST A0S

o EECE361/DISU361 TIAIIHS&; 2t= 11A]; A& 742 B KIS XA &1 0:E 20! Jl2!

o EECE441 CIX[BELINE; o 114, M= B A& H, A5t

o EECE442/NGCN301 SAI UL EYIATNE; 312 24| N $42131S QE 10:30-16:00
o EECEA43/NGCN302 EAI QI E ST AIS, YsA|.104] EOIAlE LGOS 4163 | 054-279-5115

o EECE451 C|X|EHAISHEZ|THE, 312 3A|HE Al S QIA| A =ZMI0IXI  www.ngcn.postech.ac.kr

8. Review
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8. Review
e Limitation of FT

(-\_/\/\/\/M

X RoC->

Xs)
=Roc ¢ C

o control of an unstable system
o Recall BIBO stable iff ...
o In the world of functions not generalized functions, Fourier transform exists iff LA1.
= FT does not work with an unstable system.
= Q. Why did we consider complex sinusoidal signal?
= A e’st can be an eigenfunction of a CT LTI system. st T o fo
= Can we go back to the complex exponential function not limited to the imaginary axisg H — L\ st —l—e
* Laplace transforms eﬁ hl'lT) > lg)e I W‘MJL H(S) L e Clk XSS
o bilateral vs. unilateral
e Bilateral LT
o Motivation. A complex exponential function e”(st) can be an eigenfunction of an LTI system if the system function
has s in its ROC.
o Def. The bilateral LT is a mapping with C/Q .
= input: a time function from R into
= output: a function of s from theROCAnto C. <
o Def. of the ROC for the BLT of a time function. p \ ~—— [R?C
= ROC is the domain of X(s) Ngtb) )_——_-—'— ';(H:)
o Def. Two functions are the same if ... J 1 Sta
= |Importance of the domain of a mapping rule \ @v; ['R
O LT 2| mapping rule vs domain; rational mapping rule?; RLC circuit, amp, adder, constant scale, PQ{C .( ? Q.ef'-c\\
O ers_0Ot-> H(s_0) ers_Ot (
O estinput??? No generalized DT alllowed as output of BLT but allowed as input!!!
O e”|t| noLT? 1/(s"2-1) wo ROC?
o Examples.
o Properties of ROC of LT
9. Preview

e inverser LT

EECE?233 Signals and Systems



EECE233 Signals and Systems

Lecture Note #14
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

e Covers O&W pp. 670-698 O Tt
(=

* Inverse Laplace Transforms m Hg}‘)) e.)

e Examples o) 717k A= signal®l

Laplace transform

*  Laplace Transform Properties

e The System Function of an LTI System o] 713 € = LTI system

*  Geometric Evaluation of Laplace Transform 3} Laplace transform

and Frequency Response
* These lecture notes aré based on the lecture notes used in 6.003 taught b
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
ermission of Prof. Qing Hu.
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£ 7} s—domain®l A analysis ¢} designg ¥ ¥ t}A] time—domain ©. %
Jo] 27] §38]A]+= inverse transform©] 2 &3}t}.
page 204 1.1 nl¢} 729] inverse Laplace transform< ©]al3}7] €184
= complex variables, functions 5ol t st x]2]o] & Q )

O3)3) % o] 3o A= inverse transform®] {7 A= A S S vE
‘q_.

Inverse Laplace Transform 6( hEAR\| N %}{Z ® St j

400 _st . N
(X(s)2= fx x(he'dt, s=o+ joeROC

=F{x(He ™}

$-2]+= Fourier
transform3} inverse

Fix 0 €ROC inverse Fourier transform Fourier transformel t
3] <kar 9lar
il i %31 Laplace transform
X(De ™™ 'X(a+ wie"‘”a’w FT Synthesis Eq. Sk Lap
( ) f J B q 2 x(t) er{—\sigma t}

9] Fourier transformo]
Zh= A% oo Qo) ot

x(f) = 2—f+wX(a+ j)e® 1 da A
T -
Buts = o+ jw (0 fixed) = ds =jdw d,(ﬂ']bb)
U contour integral©]
0+ jo st st E} = U]‘/(]‘ﬂ"‘a‘:é;
x(r)—— S X9 ds——gﬁ X(s)e” ds —EWillaotuse / o474 ola|at 4
in EECE233 R ojof st}
2

T1E o] Ao 2 e 414, w719 system function©] s # YE}IL = unit doublet®] LTO] s9]
31 9AuI 71 9] qavatem fiinction& aaQol 71 X8 o) Z= Q)t}
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How Do We Perform Inverse Laplace Transform?

e InEECE233, we will only deal with Laplace transform that are:
1) Rational, i.e X(s) = N(s)/D(s) ;
And/or:

on
3 %
2) exponential,ie. X(s)=2T. @ —% w

“—’

( "
€= =50

gf(;): x(t =T) < ¢~*TX(s) (Similar to the FT property
hej=2-T7) Xt - T) —— 7T X(jw)

e Forcase 1), use PFE.

e For case 2), use shift property

* Forcasel)&2),ie  X(s)= e”T(N(s) / D(s))

XI(S) (_)Xl(f)

Then 0
x(t) = xl(t)|,_,t_7. =x,@t-T)

Inverse Laplace Transforms Via Partial Fraction
Expansion and Properties

Example: X(s) s+3 |\ A B RoC=¢@
s+1)(s-2) s+1 s-2
A=-Z B3
3 3
Three possible ROC’s — corresponding to three different signals
gm s-plane
I [ I
o %
-3 1 2 Re

Recall

, Re(s)<-a «— —e %u(=t) left -sided

md =~ — Rel(\ > —a «—s o~ %un) rioht - cided

delay & th7] $18lA]...

oyl o] &2 479 715 3%
2% 7) Qqfars st
o= A¢=, t=00014
discontinuity 7} A1t}

delay”} €13= rational®] 73
$ WAE wRE U S
9 5] polynomial, Z1&] 3L
WAL AT R RLe] 2
R} ¥-& rational

function® & YeRE,
A18H2= LY. O DRRElLol ol



Recall L , Re(s)<-a <« —e %u(=t) left -sided
s+a
and . , Re(s)>-a «—— e %u(t) right - sided
s+a
4
__L
2
Example (cont.) \g+ \
ROCI: — Left-sided signal. z

x()= - Ae”u(-t) - Be* u(-t)

2 ) 5 .
ge - -3—62'] u(-t) Divergesast— —»

ROCII: — Two-sided signal, has Fourier Transform.

_ 2 —t 5 2t
x(H) = - ge u(z)+§e u(-t)|—=0ast—> xo

ROC III: — Right-sided signal.

x())= Ae”"'u(t) + Be*

Properties of Laplace Transforms

*  Many parallel properties of the CTFT, but for Laplace
transforms we need to determine implications for the ROC

e For example: v@( 0@
>

Linearity ax,(1) + bxz( + b, (s

DNMat lanat tha iwtavcantina af DNV A Af VI aad VN

WAL AT R RLe] 2
R} v rational
function©. & eRA, &
2] gk l?“‘rﬂ‘fi PFE3}o] 4
& 7} term<- AAIY
causal 0}‘4?3 anti—causal
signal® inverse LTHt}.

o] 71A] R.i= vie} 7ol
ROCe®l whe} 37}4] (LA
T A7HA) HE Al R
inverse transform¥ t}.

471 tip:

1/(s—pole) =

"e to the pole t u t"

r=

"—e to the pole t u —t"%
inverse LT¥ t}.

L > QN




Linearity ( (H+ bxz(ﬁ) .+ b, (s

ROC at least the intersection of ROC’s of X (s) and X,(s)
“@" Q-

Eg x(®)=x,() and a=-b
Then ax,(t) +bxy,(H)=0 — X(s)=0

=> ROC entire s-plane

o

6

Time Shift

-

-sT
«—> ¢

x@-T)
Eg.,

X(s) , same ROCas X(s)

eSs

, Re(s)>-2 <«—?
s+2

-sT
, Re(s)>-2 <«—— e_Ztu(t)L_)t_T

S+2

| T=-3

eZs

S+

, Re(s)> 2 <« 2 3Iy(t+3)

N

7

Time-Domain Differentiation
dx(@n) 1

/

1 e N o+ o
X(’)‘z,,jfa-,—x X(s)e"ds,  — sz " sX(s)e”ds
U
%Ql <— sX(s), with ROC containing the ROC of X(s)

ROC could be bigger than the ROC of X{(s), if there is pole-zero
cancellation. E.g. N 1

n.o/N . N

ROC can be bi due to pole- llati N
can be bigger (due to pole-zero cance 1on)\_Qg :q_ Y(S)1 & XelS) ave m;hMQ/
peln

~-~ce .

QkA] F|o]#] 204 A
"5’ 33> contour
integral@ ¥ inverse
LT2LS
time—domain
differentiation
property & A=

ol 83ttt

ul3-9] FT9] j\omega
X (j\omega) 7} == 213}
Fag=

01 AR7Iel FTo-?



dat ————— e e e

ROC could be bigger than the ROC of X(s), if there is pole-zero

cancellation. E.g.

x() = u) <— % Re(s) >0

dx(t)

s-Domain leferentiation

5) X‘(Sr > 26 é“-di

~tx(t) <—> with same ROC as X(s)

&g te™u(t) ~—— —d—
s

(Derivation is

s+a] (s+ a) ’

8

— = 0(t) «—— 1=s-1— ROC = entire s - plane
dt s

X(\omega) 7} %= Sl 3}
Fag=

Q1. A&719 FTL?
LTS?

Q2. the identity
system?| LT-?

s—domain diff

d
similar to — < s)
, Re(s) > -a @

propertyi= pole®] &
) o]E 7 inverse
L apla(,c transform=
gk Zlo] 712

of digh 52 Frh

Al. F u(t) 9 LTS 1/s ©]al ROCy= RHPolt}. 18y u(t) o FT-> 1/(J\omega)7]- olyar 1/
(j\omega +pi \delta(\omega) ©]t}. ©]3= 0.5 sgn(t) 2] FT°] 1/(j\omega) ©]7] w0l

u(t) = 1/(G\omega) +\pi delta(\omega) 7} 7] wj¥-o|t}.
7‘-4 2! RLC circuit® phasor analysis 914+ A4 A 771 =

1/(G\omega) 2 v}*-13=d], 71 9]

1= ol = 1 ¥ o] enr{j\omega t} 1 AW 113} 3 53] omegaZl 07} ol w {32 2] a4k

& A7) ol it

/

x(1)

Convolution Property

h(t)

Y(t) = h(t)% x(1)

For  x(t) «<— X(5), y(t) <— Y(5), h(t) <— H(s)
Then Y(s) = H(s)* X(5)
e This is the main reason why Laplace transform is useful
in solving problems involving LTI systems, just like the

Fourier transform. because Laplace transform
and its inverse transform are not symmetric,

X(Oh(t) 4 X(s)sH(s)

K- different from Fourier transform. ThusI /

9

w2lA] LT
communication and
signal processing©lA] 1.
o

controlol|A] Zo] o]g-¥
=3

1% comm. and signal
processing®l| 4] A8 )
o=

FTE 7Vsdk -0 2
AE-# )



Convolution Property (cont.) \
Ay o0 L

Y- H
ROC of Y(s) = H(s)X(s), at least the overlap of the ROC’s
of H(s) & X(s)

a) ROC/eould be empty if there is no overlap between the
two ROCs

E.g.  x(t)=eu(t) Re(s)>1 and h(f) = -eu(-t) Re(s)<-1
b) ROC could be larger than the overlap of the two.

E.g.  x(t)xh(f) = &(t) = ROC entire s-plane.

AL, ROCL 1o 1)

/

/ The System Function of an LTI System

nt) <— H(s) — the system function

The system function characterizes the system
U
System dynamics correspond to properties of H(s) and its ROC

A first example:

System is stable «— f +°c|/I(I)|dt <o < ROC of H(s)

includes the jw axis

—  Tha frannanawr racnanca I i)\ wwhinh i0 tha Danriar trancfarm ~f

OCYE E& specifyd Q-2 o

kA o # [,CCDE®E 4
Bl CT LTI system->

causal$t Z o=@ o}, (R
% initial restZ231 S F2

A el At

53] causalslA] &>
7&—?"} bpeufy?’h:}

Fourier Plancherel©] o}4
Fourier transform ©] =4
st Q FFz10]

AN AP ARIARASE S A L



System is stable «— J_x [)dt < = < ROC of H(s) Fourier Plancherelo] o}
Fourier transform ©] 4|

mcludes the jw axis 8t 1 @ 217 710]
=> The frequency response H(jw), which is the Fourier transform of absolute integrability©]t}.

7=9]: inverse transform

h(1), is well defined.
9] Ao F-2h= AHaglet)

11
LCCDER input—output relation®] F=01% CT LTI system©] 824 o] & v]3t7] &AW/ adder amps
o gl w A EE 8 wli= component=7F W e FTY LTE rational function® & WheR
F, EARE e 72 factors WM E A Z57F W2 equivalent LCCDES 98 =% 2041 9] 9] block
digram= 1214 @38 componentg=7t Eo]=uH ! A e 2128 Leclure note #152] page 90]F

ol...

Geometric Evaluation of Rational Laplace\ o] 4] Laplace transformo]
Transforms ety

Example #1: X(s)=s- ' A first-order zero Al 8l E& Sl A,

first order zero & a7} ¥

Graphic evaluation Im ] Fito] ofy k= W,

of X)) =s,-a siane

= £ Q. ol 1Yoz Ry
=X, ()| = sy - al =y s X (j\omega) 7} —gl Y 2
& L(s)= L6129 SN QI AL

81 _a 1 1 e I

i ZX(s1)
‘a (Re/
12

ﬂxample #2: A first-order pole
1 1

L= s—a Xi(s)

1
=[x, (5)|= Kol (log]x, ()] = - log[%,(5)))

and  /X,(s)=-2X,(s)

Example #3: A higher-order rational Laplace transform




and £X,(s)=-/X,(s)
Example #3: A higher-order rational Laplace transform

5= ﬁ)

Hi-l s-a;
[Tok-al

X(s)=M Cr Wowiz

K(s) =Ml

;lls_
R

and £X(s)= LM+2£(:—,61)-2/_(S-0:;)
1= J=

N

13

1 1/t

s+1l/t

st) =[1-e *u(r)

, Re(s)=-

sT+1

/ First-Order System gy -

) = L #ue)
T

Ju

Graphical evaluation of H{jw):

; t
. 1/t
H( jey) —M

g
o 1 w=0

lock diagram= ZL&] B.A},

causalo]|t}.

1/t
s-plane | Hjo)l- =—=-11/2 wo-1/t
WRCIE omae wivons
o
LH(jw)=—6=- mn"(i) - —tan"ar)
\9 AT
' i) 0 w =0
e
=d-a/4 w=1/t
-n/2 w==l/T
14

Bode Plot of the first-order system

il

/it

I deny — AdR



/ Bode Plot of the first-order system
T 20

H{jw) = 3dB
w1/t —F
é 0dB I, A piotic
E approximation
| Hjoo) 1/t &
| = 20
Jo© @iy g
& .40 20 dB/decade
1 w =0
=41/ =1/ -60 L
U2 w-lie 0.5 I 107t 100/t
~llwr w>=1/1 ®
w4
ZLH(jw) = -8 = — tan " (w1) 0 __ Asymptotic
£}
0 w =0 L 4 _ changes by -n/2
ERES fi | w=1/1
-nf2 w>=1/1 -2
-3/4

011

N

15

A F7 A= 1st order system

o] A L] = 2nd order system

‘ \

complex poles

— Underdagzgcd_

P=—3LD|
ijbl_-f

/ Second- Order System (causal) \
E.g. LCR circuit, a mecha system with a spring and friction
=\

1st, 2nd order system
o] F2.¢ o] friz

systcm°l systom
function®- factorings}+=
71 PFE 3’]"3

1st#} 2nd order system

Lo HEE o L

7] wiol o,

(EE F20l 3lod 1
o] A F e 8tth)

= double pole at s = -w,

—Ciically damped

@ = 2 poles on negative real axis

=
S O
_|_\

P__

?i;ﬁ
——)@%ﬂ‘—\'—"‘

v v
S acyi=— et
LA PHI=2 beX @)




primre. Ny ¥

gﬂfﬂde :
underdamped 72 -- $> °
pole®] conjuage pair®

Ebu =]

7)ol u(t) & 7kshv

w-2}A] oscillatoryd o]

e 5= kel gl

Hha Fo) At Aok
I\ 9 75 oscilatory A

s

Important point: Dynamics of a ol §l& s=ubell glrt.
rational system is completely WA time domainike]
\f . characterized by its pole-zero behaviorE A9 ah=d] 9l
5 diagram (except for a prefactor). o] FTEd LT7} B} #
= FEEN
17

/ Bo ot of a Second-o System \
r
)

Al
0.2
= faymptolre—{ES Top\s flat when
% 20 prroximatiff ;> 3 40 dB/decade t,=pl 9 =
§ s = 3
E : \omega_n 7 ¢]
eol = 4 LPF for
b D /0o, | ==

SLALA © % 1ol
" i erd: oA =
‘ el VG,

X -0z

im0y changssby % oscillatory behavior?F &

el Ll




_omega nA o] 9OT R
oscillatory behavior/F &

G

changes by -

Asymptatic
approximation

0.7, iy 104, 1081,

=) X)=utt)

WbA critically 2F
overdamped? -§-¢ll =
\omega_n“Jto] ko]
attenuate @ v}, wpaha]
underdampled 9 1.
) response”l A 3
e sloj)

o & & /

under/critial/over damp2hi= ] 52 #21i= ©] step response®lA.... underdamped?] 74 w24 &
2ol Al overshootdl il B oscillate gt} UPﬂl

step response?] LT system function®l 1/s+7 a |k, PFESHA 1/sA %3 1/(s—+2) AiSo)
2}, upbA] o] o glizife] uhe} oscillation® l QoA u() & A Gl Al TR ol
Fo},

7}atol
gl o] system®] all pass?l
Z golal vzl

the same length

e
et All-Pass System HA block diagram® 1%
\ Rz}
L ) Ret) >CaD @0
i L t}& pole—zero diagram=
1§ (a) Two vectors have 2184 geometricaldhAl A

= |H(jw)| =1



(a) 1wo vectors have
the same length
= |H(jw)| =1

b) ZH(jow)=6,-6,

=(n-0,)-6,
=m-20,

k14 w=0
=4n/2 w=a

20

LA geometrical 3HA) A
z}sto]

9 o] system®] all pass@!
A] gl Bt




