LN15 Bilateral Laplcae TF (cont.), Unilateral LT
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CM27 231130Th on Bilateral Laplcae TF (cont.), Butterworth filter, Block Diagrams
Announcements
1. Messages from Instructor

o Goal of Life: Self-Fulfillment and Contribution to Collective (A0t 55X 7| ¢)

= Attitude: Exceed the expectations! (7|CH S = Of A 2t1)
= Drive yourself by fear and dream.
o "OH= Z40| ZO|C} Bf S NOF 22 YO|E SHChr AZ A4
o B (121 9317))
» Theory Learning (O| £ H{ 2 7])
= Problem Solving (=X Z71)
- {2 7|9t 23|7|0| A
o How to Learn
= Stop and Think; = 7|7} chess master & Tt=LC}; Find commonality, similarity, and
difference
o How to Practice
Purposeful practice with 3F: Time, Focused Action (F A= & A|7|2{= 2 A QI 7}?; Push
oneself little bit out of the COMFORTABLE ZONE), Experience, Lesson, Immediate Feedback (2 X|

°| 582 7d), Fix, Growth
o How to solve? How to understand? ((S))implify and ((V))isualize:

= essence, simplify; generalize; consider extremes; mental representation, representational
examples;

= Venn diagram, necessity and sufficienciency, existence and uniqueness/plurality

o An imperfect classification rule is better than no classification rule as long as you
recognize the imperfection and update your rule.

= block diagram, G(V,E); graph of a function, algebraic vs. geometric interpretations,

mathematical vs. physical/engineering interpretations/implications
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o Remember that e”(st) is NOT Laplace transformable, but can be an eigenfunction of
an LTI system for some s. &}
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o Remember that e”(st) is NOT Laplace transformable, but can be an eigenfunction of
an LTI system for some s.

* Not so useful as Fourier TF in communications because carrier is NOT Laplace ' X <= Xls)’ SGS
transformable. L
» Very useful in LTI system designing using RLC components. S(L{'l:) = X(S) , Sé’s
o Unqueness of inverse Bilateral LT I
= Inverse BLT formula itself is not very useful in EECE233. X(s)—s't“u = Xtg= i), 7
= Easy to perform inverse BLT when X(s) is rational. ()= é‘”‘\u‘q

* Both the mapping rule X(s) and the ROC determine x(t).
© CorreCt'%E: unit step input to second-order system => -50 dB/decade transform A4, then £# is uniquely determined (considering functions

P)—”‘dlz“{‘_ \L l \>\ ¢ 0(6/“2“”‘9 which differ from each other only on a point set having Lebesque
— \((g)"__(—((s) X(S) measure zero as the same). This result was first proven by Mathias

Lerch in 1903 and is known as Lerch's theorem.

—ak 7 . . .
—e ‘4(_-(:) ﬁ‘ . It can be proven that, if a function As) has the inverse Laplace

3. HW, Quiz, Voluntary Project, and Exam
o Final Exam is approaching. Unless basic mandatory courses have conflicting schedules, it will be
taken 7 pm to 11pm on Thursday Dec. 21 at LG 102. ZXN: <https://en.wikipedia.org/wiki/Inverse Laplace transform>
o Voluntary Project
= Topic must be approved before final exam. Topics related to this course material is
acceptable.
= Presentation file and presentation mp4 of length >20 minutes must be submitted.
= No reuse, double use, etc.
o There may be a supplementary CM. No attendance required.
o HW13 will be assigned. Due will be next Tuesday.

4. 4ol Xt2
o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at
http://cisl.postech.ac.kr/class/eece233/schedule.htm.
o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time

stamps.
5. &4
o ZZAMENO| CHol| ™AHE A A AHEI( https://wpsc.postech.ac.kr/eams/login )= ZtCISIM| .
HEAMFIE s 2 SHUE MEs FMa.

6. Overview (The numbers are the chapter numbers of the textbook)
1. Signals and Systems
2. Linear Time-Invariant Systems
3. Fourier Series Representation of Periodic Signals



4. Continuous-time Fourier Transform

5. Discrete-time Fourier Transform

6. Time and Frequency Characterization of Signals and Systems
9. Laplace Transform

10. Z-transform

7. Sampling

8. Communication Systems

7. Related Courses offered in 24-1
o EECE302 HAtdta (HE YU HHIZ M A,
o EECE361/DISU361 MAHIIS&; 312 11A]; MAL7|& 7|2
o EECE441 CIX[EHEMINE; E 114 M= R A|AR M X4=3¢

Y oAl AU A

o EECE442/NGCN301 SXMUHEXIINE; 315 24|

o EECE443/NGCN302 EXMSHEKI AT, &sAl-104A]
o EECE451 CIX|EMB K27 E; 215 3A| 8 M= A AH

8. Review
¢ Laplace transforms
o bilateral vs. unilateral
o Bilateral LT
= The output of the BLT of a time function x: R->C is a function X: ROC->C.
= No generalized function alllowed as output of BLT but allowed as input!!!
o Inverse LT
= Formula is derivation by using the inverse FT
= The Formula is not very useful in EECE233 because we mostly handle a rational function X(s)
with ROC that allow easy inversion.
O In EECE233, X(s) is mostly rational, e*{-sT}, and x causal.
o Properties of ROC of LT
= At least the intersection of ROCs due to pole-zero cancellation
o differentiatior sX(s) i
o integrator X(s)/s d = 1%5
= -tx(t) <-> s-domain differentiation &S—XlS) Ki( A/t
o 1/(s+a)r2 = = (Sm)-(

o Convolution Property
= No duality betwe
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using its system functior‘hﬂ(s)‘

= INU uudliLy vewwe HvuiluLivl i
e Analysis and Design of @;:e:cy resp
o LTI with LCCDE I/O rela i
= real poles or conjugate-pair poles
= factorization osing only 1st-order and 2nd-order systems

O 1st-order poie, right-sided ROC containing the j omega axis

O 2nd-order system and its impulse and unit-ﬁ&w& = H’K(j"")

¢ under-dampled ahx,“.(.a\“xm-k S %107
¢ critically-dampled

l l . ~

¢ over-damped (S = - H(Q » ez e =2, "
= pole-zero diagram P X ) Cg—‘r) (S-f*) Sjw
v -

o vodtoa ] ‘{lj““

o all-pass system o @ re (E
— " " )
9. Preview g-‘('liwng'(- UML 7; Qn(ﬁj + G (ﬁ‘) “%-- +4Qq,2p
H
N
o\ ( ')"

o] note°ll A =
1. desirable Fourier

Mal, causal, stable filter= designd}al A} 3o},
W

Bé’ 2. 0]% 918 LCCDEE o]
43171 & 3}, frequency domain®.th t]z}Ql 317] A #] 3t s—domain . & 714 LHC-\Q)
H(s)H(—s) & tARIE), o714 F o3k 212 53 ulfFolA ¢ pole?] A5 & Adh= J
Zolc}. A%l
o 9o FolALE-LS- s_07) poleo]™™ —s_0, s_0~*, —s_0~*% pole®] 2= Zlo]t}.

3. H(s)H(-s) 9] pole?] 9
A& Aaka v LHP ol 903 pole s Rt Bof H(s) ol o} ROC3= right—side of the
rightmost pole® % 3t}




3. H(s)H(=s) 2] pole2] $]
A5 Asta A LHP ol 3= pole &4 5ol H(s) ol Eo}531 ROC= right—

rightmost pole® % 3t}

g e,
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/ EECE233 Signals and Systems \

Lecture Note #15
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

e Covers O&W pp. 698-720
e CT System Function Properties
e Frequency response revisited

4. oAl B R3F R vy

AR Anfolr] EE7)E WA A AES AA 2 A U= Zol), v S

AANE, A RS A= W E Qg i
[ O

side of the

= s

3l YA £7] A5 LCCDER YEl} = affine?! nonlinear system?] t&}Qla} a4 o) sl &
];].

320 o PN

LCCDEZX input—output
relation®] YER=
causal LTI system®]t}.

o] 1S Qo] 3 3
et} A shela) 1]
st

0] 7] 7} 4] = bilateral LT

xS‘—fhwz-

¢ Block diagrams
e Unilateral Laplace Transform and

Annlicationg

o] 7| 4-€] 3= unilateral LT.

imilabneal TV (nidial

~X




¢ Block diagrams

1717117 bDudierdl Lol

e Unilateral Laplace Transform and

Applications
* These lecture notes are based on the lecture notes used in 6.003 taught b
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

1

CT System Function Properties

H(s)

()

x({t) ———>

Y(s) = H($)X(s)

1) System is stable, f:ol n@)ldt <o

2) Causality, h(7) right-sided signal <|ROC of H(s) is right-sided J

Question:
If the ROC of H(s) is a right-half plane, is the system causal?
sT

H(s)= ¢ n Re(s) > —1 = h(?) right - sided
S+

Example:

A. No.
kahd impulse response”F er{— (t+T)}u(t+T) 1 d] %k T>00]
Y non—causal®] ¥t} F2o! 5= H(s) 7} rationalQl Z1-& o}y

LCCDE®E A ABNS YAQIskar A&, 2=
3= stable 3t systemS t]AFQ18k 21017}
o} 3= causal? system2 t#Ql & 7
R ZL causal stable system< L]ZP Ql 3

AR 219 dok 5

ROC of H(s) includes jw axis \

07 Q7S AR s} gk,
Agr}. Ak A} 17 2L ol

o] 7] 5-€] 3= unilateral LT.
unilateral LT, initial
condition®] 83+ ICCDES
Z2 LIL]‘%L system< Ui
t}. %, LTI} o} LCCDE
2 ERgs Al AEL affine
Q1 nonlinear system< th
=1t

2, discrete—time®l 4]
bilateral®} unilateral z—
transform<- Hl$-3=1) —O]
unilateral z—transform<
o]g-sll, 115 8ka oA j
512 o] FojA a1 vk
31O Lol WAl S DA
o7 A2 F AT 2= 9},

'pu i

absolutely integrable
<=>

BIBO stable

<=> FT exists (not
necessarily inverse FT,
not necessarilly Fourier
Plancherel transform
exist.)

F9]: e~r{sT} i= rational

o] ofu]t}.

7 57140l o] itk

HS) oiEl 225 7

[ @m&swu o)

£+ causal?t real-world A| A8 LCCDER 9 = 4= 1o)
ohEH R o] -0 53}sto] ROC2 A& &9l O}X}

Properties of CT Rational System Functions

H(s) is rational <=>
LTI w/ 1I/O in LCCDE.



Properties of C1 Rational System Kunctions

a) However, if H(s) is rational, then

The system 1s causal < The ROC of H(s) is to the
right of the rightmost pole

b) If H(s) 1s rational and is the system function of a
causal system, then

< jw-axis 1s in ROC
<> all poles are in LHP

The system is stable

< F{h(t)}=H(jw) exist

ﬁleckin if \All Poles are in the Left-Half Plane
—> 718%] ¢ko causalol2}l &L= stabled}#] 9kt
(& ol
Ho= 20 NCE B poleo) %
N

m[&

+als+ a,

};

Method #1: Calculate all the roots and see! MATLAB will be a life saver.
Method #2: (Routh!Hurwitz— Without having to solve for roots.

Condition so that all

Poles are the roots of D(s)=s" +an_1s

11\D/ 1D 1auviiar ~— —

LTI w/ I/0 in LCCDE.

LCCDE® YEh=

H =t
Er]} AT

N

1) linear, nonlinear
(zero input zero output
Q171?)
(LCCD
LTD
2) causal, noncausal,
anticausal

3) stable, unstable

N

E+= linear <=>

Q. LCCDE#Z YEh}=
LTI system<

1) causal¥ds %=

2) anti—causaldF %=

3) noncausal¥ %= Ut}
causal3}tha?

A. <=> ROC+= right—
sided®]t}. j omega axis
= ¥gst 5 9lar qhst

=
Atk

=
Q. a) °l 9J&lA ROC=
right—sidedo] A ¥},
o] A]A¥lL2- 1) stable
J 3t 51 2) stable QF @

“*Lﬂq

A.

LCCDE® Ye}=
causal LTI system2]
35,

stable <=>

absolutely integrable
h(t) <=> Frequency
response exists <=>

Pol ial .
il roots are in the LHP
First — order s+a, a,>0
Second - order 5 +as+a, a>0,a >0

a,>0,a,>0,a,>0

\ Third —order  s* +a,s" + a;s +a,

4

/

and a, < aq,

all poles are in LHP

=, causal LTI with
LCCDEZ} stable a}#
Fourier transform©. %

% ohE 4 k.




oA ¥ A} -2 Laplace transform ©]-83}9], ¢+ 29l W= Fourier transform< sk o2
A1 = M-S wll$-A},

kAl $-2]3= time—domain®lA] impulse responses Qdl= ko @ w5 o] Al AES t]x}Ql &7
frequency domain®lA] FTS €3} RO whEolA] AJAES vzQIst 4= glrfi= A& v A vt
arbitrary 3t impulse responsel} arbitrary 3 frequency responseS o] @A 3 A L3}

o] Al LCCDEE o] &3 +d3sle] 3F+=1l, time domain®lA]+= o] # 31, frequency domain®lA] = Fu G- uk
Ve, o)Al LTE o]g3shd Fur] & Fu 4t Z LCCDER % ¥i= LTIE vHs 5 At

/ A helpful trick to visualize |H(s)| \%ﬁ%lﬁ%mﬁ Aa;gm.

Imagine that |H(s)| resembles the top of a tent, and

— a pole in H(s) corresponds to a supporting pole of the tent \l) ( \ \L C(_QS n
— and a zero in H(s) corresponds to a stake nailing down the - H!) WY = \Ij

tent. @3 ) - {)6\5 s S /5"0"(33_, F (/&)’fm YAL

Example and Demo: A ﬁrs}-order and a second-order
system |H(s)|. W& 44~ 20

First%r—g;r U’tS) €)= X(s) Second-order H(Jl\)) AZLS Qoksl, |H(s) | &
‘ © pole®A] 91& vhd & Al-$-
3l zero®l A= vhetel]l 3-8

upo 4y woko] H),

HS»J) HK(J W)

i o 3+
= HO HEsD [;:Jw; [H(J\pf

f A helpful trick to visualize |H(s)| (cont.) \ N
With this mechanical analog, then the amplitude of the ro\c A \70\6 ﬁ

Butterworth filter ©5 X

2},

frequency response |//(jw)| 1s simply the top of the tent cut
along the imaginary (jw) axis. P -V
Example: Frequency response of a first-order low-pass and a S-plug_ ,_P
high-pass filter. -‘) x \
LPF —> E
%
1
g H(s)= 1
g A s+1 .
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An exercise based on this intuitive understanding
Design a good low-pass filter

Tow important features for a good filter:

—  |H(jw)| is flat within the passband, and

—  |H(jw)| decreases rapidly in the stopband.

Then how about place all the poles evernly along a semi-circle (all the
poles must be in LHP for stability) to make a flat tent top? (Actually, this
is how we make a flat drum top.) = Butterworth filter.

! he system function o@w

(s), 1s obtained from th
: o ; property

Frequency response of Butterworth filters

Hy(® Habs> !

“H =
| (jw)| l+(w/wc)2”

YK LSV X0

P |HG|= /&@1@\()

0 0 x nth-order Butterworth filter

o Ytreyr= L)

S

n—th order Butterworth

filter = n 7112 LHP pole
S zka )
A4 3} polezt] Adl+
\omega_c®]t}. |,

STl-w.

F8 J2
s=\omega_cZE] ¢4t )
537 0 % poleS WA 3f
)

no] A=A pole©] s=j
\omega axis”dell YERA

A}

]'ﬂ uk7] 8l nol ». T4
= pole?] $1A1E =¥y

J.EH*]

H_n(s)H_n(-s)=1/(1-
(s/\omega)~{2n})°] o}]
2} j7} Eol k.

F Lo
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n
H‘(S)H*S) I?; |H (Jjo )| W ———\
0 R
t
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Lo

a hY
= 20 - w
é 40 CUC:l f-;(a_t)ha_
é-BO»
=
-80° A T A Btz
o._?_“‘-. 3000

——

Radian frequency (rad/sec)

As more poles are added (higher-order Butterworth filter), the LPF
gets better. MATLAB Demo.

°] note?] A'go] £ o)dgtd], n} gkt A2 vy} g

1. 27} k= A
| H(\omega) | 7} cutof[ frequencyZ}A3= flatd}al “1 0] 5 37)3] ZolA| 7| = A3}

2. |[HG\omega) | & 951 |H(\omega) | ~2-& v} 2224 |H(\omega) | ~2-2 Y54},

3. 16| FTRi= o @] alofdt 4 & meglon] & A LelA B4 QA o Fi= LTAHgakA.
o] % SlallAli=

filter7} real valued 2 w) =
| H(G\omega) [~2 = H(s)H(=s) | s= j\omegaz}i= @A 2 o] 53+ o] alo} st}

4. WA H(s)H(—s) 2] pole—zero diagramS L& o} =1,
”l ok s 07} H(s) 9] poleo]™
"P ol o]g} AA A —s 0% H(s)H(—=s) 9] poleo] At}

5. oA BEe] vt & Al-$-1= A& A7t

5. 00] o] A9 —s_0ol % A19loF Fhek. uje}A]

\omega_c%' HEA] 5 © 2 Fi= unit circled] ol polesS 94 Ul o2 x5
Bl = o] x]3-o] flatd}Al & Elo|r}.

6. o] BIEXE-S \omegaF O & Zeln ¥ 23H= magnitude response”Z} Yo]xt}, o] & A Lozl

75 PRSRUE = & NEVII RS R 5 P 1 S



8l = o] x| %o flata}A = E]o|u).

6. o] NEA G2 j\omegaF O & 2l d 3= magnitude responseZ} @o Rt} o] A] Aojzl
filter= Butterworth filter2}3tt}.

h(t)*h(—t)~2] LTS Aztsha
H(s)H(—s~%)~x0] Eo] H(s)H(—sr%)rx7}
s_0°l 4] Zo]wl

—s_0On~xol|A] Eolr}, F y5 | eA] Eolu).

1) o)) tlate] -2l 7} o] 714 f3k= RS real coefficientS 2H= real YA Aol R
h(—t) =h(—t)~*0] & o]

h(=t) 2] LTQl H(=s) 2} h(=t)~+2] LTI H(s)~*7} 7ro}x] 4]

H(s)H(—s) % nl¥] A7}te) = g

ol@ A A H(s)H(—s) 7} s_0°lA] poleo]™d - —s_00lA % Zo]Ht}|

ZFLTIZF ®1#4 zero
input zero output©o] A ¥
3} %= initial conditions”}

ol #]o} g},

dt* LCCDE® yehy= LTIel

His)= XK) = AIZHA 7L Q.

)((S) causal, noncausal,
anticausal

LTI Systems Described by LCCDE’s \ Al s, LCCDE

LCCDE® YEh:= causal



-y

roots of denominator = pofe.s

ROC =?

Depends on: 1) Locations of all poles.
2) Boundary conditions, i.e.

right-, left-, two-sided signal

N

g o] A el 4] 3= LCCDE °llA] rational H(s) &
block diagram< ¢ 7]}

9

Block Diagram for Causal LTI Systems with Rational
System Functions & 2 _

e
Example: Y(s)=H gt‘ Stz (g
25’ +45-6 1 i
. = 25 - = 1
s sT4354+2 ( s +35 4+ 2](~5 +4s-6) Cale

as cascade of
two systems.

i

W(s) = s)
—_— —— output of the first subsystem

M}»fm&*j—x@

Y,

T3 a1, 0§ 7] A3= rational H(s) |4l LCCDES |71} ofd

anticausal

LCCDE® YEli= causal
LTIz 77147} sl
stable, unstable

%, causalsltlal 3hA 2) =
right—sided = 47 ¥},

5t
EEZ YA A E
Fo] PFE3 X ¥ al....
o] = Al factoringdl &L
Tl Al Al AAR F
gla = Hof,

=&
e

ei2)

diw(.'} dw(t) ;
o +3 % 4+ 2w(1) = x(1) , initially at rest
2
o d*wit) - 3d"’“)~2w(:)
ar
Then  Y(s) =(2s‘ +4s—6]W(s)
|
\ w0 =200 B0 g, /
10 :r

| %)




Example (continued) ’
7 I e s

peesssssssssccssscssssssssn e dRERR SRS -
'

1 H :

Instead of  x(r) 8 27 s 6 _.:._, »()

5" +35+2 ;
We can construct H(s) in the following

d* w(t) dw(t)
Vi) =2—= o +4 i 6w(t)
® ® y(t)
T - 3""“(")_2 o)

dt”

1/s — an integrator

\ Notation: /

S glE w4 E v
1. 9A inputg 190,
2. el 282 block?] &8 TAR FE 71 £ A
AL A ARESEe] w() 2] dAImE, Z1E) Al w) & A SR
3 o] 91¢ x(t) 9} 9 4= FHAIQ1A 9 v

4, o)Al 91%:2] blocke ZHE A2 =¥ w(t) 2] 0,1,2 A v]2] #AZYE

11
5} gk,

A w(t) e oA ES

Q1. 9%2] block
diagramell~] %]
cascaded subsystems®
i =)
7] A7) 5& ol %
Al R met,

A R A7) o
2 e % k.

Q2. v/ WA 7
& 5 A7

k=

HAEE

A

LA 0 R x (), wt) Y 0,1,2A9#-& A4 @t} 1E)s}o]
B A2 FA=n




CM27 231130Th on Inverse LT, LT Properties, System Function and LT, LT and
Frequency Response
Announcements

1. Messages from Instructor

o

Goal of Life: Self-Fulfillment and Contribution to Collective (AOtA 4,
S3H 7|1A)

= Attitude: Exceed the expectations! (7|CHE H O{ A{2})

= Drive yourself by fear and dream.
"Ob= 20| FO|CH i DOF 22 YO|E BTk M E, 424
st (2D 93l 7))

= Theory Learning (O| £ H{ 2 7])

= Problem Solving (=X Z71)

- HI2 7|9t 3] 7| 0| 7
How to Learn

= Stop and Think; = 7|7} chess master & Zt=L}; Find commonality,

similarity, and difference
How to Practice

Purposeful practice with 3F: Time, Focused Action (5 AS SetA|7|H

£ ZH 2171?; Push oneself little bit out of the COMFORTABLE ZONE),

Experience, Lesson, Immediate Feedback (2 X|2| & 2 ), Fix, Growth

How to solve? How to understand? ((S))implify and ((V))isualize:
= essence, simplify; generalize; consider extremes; mental
representation, representational examples;
= Venn diagram, necessity and sufficienciency, existence and
uniqueness/plurality
o An imperfect classification rule is better than no classification
rule as long as you recognize the imperfection and update your
rule.
= block diagram, G(V,E); graph of a function, algebraic vs. geometric



interpretations, mathematical vs. physical/engineering
interpretations/implications

2. At Zof +=78/2 2t At
o Remember that e”(st) is NOT Laplace transformable, but can be
an eigenfunction of an LTI system for some s.
* Not so useful as Fourier TF in communications because
carrier is NOT Laplace transformable.
» Very useful in LTI system designing using RLC
components.
o Unqueness of inverse Bilateral LT
» Inverse BLT formula itself is not very useful in EECE233.
» Easy to perform inverse BLT when X(s) is rational.
» Both the mapping rule X(s) and the ROC determine x(t).
o Correction: unit step input to second-order system => -50
dB/decade

3. HW, Quiz, Voluntary Project, and Exam
o Final Exam is approaching. Unless basic mandatory courses have
conflicting schedules, it will be taken 7 pm to 11pm on Thursday Dec. 21
at LG 102.
o Voluntary Project
= Topic must be approved before final exam. Topics related to this
course material is acceptable.
= Presentation file and presentation mp4 of length >20 minutes must
be submitted.
= No reuse, double use, etc.
o There may be a supplementary CM. No attendance required.
o HW13 will be assigned. Due will be next Tuesday.

4. BO|xtE2
o Handouts and annotated pdfs are downloadable from the non-PLMS
class homepage at
http://cisl.postech.ac.kr/class/eece233/schedule.htm.
o Recorded CMs are available from cisl.postech YouTube channel. Please
place clickable time stamps.
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6. Overview (The numbers are the chapter numbers of the textbook)
1. Signals and Systems
2. Linear Time-Invariant Systems

3. Fourier Series Representation of Periodic Signals

4. Continuous-time Fourier Transform

5. Discrete-time Fourier Transform

6. Time and Frequency Characterization of Signals and Systems
9. Laplace Transform

10. Z-transform

7. Sampling

8. Communication Systems

7. Related Courses offered in 24-1

o EECE302 MAtFS A (HE X MEZZ ML), E 24 M HAX

El
[=|

o EECE361/DISU361 MXIIIS &, 312 11A]; MAp7| & 742

o EECE441 CIX|EEAMIE, S 11A]; MS S A|AE MRt

o EECE442/NGCN301 SXMUHEKHIINE; 315 24|
o EECE443/NGCN302 EAI Y EQII AT, Es5Al-104A]|
o EECE451 CIX|EAZ XN 2[7HE; o5 3A| 8 A BIA|AH

8. Review

¢ Laplace transforms
o bilateral vs. unilateral
o Bilateral LT

= The output of the BLT of a time function x: R->C is a function X:

ROC->C.

= No generalized function alllowed as output of BLT but allowed as

input!!!

(=13
=l

7t



o Inverse LT
= Formula is derivation by using the inverse FT
= The Formula is not very useful in EECE233 because we mostly
handle a rational function X(s) with ROC that allow easy inversion.
O In EECE233, X(s) is mostly rational, e*{-sT}, and x causal.
o Properties of ROC of LT
= At least the intersection of ROCs due to pole-zero cancellation
o differentiatior sX(s)
O integrator X(s)/s
= -tx(t) <-> s-domain differentiation
o 1/(s+a)r2
o Convolution Property
= No duality between convolution and multiplication.
¢ Analysis and Design of a frequency response using its system function H(s)
o LTI with LCCDE 1I/O relation with real coefficients
= real poles or conjugate-pair poles
= factorization of D(s) using only 1st-order and 2nd-order systems
o 1st-order pole, right-sided ROC containing the j omega axis
o 2nd-order system and its impulse and unit-step responses
¢ under-dampled
¢ critically-dampled
¢ over-damped
= pole-zero diagram
o all-pass system

9. Preview



LCCDE® input—outputo] YE}= systemZollA] LTIto l ?l' A& ofYt},
initial condition®] 2114l zero—input zero—output®] o} &3 systemo| Wt} o] th57] 93k Zlo]
unilateral Laplace transformo]t}.

ULT- initial rest conditiong w534 9+ LCCDE®N causal signal {19 o] 7184 W] &8 Aite] =2
Ag-# T},

o] ¥ system-> nonlinear system©] A%t 18] = LTIl 7} 7178 A 5ol ¥4 8= Hol A8k

Q. BLT#£}2] o], ROCel 3l ©] o33t A g7} gl Aol why?
A. causalityE 7}4 38l Qo= &

The Unilateral Laplace Transform
(THE tool to analyze causal CT systems described by

LCCDE’s with initial conditions) Dirac deltaZ o9 49
4o stel e 0ol A e A
Definition: X(s) = f » x(He " dt = UL{x(1)} sy el Yslis olo] gl

w% o] 93

o] = flallA u(t)=
2) Unilateral LT of x(¢) = Bilateral LT of x(¢)u() right—continuous
unit step function® %

1) Ifx(?) =0 for <0, then X(s) = X(s)

3) For example, if /(7) is the impulse response of a causal gefsofo st
LTI system, then < @D system®]
H(s) = 3Us) ULTE 73171 Sala =
71 causal system?] LT
4) Convolution property: If x,(f) = x,(¢) = 0 for <0, then S ahd #Ho)

%t} causal signale]d

UL (D) * X, (D} = X ()X, (5) convolution® causals}
. RS o w2hA] LTy ULTS

Same as bi-lateral Laplace and Fourier transform 2y
= .

12 %, causal signals?]

- ) X o
"causal signal®] LT-> ULT} 7o}, Ef}a}/d A1 %7} causalo]2hi= Zo] <& 2{?2}\/;1:]“0“9] ULTS
@A ekl IULTSH: 21 causal ke [LTsH= A3k e It LTato] et

%, right—sided cxponentlal en {at}u(L)Ql ULT=> o WP s

1/(s a)©] 3L ROC3= Re(s—a) <091, t}. The ULT of the
ULTo] convolution of two

~ausal signals
1/(s—a)olghd causa
A{Ea - ) ,li} eauals




1/(s—a)©]al ROC3= Re(s—a) <0214,

ULTo]

1/(s—a)olepd

o] 9] JULT=>

0] 9] LT% causal3t e~{at}u(t) 7} ¥}

o] 714 &= li= e} o] ULTelAl = ROC7| AE &1A] Ao At}

circuit theory®ellA] W 915=, RLC circuit2 @ A| AL G-A 61| L2 n]it7]

= AR7)E B o} time reference 02 7152 & o]5 LCF initial
condition®] zeroZ} o} g0l %, 0+4-E] o]¥ 18-S 718l system)
output®] ¥3}= @ho] HEE 3l do] F o8k

ﬁntegration Property for Unilateral Laplace Transform
x(t<0)=0

f OZ x(t)ydr =

and from the previous page:

UL{x(D) = u(t) } = X(s) - UL{u(t)}

Recall: f_toc x(T)dt = x(t) * u(t)

Hence,

AL{u(t)} = [ 0+_°° u(t)e " dt

- 1

= f u(t)e "'dt = —

—o0 S
L{u)}

1
then f t x(7)dt <—> —%(s) — same as bilateral LT
—00 s

“T. 11l Ul,1 Ol Le
convolution of two
causal signals

equals

the product of

the ULTs of the causal
signals.

integration property
for ULT
'of causal signal' 7}#]

3t goje] = wokaicy,

Fo
A7) 0—ollA] -3t

causal signal®] 0—Z4-
E] 9] integrator output
o] ULTE 371984
=, causal x(t) 9] ULT
3} unit step®] ULTS 3
sl ¥)3=d], %t} causal
signalo] 2. &

2y2} ) LTS -3l sk
Hok u ) = A3 AA 7}
causale|2 & LT3 ULT
7} &},

o] 714 S8 A2 x(t) &= causal¥ H 27} glvhi= Aojg. &3 x(t) 7} causalo]™d F13] A5 sty
w2}A] expression 23812 27} @} guk, x (1) 2] ULT= X(s)u) oyt dapbd F8-slc). 9vks)

W ULT X(s) & ¥E] noncausal x (1) & WHE9= Q7] wli-o]u).
F9]: BLT3 2# Sul st xko] 7} it

Differentiation Property for Unilateral

T anlaca Trancefarm

pe

both—sided signal x(t) ]
u] 3 9] unilateral LTS -
sk} 1A ZFskd, o) 2f



Differentiation Property for Unilateral
Laplace Transform

-

~

both—sided signal x(t) 9]
u]3-9] unilateral LTS 7+

s, Q1% A 7tat, o2t

J] ULT2 t7} 555
x(1) «<— %(s) AR x () °l
t<O°l]*l o 4L Ue
I 2 .
0 . S, vl3olehi= 2ol
2 $3(s) G 1 A olA o) H9gho] gk
Derivation: S W] Wikl 11 < gko)
’ PR P Lhey)
r X . g —st — —st = +® —st
"ILS\[ i }: fo_ Te dt = x(t)e -t sfo_ x(t)edt S
x(s) x_l(t)~ t<O°llA] 10]aL
=5s%X(s) - x(07) %] =0,
w{dx(t)} x_2 ()= AAIY 00l ).
Note 2 I (e —ar ,
/ x(zt) _ _{ A(l)} SGAE) = X0 - ¥ %9 ULTE 002 244
dt dr | dr vk
w] sk x_1 ()= t=00l
«— §%%(s5) - sx(07) - x'(0") A] Dirac delta?} vepar
x_2(0) & 1A 2
14
partial differentiation Y-#2]3#-8 4283k}, o2 v v)iE vt ) AR AR AR 4 — + —
#29] LCCDE:= H.E toll
A “E U R t>0— °l]*1
= *é %I CiA=
Use ULT’s to Solve Differential Equations f}ﬁﬁ w}ﬂg;ld} o] ;3
with Initial Conditions o] y (1) 2 t>0-°lA2] 3§

2

Example: _"(;2‘) + 3‘”(’) +2y(1) = x(0)
vO0) =, ¥v'(0) =y, x(t) =0 ut)
Take USFs: S YOS —Bs—y + 3[Y(s) - Bl +2U(s) =
d*y o) @Y
{dt } M{dl}
|
Gg(s)=ﬁ’(s+3)+y N a

(s+D(s+2) s(s+D(s+2)

e e S A

x (1) & y (1) & 5 causal
shrtar 74 stk

o] 714 causalo] & t>=0—
oAl non—zero= 714 4

A= A3

ULT== linear operator
o] N
59l & causal A1 5.9

ULTE B2oEB=Z..



-

ZIR — Response to initial conditions alone (o = 0).
For example:

X
y(f)=2e" -e™,

Fourier transformell |
Unilateral LTellA] =

Gg(S)=ﬁ’(s+3)+y N o
(s+D(s+2) s(s+1D)(s+2)
ZIR ZSR

ZSR — Response for zero state,
B=y=0, initial at rest.

ZIR — Response for
zero input x(7)=0.

Example (continued)
Response for LTI system initially at rest (f =y =0)

O S —
‘EX(S) (s+D(s+2)

X(1)=0, yO0)=p=1y'0)=y=0
U
s+3 2 - 1
(s+1)(s+2)_s+1

Y(s) =

s+2

16

= x(0)& X(\omega) &

o @ 571 gl

More About Unilateral Laplace Transform

Initial- and Final-value Theorem

If x(#)=0 at #<0, then

T3k Wol Atk (How?)
0] signal ©] t=00] 30| A| 7§°1’3W}l x(0) 9 @3} x(\infty) ¢ @S ULT=%

G50l I causal 41359
ULTE #orE= |

LCCDE with initial
condition®l inputS 713}
S 9] output->

ZIR®} ZSRQ] gro 2 el
o

ot A] 5317777

linear ODE2]
homogeneous solution}
particular solution!!!!

F9]: zero state
responsei= input®ll w2}
o gho] Hdt o] 7|A =
\alpha u(t) & 7}g1-&ul 2]
ZSRE F3& Wolt},

zero input responses= %
92 inputol zero= @
S 12 response?]
t}. o] response’} zero©]
A LTIZF | A9, zeroZ}
ol LTIZ} oy},

causalAl 3%t t}FH
right sided exponential &
inverse LT3 #d}

x(t) = Se~{at}u(t) gL
sk x(0) 1= 59 oF g},
X(s)=5/(s— d)ol__ &

X (N OIAl «= X3}l &2



Initial- and Final-value Theorem

If x(r)=0 at #<0, then

x(0) = lim sX(s)
§—>0C

X(%°) = }Lng)s%(S)

Proof: From the differentiation property:

w{ﬁ} =s5sX(s) - x(0) 1))
dt

f —0-dt= fors—>x

LHS.= ftwd—xe"’dt 4
¢ dl e dx
[ =2 -20)  fors=0
Then, Eq. (1) = x(0) = lim s%X(s)
x() = Sh_r)r(l) sX(s) QED

L

x(t) = oe~datju(t) efal
3 x (0) = 50]of 3t}
X(s)= 5/(s—a)o] .=
sX(s)olA] s& F3t 2
BUA initial value”} 4
2},

SFA p. 15904 initial
valueZ 1. beta’} &

2+t examples A Zh
st}

x(t) = 5u(t) 2har 3pa
x (\infty) = 59Jof st}
X(s)= 5/s Ol‘ji

\
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ﬂpplications of the Initial- and Final-Value Theore
For X(s) = &
D(s)

0 d>n+1
x(0)=51in310s96(s)= fimte =0 d=n+1
o d<n+1
1
Eg. X(s)=—o x(0)="?
s+1

+ (Final value) (2.

%

x(o0) = Al_u)% sX(s)=0= A1i_1)1%)9€(s) <0,

= No poles at s =0.

m

N

n — order of polynomial N(s), d — order of polynomial D(s).

sX(s)ollA s& 022 1.
U (o]v] s& H-shdj =
A QoA ghar o
2 313] ...) finial
value”} y-t}.

SkA p. 1694 final
value= ¥4 alpha/27}
A=

/
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