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CM28 231205T on Unilateral LT, ZTF
Announcements
1. Messages from Instructor

o Goal of Life: Self-Fulfillment and Contribution to Collective (X}OfA %
= Attitude: Exceed the expectations! (7|CHE & O A{2})

= Drive yourself by fear and dream.
o "Of= Z0| ZO|Ct B R0F £ 0| = SLh -HE, &=
o Btz (M2 23|7))

= Theory Learning (O| & H{ 2 71)

ol, S&H 7| 0d)

= Problem Solving (BX| E7)
» HiR7|2 5| 7|2] #H
o0 How to Learn

= Stop and Think; = 7|7} chess master & BH=C}; Find commonality, similarity, and
difference
o How to Practice

Sk

Purposeful practice with 3F: Time, Focused Action (£ 2 &4 A|7|2{= ZH 21 7}?; push
oneself little bit out of the COMFORTABLE ZONE), Experience, Lesson, Immediate Feedback (Z K|
9| &8 4), Fix, Growth
o How to solve? How to understand? ((S))implify and ((V))isualize:
= essence, simplify; generalize; consider extremes; mental representation, representational
examples;
= Venn diagram, necessity and sufficienciency, existence and uniqueness/plurality
o An imperfect classification rule is better than no classification rule as long as you
recognize the imperfection and update your rule.

= block diagram, G(V,E); graph of a function, algebraic vs. geometric interpretations,
mathematical vs. physical/engineering interpretations/implications

2. X ol 8/E 2 A

o only inductor -> only capacitor /é)(/ (sz) H(S)_ 28ve |7t

o numerator N(s), denominator D(s) S}'{-%-\fz Ple. 27y

= differentiator only = inductor only zElko (7 @ |
= integrator only = capacitor only L l PhnEw
o mathematically equivalent but implementationally different ((&_)) t Is) < Mi;n F’ c 2 l7

o zero at infinity and pole at infinity (1Y < naxiA/y . .



» integrator only = capacitor only LL_ZU”"’ N @70

o mathematically equivalent but implementationally different ((&)) N©) < Mﬁf— FDlC 27¢
o zero at infinity and pole at infinity VD <« Ni"@) M> N
3. HW, Quiz, Voluntary Project, and Exam % M—N Pn\es @ o
o Final Exam is approaching. Unless basic mandatory courses have conflicting schedules, it will be QD M(M
taken 7 pm to 11pm on Thursday Dec. 21 at LG 102.
o Voluntary Project = N-M zews @ oo
= Topic must be approved before final exam. Topics related to this course material is
acceptable.

= Presentation file and presentation mp4 of length >20 minutes must be submitted.
= No reuse, double use, etc.

o There may be a supplementary CM. No attendance required.

o HW14 will be assigned. Due will be next Tuesday.

4. B Atz
o Handouts and annotated pdfs are downloadable from the non-PLMS class homepage at
http://cisl.postech.ac.kr/class/eece233/schedule.htm.
o Recorded CMs are available from cisl.postech YouTube channel. Please place clickable time
stamps.

5. &4
o ZZAENO| CHSH ™ AFE Z A ABI( https://wpsc.postech.ac.kr/eams/login )& ZtCISHA| K.
3] 2

=
AR} Qe oy

6. Overview (The numbers are the chapter numbers of the textbook)
1. Signals and Systems
2. Linear Time-Invariant Systems
3. Fourier Series Representation of Periodic Signals
4. Continuous-time Fourier Transform
5. Discrete-time Fourier Transform
6. Time and Frequency Characterization of Signals and Systems
9. Laplace Transform
10. Z-transform
7. Sampling
8. Communication Systems

[ury

7. Related Courses offered in 24-
o EECE302 Xt a(HE L HEDZTZNA); 24 MSUA|AH
o EECE361/DISU361 X X1}
o EECE441 CIX|HEMNE; = 11A]; MZ B A|AH], M X435t

oo
o



o

o

o

o

8. Review

o How to design the frequency response of a Hk(s _ )

EECE442/NGCN301 &4 HH EQTIHE; 35 24|
EECE443/NGCN302 &4 HH EQ{THH; E5A|-10A]

EECE4S1 CIX|EAMZ K E|7HE; oF 5 3A|EH M HA[AH

Ol at7|Zofl= 8EETZ AMHE 7[Z2h2 128 4L FH 12K

=T

H=)= HY3<)

i
o CT LTI system / kltj L\Kd:) Vb
o with a real-valued impulse response. /

by de5|gn|ng the system function H(s) in the form of
O a rational function of s with

S (T

D)= '\(
: : ne s on the LHP : K His ) Hh") %
_conjugate pairs of poles an on the LHP, and X ,iéa ) ng) \(J(.\Ua)

¢ the ROC containing the j omega axis.
1st, design a rational function H(s)H(-s) of s by placing
o real poles and zeros p, -p, z, -z not at the origin
O conjugate pairs of poles and zeros, p, p*, -p, -p*, z, z*, -z, -z* not on th j omega axis H(S)
2nd, adjust the phase response by using all-pass systems
3rd, put additional delay factor e”(-sT_0)

HCW)

: . .
o ex/ the n-th order Butterworth filter as a LPF with cutoff frequency omega_c [H G‘(,o) ‘ — (-—t(s) H ,_S) l
- 5 w l'\ff:?

Design a good low-pass filter

G
An exercise based on this intuitive understanding\ 4H ) )

Tow important features for a good filter:

— |H(jw)| 1s flat within the passband, and

—  |H(jw)| decreases rapidly in the stopband.

Then how about place all the poles evenly along a semi-circle (all the
poles must be in LHP for stability) to make a flat tent top? (Actually, this
is how we make a flat drum top.) = Butterworth filter.

" T« NE x The system function of the
0 x 0 0 . nth-order Butterworth filter, —th order Buttery

0
., x B " H,(s), is obtained from the filter = n 7] LHP pole
e ey plopeﬁy A (‘($
- 2793} polexte] A7)

S\omoga_col =

@8 7 8 9 = .
<. . \ . ol -
g ) . ) where o, is the cut-off s=\omega_c &3t QAo
s s % s frequency. 5 AH# S5 pole: WA 5}
Real Axis m
4 no] A=A pole©] s=j

\omega axis’el YEUA



b T s s frequency. 5 X7 2% poler WA 5}
Real Axis
7 no] A=A pole°] s=j
\omega axis?}ol LEA
bR
o] ul7] 98 no] #4

rE 0"[

= pole?] $IA= ﬂ‘:]'.

1A
H_n(s)H_n(-=s)=1/(1—
(SAOmega)A{Zn})Ol ol

2} 7} 5ol
/ Frequency response of Butterworth filters\
1

1+ (@/w)™"’

I, (o) =

o

'
n
o

Magnitude (dB)
> A
S 3

s W N -

Angle (deg)

Radian frequency (rad/sec)

As more poles are added (higher-order Butterworth filter), the LPF
gets better. MATLAB Demo.

8
o CT LTI system with |/O relation in an LCCDE
irect form
O intermediate signal w(t)
O a serial interconnection of two systems
o weighted sum of derivatives of w(t) = x(t), we1nges y(t)
Example (continued) : 2,502 o)
= W3y (t)«-zgdj
Instead o@ B < 252 +45-6 } (0
T T S — X(S )
We can construct H(s) in the following: o
w0 - 2220 4 PO gy Xz (w242 wVe)« 2wiE)

2 X 42 L %)

\1s) ~—@5L+4s~4 §) Wik )
Wt~ 2 o)+ 40F)

A A
L e



~—_~ _yz,__i K 4 Sﬂq_%s_k /\\\)J / \ \&y/ \ -
W truct H(s) in the following: ‘E PO
e can construc in the following 0 2d w(t) 4dL(f)—6 o) xce: W(,)(b)ﬁwq’(c',* )_w(-b)
(+) (t) -
’ W)=~ 2 - —3.05(e] 2wort)
X[ e e
X(t) u(t) [1 W) w(t)
e
9 >
| %
o/
Notation:  1/s — an integrator / ‘IEE-)
11
2y ==, SeRg
9. Preview - #"XLH:) XulS) = sﬁ ¢ SEROG
e Unilateral LT O
o Def..

o Lemma If h(t) is known to be causal and H(s) be rational, then the ROC needs not to be specified

= causal CT system
o with 1/0 relation in LCCDE
O with causal input signal, and
O not in the initial rest

ex) RLC circuit with initially charged capacitor, inductor, etc.

tegration Property

o . If x(t) is causal, then int x(t) has the ULT ...
o (Oifferentiation Property

o Lemma.
o ex)
= ZIR = homogeneous solution
= 7SR = particular solution
¢ Initial-value and Final-value Theorems

E S

9t~ .Loo(t)—k- 4.051E) —éﬂH:)

LR e —

> YY)



LCCDE® input—output®] Weli= systemollA] LTIwo] 838 218 ofu},
initial condition®] 1¢14] zero—input zero—output®] o} 83k systemo] Bt} o] = t}F7] 93k Zlo]
unilateral Laplace transform©]t}.

ULT- initial rest conditiong W53}4] 9+ LCCDE®| causal signal 48] 7184 ] &9 AAte] ==
PEEEIE

ol system< nonlinear system©] AW ZLal = LTIl 744 7}7k-8- R 50)g) ¥4 61= Wo] F-Asd.

Q. BLT®}e] #Foli=, ROCe| dlal] v 1533 Fe 7} qlvki= 2ol why?
A. causality S 7} 38kl QloH &

The Unilateral Laplace Transform
(THE tool to analyze causal CT systems described

LCCDE’s with initial conditions)
A=zl

irac deltas o]@ 7| A9
She e 00l A] e A
st 2] Yk o] o

L5 8t7] 913

D

[¢]
=
=
i o
(=
S
=
=2
P
o
N
|
&

2) Unilateral LT ofx(t) Bllate 1LT of x(H)u(?) 2 EJV,V; _s | right—continuous
Z(H = 5[(‘(7)‘4@ unit step fU{lCFlOl’l.g_‘c.
3) For example, if /(7) is the impulse response of a causal el Eofof gt
LTI system, then < causal system?]
H(s) = 3s) ULTS ol Qe
71 causal system®] LT

4) Convolution w= x,(#) = 0 for £ <0, then S rEbd ®lo)
\ <%£{@t)*/xzf&)>9’é€1(5)€xz(s) %t} causal signalo]d

convolution’= causald}
Same as bi-lateral Laplace and Fo

o whebA] LT3 ULTS
.

12 usal signals?]
o

“causal signal®] LT-& ULT# 7}, E}E]r’ﬂ A %7} causalo]@hi= #o] oF ion?] ULT
@7 gluhwl IULTaH= 2 causaldh =2 [LTak= 23 g} ]_ Y N .
%, right—sided exponential cA{at}u(t)Q] ULTS = 7 IﬂTf}'I ”f};‘? 5‘4
1/(s—a)©] 3 ROCi= Re(s—a) <0%1d], 9((({:)5((, %.Pb\ e of the
ULTo] convolutio, i)f two
e S
fi e U5t
o]9] LT% cau%al 3k e~{attu(t) 7} 9o} the product of ‘
0714 €2 9= nks}l 7o) ULTelA = ROC7} A 3HAl Qo] At} the ULTs of the causal

signals.

Z(6) =

) =), t2o

Z. (0. ) B

X ) XRoeb) <o

1

-

\_‘,//z‘“:)

—

iy !



v)E UL LY =

0] 9] LT causal®t e~{at}u(t) 7} Ao} the pm,d1uct of ]
o714 k4= gli= vhsk o] ULTOIA &= ROC7E A1 aiAl dof i, e s ket
s1gnals.

circuit the ory"ﬁf'\] g% RLC circuit©. & )‘] AELS RIS, L& vt
Ci= AW/ & & 4= 9l time reference 0% /17 o i o] 5 LCF initial
{,ondmono] zerofl ohd Bl E, O+”‘r| olwl §1% & 718lo] systeme]
output®] ¢sh= gho] EL & sl o] Fasid,

integration property
for ULT

'of causal signal'7}#]
3 ©lol ] & wlofgtit},

ﬁtegration Property for Unilateral Laplace Transform

, x(1<0)=0
Recall: f;_x(t)dr = f_;x(r)dr m

and from the previous page:

ULL{x (D) *u(t)} =%(s) - UL{u( t)}ﬂ_
-
Hence, CM‘E){ u( t‘)} - J‘(:G u(f)e_ﬂdf ?Q_LX(Ul

T2l

A51bo] 0=l 4] -3t

causal signal®] 0— =4
9] integrator output
o] ULTE 37191814
1=, causal x (1) 2] ULT
3} unit step?] ULTE
sl =1z, =) causal
signalo] 2L &

v st Il Zr7Fol LTS e sshd
= f u(tye "dt = — WO UEFUE AT, 1)1 25437}

s causale) & LT ULT

7} 72

FaYautand

— same as bilateral LT

Qn f ; x(T)dr

71H FAE L, x(t)!'—? causald # 87} slvh= Zlolvh. &8 x (1) 7} causalo]®l 2915 Al 5] steth
lﬁl'ﬂ’*] prl‘(.bbl(m\_ L@l2] a7 Ag. o, x (1) 9] ULTE X(s)t}. glagt @apd Fi-sho, givks)
A ULT X(s) £ %] noncausal x (1) & WEF= 917] wEo|v}.
F2: BLT ¥} &) Ful gt xlo] 7} i

_—

. T : both—sided 1 x(0) 1
ifferentiation Property for Unilateral \ R Syt

v i€ unilateral LTS
Laplace Transform A A zksh, o2

2 F ¥ ULTS (7} S55-28
+ (1) —— %(s) SAlel R x (1) 2
I t<0olA] 9] 412 Fa e
21 7!—1_']._
x«“\) f‘\_l._
Jid sFA ¥, Wlito] ek Flo
%H:ﬁ _Z_aC{ i 6 =) Aol 4 g 99
\ & 7] kel f1 el gkol
Derivation: :
thepde},
[Avi) Mmidrrr; s v HErE




“peva el | — s §9(s) = X(0
L i ©=30) |
Derivation: *

‘ltfj[m} = f;_we'"”dt =x(De™

+ + —st
¥ sfo_ x(e dt
T

dt -
A(s)
=5%(5) - x(07)
aue % ("}
Note: P Y |
.\’(23 ) = _{ > 5(sX(s) - x(07) - x'(07)
df i e e N
o

(——)(3‘) —sx(07)=x'(07)

14

| ®

Example:
Ul Y=Yt

Take UL’ s:

o

* ZSR — Response for LTI system initially at rest (f =y =0)

AL
b e W

Example (continued)

s(s=d 1

/

partial differentiation F52%& Fa sl 2R o] v o] w2 4

Use ULT’s to Solve Differential Equations
with Initial Conditions qg_w

ZIR — Repponse for ZSR — Response for zero state,
zeto mput x(£)=0.  f=y=0, initial af rest.

2 el ] FH$-ghel A3
L] wlihel] 11 9 g
LrERd-g

x_1(t) 3= t<0ell A 10]aL
A £ 0,

x_2(t) 3= 1A Do) o,

E ULTL 022 24
9,

n&Esk x_ 1)+ t=00]
A] Dirac delta?] yepufar
x_ 2 187 g},

AR

#=9] LCCDEY: BE tel
A A sl R 1 >0—9) A

= Afisid

uelA] ULTS 8% A H

sith wibA] o] & o] g-8f

o y(1) 2] t>0—°]4 2 &
g 8 5 gtk

x (1) 2 y(t) &= 25 causal
atutar 744 #hd.

o] 7|14 causal®| g t==0-
o| 4] non—zerot 714 4

3 R -

ULT3= linear operator
o]l

LCCDE with initial
condition®l input& 7}3)
59 output

7IRSH 7SR Fro.w vheh
[S3=

o L] A] 5587777

linear ODE 2]
homogeneous solution
particular solution!!!!

F9]: zero state
response’ inputel wh



* ZSR — Response for L'11 system 1initially at rest (f = y =0)

Ys) 1

I(s) = =
A(s) (s+D(s+2)

e ZIR — Response to initial conditions alone (o = 0).
For example:

x(1)=0, y(0)==1y'(0")=y=0

s+3 2 1

s+2
7

bocly

16 WS

Y(s)

y(®)

o

Fourier transform®lA1i= x (0) 2 X (j\omega) & *3F= o] At} (How?)

pdruculdl Soluuornr i

F9]: zero state
responsei= inputell w2}
o gho] #0711 A &=
\alpha u(t) & 7} 31| 9]
ZSRE T 3l& wolt.

zero input responsey= 2
92 inputel zeroE ¥
AL 1} 2+ response©]
t}. o] response”’} zero©]
A LTI7F E AR zeroZk
ol LTI7} oYt}

causalAl &%t OhEEL R
right sided exponential &=
inverse LT3l #u}.

Unilateral LTolA413= 20131 signal ©] t=0°]5-¢14] 4 e, x(0) 2 #} x(\infty) o] -2 ULTZY

o e 57k ek

More About Unilateral Laplace Transform\
¢ Initial- and Final-value Theorem
If x(/)=0 at <0, then
x(0) = lim sX(s)
s

Xx(©) = lim sX(s)
s—>0
ifferentiation property:

Proof: Fro

e}

ael & 59(s) = x(0) @ -91 )

dt
J7% 0 20 G

't 1t =

+2 dx

LHS. —edt

K Then, Eq. (1) =

o for s —>0

f o x(o0) = x(0)
I ——

x(0) = 5111)2 sX(s)

x(0) = lirr(1) sX(s) )
3>

— B

ZFek3k exampleS A2}
3}t

x(t) = Se~{at}u(t) it
3hA x(0) 3= 59 st}
X(s)=5/(s—a)o]| L&
sX(s) oA s& 32
Bl initial valueZl Y
21},

SkA] p. 15904 initial
value= ¥ betaZ} ¥

o},

2+t exampleS A7)
3}A}.

x(t) = 5u(t) 2gar 3pd
x(\infty) = 50]oF ¥k},
X(s)= 5/s o] L&
sX(s) oA s& 0% 1
i (o)) s& F-3huli
Bl ool Al egkar o
2 913] ...) finial
value7} vt}

kA p. 16°l1A] final
value= %1 alpha/27}



PP NN l

[T 50
e

ﬂpplications of the Initial- and Final-Value Theorem
N(s)

D(s)

n — order of polynomial N(s), d — order of polynomial D(s).

¢ Initial value:

For X(s) =

0 d>n+1
x(0) = lim sX(s) =<fimte =0 d=n+1
S>>0
o d<n+1
. 1
Eg. X(s)=——o x(0)="?
s+1

* Final value (£.g. tracking error)

.

x(o0) = }i_l)l(l)s‘x(s) =0= }i_%@((s) <o,

= No poles at s =0.

18

EECE233 Signals and Systems

Lecture Note #16
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

e Covers O&W pp. 741-763

e The (Bilateral) z-transform and its ROC
*  Properties of the ROC

e Inverse z-Transform

e  Examples

* These lecture notes are based on the lecture notes used in 6.003 taught b
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

— < = gYiol ...) 1mial
— Y{@'%@ valueZ7} U2},

SFA p. 16°014] final
values %1 alpha/27}
Ao

CTolA FT9 g3
< Wk,
DTellA FTY

= it

e

LT

)

At
=

ZT

LT ZTS @2 fAE =
M B2 fA 2 Aol 3
& X2 w50l A8k

ZTF is very important
for

digital filter design,
digital control,

digital signal processing,
digital communications,
etc.
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permission of Prof. ng Hu.

The zTransform
(another transform, any end?)

Motivation:  Analogous to LT in CT
x[n] h[n] yln]
|
x[n]= " ——yln]=H()"
Eigenfunction
fpr T LTI (From Lecture #5)
H(z)= Y h[n]z™" (assuming it converges)
The (Bilateral) z~Transform
z /-
x[n] @ E x[n]z™" =Zz{x[n]} |- z-transform
ZTFS (., x[-11x[0] x[1],.)& 2
polynomial ...+ x[—1]z~1+x[0] +x[1]z~{—1} & YE}FH Ho|g} A7}3}1
BE o2 49 3r2 HuA ROCE HA slokstzlch. 1eid 23t

Recall:

The zTransform — DT Laplace Transform\

nAt

X(s) =ﬁZX(t) e dt t== A]{igo 2 M(emt)-”

ne x[n] <

| DT, Ar is now finite

X(@)= Y alnle”

n=-0

LTSe] $AF8:

1. ZTS 1-D discrete—

parameter signal= 2—D
continuous—parameter

signal® transform3dt 7

o® & 3k

o] | 22 signal?]
domain 1-D complex
plane (z—plane) 9 H&
Aot}

2. ME O F Al 2
2 Bk algebraic
mappling rules 7}4 4=
7F ek (28 ROCE ©f
2A7E.)

S o vha}A 2
s} s,

terms™ ratlonalolﬂ‘r 314 =t

0O~n = 0 for n
nonnegative,
not defined elsewhere.

2,008 YJmF okt &

ALl A1 E & 7L =



| Az)= D X|A1Z |

n=—

A7

#
I
o

where
|

N

=

%]

The Relations Between gTand £7, s-plane and z-plane
et =z
Jw-axis ins-planc (s =jw) = |z|=|e@Y =1 a unit ¢ircle in z-plane
t G
axis

EHETE Equivalent

Re

LHP RHP
"RHP"

* A vertical Tine in s-plang, Re(s) = constant <> |¢*¥| = constant, a
circle in z-plane.

+ LIIP in s-plane, Re(s) < 0 = |z] = |e™| < 1, inside the 2| = | circle,
special case, Re(s) =-% < |z| =0,
« RHP in s-plane, Re(s) = 0 = z| = |e*V| = |, outside the [z =1 circle,

special case, Re(s) =+ < |z| = o,

The ROC and the Relation Between zTand MR

|

mﬂ!? +3 ) i |
X(Z) = E x[n](re™ )" = 2 (x[nfr™" e ™™

= Hx[n]r™"}

n{mzer()nl‘ r?ﬂl-'-]'.

'001—1 /‘

[TH7LF
O el 0] = tﬂf 2] 7 | 2
]_

}=

A

conventino®| »1

5, sa] 71e Aol oA

ok

LTl 9] 7ol

o]¥ 2Julel M E FTe]
2T kAot L
#Hit..



= FHx[n]r™"}

l 1 ==

only depends on Re(s)

\L

ROC Ejz = re’” at which 5: |x[n]?'_n|

s &)
J

* depends only on ¥ = |z|, just like the ROC in s-plane

i

5

Example #1  dn]=d"u[n] — right -sided

+o

X(z)= E a'ulnlz" = 3

= —

_l—(az l)x 5 dm
=—=

1—az

- Unit Circle

That 15, ROC |z| = |a],

Qtside a circle, “RHP”

If |az" <1, ie. lzl=ld z-plane
1 Re
Then X(7)=———=—
l-az -4

[i]

Example #1 (cont.)

—dz

E a4 i ey o

‘ x[n] = a"u[n] <—=2— X(2) =

for Izl>lal.

falal

!

Unit circle (#= 1) in the ROC = DTEFT X{e/™) exists /’

o] @ ulel 41 FTo)
ZTHET) gk gelr), 1

&
7}

Jd 15 DT signali®
}.{t‘l}llleLI'iC ':i(:‘.querlL‘l—J%'

/\g _71- -;-,-” _}"|__x]._

x(1) = e~datkult)
o) LTel A ek el

pole at z=a%l zero at
z=0 7} T+ et

235 o

ROCA 0& 27
PLE gE BARR R EEk
of 285 Tl 29
polvnomial & 372312 1)
Ehugel

pole T zero?] $ 3= 4 A
zelgl 5> itk

The signals are all
right—sided and
conscequently the ROCs
arc all oulside the
cireles.



X[n]=a"u[n]<L>X(z)=l%for lzI>lal.

—-az
a=1A1 a=1.0 a=09
6 1 1
4 0.5 05 m
) ) )
et i
570 510 15 50 5 10 15 5 0 5 10 15
1 1 1
5 E 5
So go Zo
1 0 1 1 0 1 0
Real part Real part Real part
ROC outside [z=1 |,y 12 1 _ include |z]=1
unstable -z stable
7
Example #1 (cont.) — What if a < 0?
x[n]=a"uln) <%= X(z) = — for IzI>lal.
-az
s a=-1.1 1 a=-1.0 a=-0.9
et 21 1111 [ARRARAR/ R AAXEES
il T T
B s T N S R T o5 10 5
n n n
1 1 1
S E ]
Eo go go
£, oc| £4 ROC £ -1
1 0 1 1 0 1 0 1
Real part Real part Real part
ROC outside |z|=1 include |z|=1
unstable stable

Aun]

\\

CULIOLUYULLILLY  UIC AN D

are all outside the
circles.

The third one is DT
Fourier transformable
and its ROC contains the
unit circle.

DT LTI's BIBO stability
iff

absolutely summable iff
Fourier transformable.

The signals are all
right—sided and
consequently the ROCs
are all outside the
circles.

The third one is DT
Fourier transformable
and its ROC contains
the unit circle.

e
-"“L‘(b

S
—
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ﬁxample #2: An]=-a"u[-n-1] /@ed \

X(2)= E —d'u[-n-1]z" =- E a'z"

n=-w

Im

- —Ea 2 =1-S (@
n=0
1- (a"z)
l-a''z
ie. |4<ld

Then X(z) ’#.ﬁ 3

Unit Circle

=1- =9 z-plane

If |a_'z| <1,

Same X(z) as in Ex #1, but different ROC.

| /

o] 524> ROCHI oA A 3skA gi=th. 0ol AH3sHA 7] ﬂlﬁ'rO]E}. kA Rk
x[n] @ ZTo] 1/(1—az~r{—1})°li ROC7} | z| <|al 2} ¥
ato A= o]l Ao REh=

& oupte] gtow gl ol

Example #2 (cont.)

x[n]=-a"u[-n-1]<%— X(z) = —for Izl<lal.
l-az
. a=1.1 a=1.0 0 a=09
! 1 Jpsess
]| 1 [
BE 5 Y 20 5 'ﬁs-w 5 0 5
= 1 T 1 T 1
g = g
go go §o
2 g 2
E, £y £,
! Rea?part ! ! Realopart ! ! Rea?part !
inside |z|=1

unstable
ROC includes |z]=1 = stable.

ROC include |z|=1
stable
Observation:

~,
/

LTelA 8} nhzl7bA 2 ZT

o A&

MEOE F 257 2
gebralc?ﬂ' form® ZTS

7]'7‘;_] Ak EE ROC

= hEARE.

Aol ROCe 3= =
& 7hdE FHafjof g

ot
A o] 4] T4
ROC WiolA =gt

Bely

Aeheh, 2 FAZF Qs REd 2T B
Z10] convention®|th. T L poledt zeroS 271918 N(2)/D(z) &
vl B 2=0-2 zero©] A pole®] oFY ), wElA o] W3], "pole zerol] A&

2t7] 8= N(2)/D(2)

&t} vk pole ¥ zero at infinity = W2 F 28 of s},

ol x¥o]
convention¥ < 44
A QO R ZTS FH-3

o 7 25 Zloltt,

e ol

The signals are all left—
sided and consequently
the ROCs are all inside

the circles.

The first one is DT
Fourier transformable
and its ROC contains the
unit circle.
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stable

1nniIuc |A |_ 1

unstable

Observation: ROC includes |z|=1 = stable.
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Rational z-Transform

~

x[n] = linear combination of exponentials for » > 0 and for

n<o0

0

X(z) is rational

X(z) = & —
D(z) «

Polynomials in z

— characterized (except for a prefactor) by its poles

\ and zeros

/

Properties of the ROC

1) The ROC of X(z) consists of a ring in the z-plane

centered about
in the s-plane)

2) The ROC does

the origin (equivalent to a vertical strip

Im

not contain any poles (same as in £T).

dllu ILS> N\NULC cullildlnrs e
unit circle.

pole zero®] 1A & &L
dow ddt 71EF
LTellA 9} mpzt7hA]
o3 7

HIEA] Bx} BB 25 2
(not z~{—=1}) 9]

polynomial®] ¥ A 3+
B

=
.

o%
24

& B 2k zaM, 22N
S 3§ Agwe s
whok E19) A7 AW
"l z| =infty ol Al L 2F<FA¢
W9 zeros Zh=tl'eEk
L Hskal

ghok 248 Ap47F AW

=

z| =infty oA 21 2p5==}
9 poles Zt&=t}'ef
ekt o)A | z|
inftyi= ROCe| 3=
7% etk

olgAl | z| =infty el A €]
pole®} zeroE % 23,
z~(=1) ol t3) rational?]
7T 38 22 AF9
pole®} zero& 72t

Th

M



| z~(=1) ¢l ti3l rational?!

7T 38 22 AF9

pole®} zero& 72t
TSI

2) The ROC does not contain any poles (same as in £T).

12 AR LT A &= pole and
a_n°| complex numberd ™, \sum_{—\infty} ~{\infty} a_n < zero at infinity 2 ©] Az}
any rearrangement’} =8 &, 5 \sum|a_n|°] FHTu] FH3}= AR o] g ogk 4 qlrt.

Aol¥Elm 2 (absolute summability = sum exists for any rearrangement)
o] 8t A z=c7} ROCOl 3 EH, |z| =|c| %= ROCO] E3H¥ T}

z=re~{j\theta} & 4 7}sl] Bz}



