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* These lecture notes are based on the lecture notes used in 6.003 taught by
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

DT Fourier Transform Pair

x[n] <— X(e’”)

X(e) = E x[nle” '™ — Analysis equation
x[n]= 1 f X(e’)e’dw  — Synthesis equation
2 Jd2n

Note for DTFT the /7 and inverse /7" are not symmetric.
One i1s integration over a finite interval (2r), and the
other is summation over infinite terms.
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/ Convergence Issues \

Synthesis Equation: None, since integrating over a finite
interval

Analysis Equation: ~ Need conditions analogous to CTFT,

e.g.
+00 5
XIn|l <© _— Finite ener Thm. DT Fourler.— .
E | [ ]l te gy Plancherel TF exists if
n=—0o0

x[n] is an 12 sequence.
or The inverse FP TF of it
FP TF also exists.

E Ix[n]]< 0 — Absolutely
Thm. DTFT exists iff
\\ = —00 summable / .

x [n] is an 1~1
sequence.

/ Examples
Parallel with the CT examples in Lecture #8

1) x[n]=9d[n]

X(e’) = i S[nl " =1

n=—00

2) x[n] = 6[n-n,] — shifted unit sample

xe)= S oln- e

n=—oo

— Same amplitude (=1) as above, but with a linear
phase -wn,,.




More Examples

right —sided
3) x[n]=a"u[n], lal<1 — Exponentially decaying function
a=0.9 a=-0.9
1 @ 1 : : -
° (1171
0.5 Oseoco 19¢
[TT8%
ol My L1
5 0 5 i5 -5 0 5 10 15
n n
9.

exponential function z~n 2 T E DT LTIQ eigenfunction?)
S H o] A%t right xor left—sided real exponential< ¢}4Tt}.

/ More Examples (cont.) x[n]=a"u[n], |a| <1

X(e’”) = a eI = i (ae J‘”)

n=0

?

1 1
= _jw =

1-ae

(1 -acosw) + jasinw

Q. CTellA j\omega®l FEl&TAd A2 fFASHA

DT right—sided real exponential ™= e~{j\omega} 2] rational
function® & Wt} 18 ThH F3k57F A 2 oE F right—sided
real exponetial®] convolution< 7??

A. ¥ right—sided real exponential®] weighted sum®] ©t}. (=3
G RE AR gol 23 e B R Folat) ol B Terh)
kst J‘O] ﬂ AT} ‘ﬂr/\] partial fraction expansiond}d
weight 7 @2}z $+o 2 1o 7] wold).




/ More Examples (cont.) x[n] = a"u[n], || <N

e} = ——

V1 -2acosw +a’

. 1 1
=0 X )=\/l—2a+a2 " 1-a
1
l1+a

w=m X()= !
\ Vi+2a+d

NCR a>0
1 LPF
(1-q)
~ 1
(1+a)
1
—2m w 0 w 2w
X&) a<o
1
1+a HPF




Still More \

4) DT Square pulse xIn] FIR

1 N =2 (Finite-
Impulse-
Ny 0 Nj n Response)
LPF
. N al . sin[a)(N1 +1/ 2)] .

X Jo = —Jjan — —Jw\n — — X J(w=-2m)
™) nzvle ,,:le ™) sin[w /2] (e )
Similar to ;((el‘;’) 1 Ny =2
a sinc, but N
periodic
with a A N /.
period 2. 2z Va2 0 [/ \J 2o

7
o714 N_1°] F3sto = 7} 7] 2\pi?! comb signal®] o] X t}2!
o] 7 o] DTFT9] key assumption®] t}.
/ Still More ... \
jo
5) Ideal DT LPF X(el)
— 1 ——
| J | 1
-21 - W 0 W T 2t ©
1 W sin Wn
xn]= —f e’"dw =
2maJ-W T
=— f X(ejw Ydw = XIn] A discrete sinc in

ﬂ time domain
\ o /

DT Dirichlet
kernel©| t}.

<, continuous sinc
o] Ediscrete sinc®|
£ °]& impulse
response® Zt&
LTI system <= ideal

LPFo|t}.
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Eg. Compact BPF in your cell phone and TV
SAW (Surface-Acoustic-Wave) filters

Al electrodes Electric field lines Operati()n principle :

% + Convert electrical signals
into sound (acoustic waves).

Piezoelectric Substrate}
Mechz‘irical .
displacement * At output, pick up the
cross sectional view A propagating sound signals

after a delay 7 = x/c,, where
x 18 the distance traveled

Rq ‘
V.

in
i, | T
SAW absorber : lectri
Bibstrate

7 al and c, is the speed of sound.
‘ e This is a good example that
‘ L time = space with a scaling

factor.

SAW absorber

SAW Bandpass Filters (cont.)

e Since /1[n] is

proportional to the
overlap length of the

Sinc function Note finger pelarity [

IDT Apodization ~ change gl crossover /° II]\
/

\
-

electrode pair, we can (a)

design and fabricate any

h[n] desired. Here we Gibbs
ripple

use a modulated sinc 0 SINC_APODIZATION
(multiplied with cosw n)

which results in a

bandpass filter.

* Note the passband
ripples due to the Gibbs’

phenomenon.
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CTolA 8} vz 74| 2 DTl %= DTFESS DTET 9] #AS Lol W A},

/ DTFT’s of Sums of Complex Exponentials\

Recall CT result: x(f) = ¢/™' «<—— X(jw) = 276 (0 - w,)

What about DT: x[n]= e’ —X(e”)=17

a) We expect an impulse (of area 2w) at w = 0,
b) But X(¢/“) must be periodic with period 2, In fact

X(e")=2x Y 8(w-w,-2mnm)
Note: The integration in the synthesis equation is over 27n
period, only need X(€®) in one 2x period. Clearly,

x[n ——f 2%260) —w, = 2mm) " dw = ¢’
\ X(ef“’) /
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/ DTFT of Periodic Signals \
x[n] =x[n + N]

, 21
[n]= > aet, w, ==
N

k=<N>

Finite sum

From last page:

" —— 2 i 8(w - kw, - 2mtm)

X('")="Yy, ak[Zn 2.0 8w - kw, - 2nm)]

k=<N>

m=—oo

ar =diN

2k .
=27 E ak (U ka =27 E a, (a)— i) = X(ej(w+2n))

=- k =—

|
Infinite sum

12

=9

7] DT signal¥]
DTFS coefficients 2}
DTFT & &l sl
2ol &)},
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ﬁ(ample #1: DT sine function \

e—jwon

x[n] = sinwyn = 1 o~ L
2j 2j

X(ej“’)=£_ i 8w - w, —271m)—£_ i 8(w + w, - 27m)
J

m=—-0 _] m=—-o

X(ejm)
/] o/ TU/j
A A
27- ) | -, | 2n-®, | | oo
| |
l 5 2T | o, l oy 2T, o
_n/J -7t/ —n/j /
13
Example #2: DT periodic impulse train
An]= E(S[n—kN] w,=2n/T
k= —c0
x[n]
‘""J‘m““:lﬂmfwl‘wlﬁ—ﬁw
‘N 0 N 2N n
1 — jkwyn 1 N - jkwgn 1
a =~ ] =5 e =5
——
n=CN) n=0 S n] X(e/®)
U

. i i | |
Samphng function o o —
again! N

<—— All the information——
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Properties of the DT Fourier Transform

+00

X(e™)= E x[n]e ™" — Analysis equation
x[n]= 1 f X(e’) e™dw — Synthesis equation
2 J2n

1) Periodicity: X (ej(mz”) ) =X (ejw ) - Different from CTFT

2) Linearity:  ax,[n]+bx,[n]<— aXl(ejw) + bX, (ejw)

15

More Properties
3) Time Shifting fn-n,]- oo X(e jw)
4) Frequency Shifting  e™"x[n]<— X(ej(’”‘“’o))

— Important implications in DT because of periodicity

X(e)
Example
S .
[
2n —n LF . o o
0, =7, ] ~@[n] = (@1 o]
Y(e®) = X(el©™)
HF
| |
-2n - LF - o o
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/ Still More Properties

5) Time Reversal

™~

Both are
the same
as CTFT.

x[-n]<— X(e™*)

6) Conjugate Symmetry
¢ Xln]real = X(e )= X"(e’)
U
‘X (e j“’)‘ and %{X (e j“’)} are even functions
/X(e’) and Eﬁm{X (e’” )} are odd functions

and

x[n] real and even < X(e’) real and even
x[n] real and odd < X(e’”) purely imaginary and oy
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Is There No End to These Properties?

7) Difterentiation in Frequency

+00

X(’™) = E x[n]e” "™

n=-—-x

d e
— X(e®) = —j
X" iy

—jan

nx[nle

n=-0

U

nx[n] < jdii)X(ef“’) Differentiation

in frequency
8) Parseval’s Relation

Total energy in
time domain

Total energy in
frequency domain

i Ix[n]]” = 2—1nf2n |X(ej“’)|2da)
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Def. CTolA ¢} vixk7}
A & energy spectral
density2} & &},


owner
강조

owner
강조

owner
강조

owner
강조

owner
강조


The Convolution Property

n] ———{ Hn] s [n]= HnJsofn]
Ae™) = e (")
J

Frequency response H (ej‘”) = DTFT of the unit sample response

Example #1:  fn]=¢’""«—— X(ejw) = ZHE:_OO(S (0 - w, - 27k)

Ye)=H(e”) 27 S 8w -w, - 21k)

Koo
= ZﬂkSwH(ej(w“+2"k))6(a} — w, - 27tk)

H periodic ) +
- H(e’"’“)-2n E 8(w - w, - 27k)
k=-0

Now, we have a crude tool to desigln9a digital filter.

1. Find the frequency response of the desired filte

2. Apply Inverse DTFT to find h[n]. Done!

MATLAB®IA = hinl& #7435t convolutionst= A S = F+&3E 4= )

Reminder: Ideal Lowpass Filter

H(ei®)

1 o sinw n
hinl=—{[ ¢€“"dw = :
[] an-wc TN
hin] Not causal!
0 n
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Example #3:

sin(zrnf4) . sin(rn/2)
n Tn

=7

—m/4 w4 ® —q/2 2 o —Tt/4 4 ®
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Time Expansion

Time Expansion

Recall CT property: Time scale is

infinitesimally fine

g4

lal \"\a

Butin DT: x[n/2] makes no sense for odd »

x[2n] misses odd values of x[#]

But we can “slow” a DT signal down by inserting zeros:
k — an integer > 1

Xpln] — insert (k - 1) zeros between successive values

o] 2}o| 2 F= 34},

x[n]

SRR ARE

0 T n
11
Insert two zeros

in this example

1] : I 1“1] 61 1] I";

a>1o4
i} = A
play...

Def. DT downsampling
olg} gt} o7 M = 2x

downsampling.

Def. DT upsampling©| 2}

H =
T

Q. time—domain’d-ll A
“HA] 7] sk
frequency —domain’d-l|
M= o9 A D712 CTell
A e} AL A =7


owner
강조

owner
강조

owner
강조

owner
강조

owner
강조


Time Expansion (continued)

x[n/ k]

— Stretched by a factor

if n 1s a multiple of &
of & in time domain

x(k)[n] B { 0 otherwise

e’“’ Ex [n]e” jon”

—mk  *®
- jomk
E x(k)[mk]e /

m=—0

N=—00
+w . .
= E x[mle~/kem — X( e’k‘”) — compressed by a factor
nm=—c of k£ in frequency domain
X(e!) Xa(el®)=X(el3*)
| _> | | | |
o ronoo n r Tl on
2 2 3 %37
23

zero insertione sHd ¢+
S0 B}

MATLABO.E 48

A= 298 make gl

Def. DT interpolation = DT upsampling followed by LP filtering
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