EECE233 Signals and Systems

Lecture Note #11

Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

Covers O & W pp. 385-427

e DTFT Properties and Examples v m
. Duality
. Magnitude/Phase of Fourier

transforms

* These lecture notes are based on the lecture notes used in 6.003 taught by
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

Convolution Property Example

Example 5.13  j[n]=a"u[n], x[nl=p"uln]l, lallpl<l Q. ol o] =] Hadt
(O & W p385) 71
H(ei®) = 1 X (o) < 1 A. o] 271=0°] violate ™
e T e W DTRTE] £A5H4 2
! s
(] = L) ] > ¥ () = ———
g l-ae’ 1-Be
— ratio of polynomials in v =™’ A CTAA = j\omega 2
PFE rational function®] 31t
L V(e - A 4 B : o] A= enr(—j\omega) &
pro: Xe™) = 1 _gei - Be ratjonal function®| .
B . : . . EH
A, B — determined by partial fraction expansion en(+] \omega) ¢ rational
ylnl=Aa"uln]+ BB"uln]. function©. 2 X A 9=t}
1
=q Y(e'')=——
ﬁ ( ) (1 _ ae—]w)Z ny[n]ejdy(ejw)
y[n]=? do—> y[n] = (n+Da"uln] CTel A o]} parallel$t 2
7 = 7lo el ®BAL

Q. U A Furg Ao Hst= A AES A AISHY] inverse DTFT3SY] ++3F impulse response
= AAsle] software? 0% DT LTI system= 7H3= WHS A7F] wE A AV S FdAS=H & TH

CTOﬂJﬂ = RLC 2182 op—ampe= AA (EE their equivalentsE M A]) approximately 7@ =4 DT
o = oj@d A s A7k
A. We use delay components (shift registers), multipliers, and adders.
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DT LTI System Described by LCCDE’s

T9]. LCCDE® input
output relation®] YERH
o} S|4 E5F linear

N M
[e)
avin-rkl=Nbxln—k system< °FY T zero
;0 3l ] 1;) e ] input zero output®] W=
) B _ . %% initial conditions”}
From time - shifting property : x[n - k]<— e X (e’) 2+ A ) 4 o} st}
U
N M T 4714 = x[n] &
o -y (pivy ~Jko X (0 y[n] ¢ DTFT7} 2% £4)
T on both sides: Eake Y(e™) Ebke X(e™) Sehe 1A sho] W ake 3}
k=0 k=0
U %ﬂ\E]‘-
[ M A< 1 =2 =
Eb ke EeHeE AR ClE &
N | | K¢ | h[n]©] absolutely &
Devide both sides by Eake”’“" D Y(e?) = [E—|X(e”) square summabled}A] ¢k
k=0 - jke : A ves 297 AA71H
ae — Rational q o g
_kZO Jfunetion of e/, 7]_% O] é!j\‘% 7)\01 E]—
H(ev jo use(PEERo get
h[n].
3
LCCDE®IA AL Z&"o] #HAY y[nlo F&FS =t = recursive system©|T}.
_ . first—order=y[n—1]°]
Example: First-order recursive system o3 8kS T},

y[n]-ay[n-1]= x[n], lal<1
with the condition of initial rest < causal

T on both sides: (1-ae )Y (e’’)=X(e’)

jo
Heny=2e ) 1
X)) 1-oae™”
)
hln]=ca"u[n] — infinite duration
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Q. 53 &l 1/0
relation®] LCCDE® Y}E}
L= causal DT LTI
system?] impulse
responses T-5FA] 2.

Recall that a linear
system is causal iff
initial rest.

A. hln] = ..

o] = A impulse response
7} infinite durations 7}4]
= filter (DT system) =
IIR

(Infinite Impulser
Response) filter@} 3ttt
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Al A causal Z2710] §lo oA A7p
[n] = —a~rn u[—n—1] X impulse response &4 7}&3Fc}f 11111

= 40

o] impulse response o] [ 3] LCCDEE w3t} =, LCCDEVF oA H*%

A causal system ¢ A& o}t},

1. adder, constant multiplier, delay components® 773 ¥ discrete—time
circuit => causald™ LCCDE®Z YES.

WA= RS

2. LCCDEZ® linear ¥ does not necessarilly imply causal system.

Remind that

x(t) and y (t) are periodic with same period

=>

the periodic convolution between x(t) and y(t) has the CTFS

coefficients that are term by term products of the CTFS coefficients of
x (1) and y (t)



DTFT Multiplication Property \

y[i’l] = xl[n] : xz[n] D Y(ejw) = Lf Xl (ej(i )Xz(ej(w—e))de
2 ¥ 2m

2

1 ) , oo .
= X,(e”)® X,(e’”) — periodic convolution

Proof : Y(e’) = Exl[n]-xz[n]e"j‘”"
Use synthesis Eq. for x,[n]: = E (ZLL X, (e” )e’“d@)xz[n]e'j‘”"
x,[n]

. _ 1 0 S - j(w-60)n
Exchange order of ) and [: —%fzn X, (e’ )Exz[n]e / do

n=-00

Xz(e.f(lufo))
\ =ifznxl(eje)Xz(ej(w_e))de QEy/
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EIRTAS A

N

Fe] DT 4159 DTFT+
2\pi%] F71AlF ol
DTFT+ o5 77]4l%

eriodic convolution®]

L 10z N 1Y
T oo 10N

DT A-$ TDA 2] convolutione FDo|A 2] 5o]a TDoA 2 i FDolA 2] periodic convolution©]

o,

CT9 A% TDlA 9 convolutione FDoA1 2] #o]al TDAA 2] ¥ FDollA 2] convolution®] th.

S 2ol el #el 11!

/ Calculating Periodic Convolutions \

Suppose we integrate from - to :

Y(e™) =% f_txl(ef")xz(eﬂw-@))de

can be written as: = wa )A(l(ejB)Xz(ej(“”e))dH
2 Y

CI%nges a periodic convolution to a regular convolution.

where

)zl(eje)= X1(ej8) . plsn

\\ 0 ,  otherwise /
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2
o o
Example: ] =[xl e af= g I
Y(e'”) = LXl(e"“’)®X2(e'j“’)
21
X (e%)
| | |
— L
27 x 1 4 n 2n 0
3 Xz(ej(m—e)) i
| S .
® -2m i e : 2 T 0
‘ Y (e %)
1
/\ § /\
. | |
21 _% 77!1 o 0)
! DTFTo]o}7]
o] A= CT/DT FS/FTolok]
. . . 0 : — 'R} J!
Duality in Fourier Analysis duality = &3

Fourier Transform is highly symmetric

CTFT: Both time and frequency are continuous and in general aperiodic

e »
x(t) = Ef—w X(ja))e]w dw
Same operation

+

X(ja))=f “x(t)e I dt

—0

J

Suppose f(*) and g(*) are two functions such that they are a Fourier-
transform pair (Eg. /'is a square and g is a sinc),

x(0) = (1) < X, (jo) = g(w). gkekel] (1) 9] CTFT7}
: . ) g(\omega) 2+
Then for another time-domain function such that,

x,(1) = g(?)
then without doing any math, we should know that

Xy(jw) =21/ (-w) \go(ﬁeiafz]gt 2Pt
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/

Example of CTFT duality
Square pulse in either time or frequency domain

X1 (1) X (J'(x)_:_1
1
. J R 'I'[/T1 T[/T1
T, Ty t N\ \4

Duality between CTFS and DTFT

- ; 27
CTFS x(t) = Eae’kw°t=xt+2 w =—
() ] k ( ) 0 T

1 jkw ot
a, =—[ x(t)e”"'dt
(=720
Periodic in time <—— discrete in frequency

DTFT x[n]= %fh X(e')e™ dw
JT

X(eja))= i x[n]e—jan =X(ej(w+2n))

n=—00

\\ Discrete in time <— periodic in frequency /
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Illustration: Periodic intime <— discrete in frequency

(t)

N

periodic extension in

TD ...

'T1 T1 t
x(t)
N (S (e (S (e
-2T -T T, 0 T, T oT t
It is clear that x(7) = x(7)* E o(t —nT) — sampling function
Eé(r -nT) Any periodic signal
n=-oo x(t)is a
1 convolution of x(7)
ttT ) in one period with
DT T 0 T 2T t ia(;-m
| o
11
Ilustration (continued):
X(jw)= )~(( ) X i 2—TC(S(w —@) — also a sampling function
A(jw) J 2T T pling
Also discrete - Discrete
__ 20 o bar
= T T
Pu BSm Sy Ml
AV o &
H = XS 3 L
=2 )= > e
=m ( :

sampling function?
CTFS+ 1/T times sum
of all harmonics.

whetx CTFT= 2\pi/T
sum of delta functions
with period 2\pi/T


owner
강조


Illustration (continued):

~ o 2 k2
X(jw)= X(jw)x E ?né(a) - Tn) — also a sampling function

k=—-o

Also discrete )
Discrete

oo

z 216(0)_/(2_75)

koo T T
2n
T
J4n 2 0 2t 4n O
T T T T

From the symmetry of Fourier Transform, the reverse is also true:

Discrete in time <211 periodic in frequency

12
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DTFS

Discrete & periodic in time <— periodic & discrete in frequency

_ 27
x[n]= a.e” " =x[n+N] W, =——
k=<EN> k N
1 - jkawyn _ Same
“w“=N k=<N>X[n]e = ren mathematical
! operation

Suppose f[*] and g[*] are two functions such that they are a FT pair,
xi[n] = fln] <> a;= g[k].
Then for another time-domain function such that,
by <> x,[n] = g[n]
then without doing any math, we should know that
b= f[-kIN
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Magnitude and Phase of FT, and Parseval Relation

1 40 .
CT: x(t) = gf_w X(jw)e dw

X(jow) = [X(jo e’

. +o0 2 +0 1 . 2
Parseval Relation: [ Ol'd = E|X(Jw)| dw

Energy distribution in w

DT: x[n] = i X(ejw)ejwnda)

2.7T 2r

(o) =l !

Parseval Relation: Em b{nl =, 2—1ﬂ X(e ) doo
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f[nl 8] DTES coefficient7}
glklolH

g[n] ¥ DTFS coefficient+
f[—k]/No]t},

No phase information in
the TD and FD.
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Effects of Phase

e Not on signal energy distribution as a function of
frequency
e (Can have dramatic effect on signal shape/character

— Constructive/Destructive interference

e Is that important?

— Depends on the signal and the context, not as
important as the amplitude in hearing, but very
important for image processing.
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Demo: 1) Effect of phase on Fourier Series

Sinusoid #1: AI cos(2mt - ¢|)

71 1
Fl
0 X
Resultant Sinusoid: Z‘H A cos(2mkt - o)
i =

f 0 I 2 3 3
|Phas p [ = = )
‘ L 1.00 Sinusoid #2: A2 cos(4mt - ({)3) ) |
71 1 2
d 20
0 £
<
| |
£ 0 | 2 3
[Phas |0 = = =
‘ .00 Sinusoid #3: A‘ cos(6bmt - ({)‘) 0 0.5 1 1.5 2 2.5
=2 - . Time
3 1
’ \/\/\/\/V\/\/\/\/
|
_ 0 1 2 3

Phas o

I~

i

-
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A3 BAPA = &
oE 5°] linear
phase shift 7} 4o}
M signal®] delay”}
3ol -2 A7t
ool 3T},

ot 2] A= short
time Fourier
transform= k= A
= A(E7H‘sl 2= 1;_/
ol HA 2 Al et
A 2 2 phaseE 7}
7 toneAl S 50| 9]
2™ phases ¥ol=
NI ia=
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Demo: 2) Effect of phase on image processing

Amplitude of FT

Original image of a boat Phase of FT
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Demo:2) Effect of phase on image processing (cont.)

Constructed with the amplitude of =~ Constructed with the phase of
FT of the boat, but with a FT of the boat, but with a

uniform phase. uniform amplitude.
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Demo:2) Effect of phase on image processing (cont.)

=

5 ‘ = é§;‘ 'K ‘ , s 'i. 33

This image was constructed with the phase of #7 of the boat, but with
amplitude from a very different image — you wouldn’t have guess it.
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Demo:2) Effect of phase on image processing (cont.)

AN N : 9 2

The amplitude information for the previous image is from our old
friend! Cannot make a monkey out of a boat!
Next lecture covers O & W pp. 427-472.
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