EECEZ233 Signals and Systems

L ecture Note #12
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

Covers O & W pp. 427-472
Log-Magnitude and Phase

Linear and Nonlinear Phase

Ideal and Nonideal Frequency Response

* These lecture notes are based on the lecture notes used in 6.003 taught by :
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

CT and DT Rational Frequency Responses
DT First- and Second-Order Systems

1

Log-Magnitude and Phase

X(t)—  H(jo) ————> y(1)

Y(jo) = H(jo)X(jw)

J
IV (jo)| = |H(jo)| |X(j )|

or:  loglY(jw)|=log|H(jo) +log|X(jo)|

and: LY(jw) = LH(jw)+ LX(jw)

Cascading: —— | H,(jw) H(jow) —

log|H{( jw)| = log|H, (j)| + log|H, (j)|

Easy to add
LH(jw)=LH (jw)+ LH,(jo)
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Plotting Log-Magnitude and Phase — Bode Plot ‘B9 ek ot

a) For real-valued signals and systems

. . i M= ks
|H(—ja))| _ |H(jw)| Plot er 00.2 0, often with a CToﬂ 1 - T YT lpg
_ . = logarithmic scale for frequency scale® YEIY 7| = 3t}
LH(-jw) = - LH(jw) inCT

b) In DT, need only plot for 0 < w < & (with /inear scale)
c) For historical reasons, log-magnitude is usually plotted in units

of decibels (dB): _ :
(dB) (1 bel = 10 decibels = P POVEr _ 1) 1 meter = 100 Cill
input power meters?! 23 &2 A,
20logy it o) WEEA] 719: 3 dBY
e.g. H(jw)|=1 —> 0dB power ¥+ energyX}o|
H(jw)|=v2 —>~3dB = 2912 power B
S 6B energy#}o] ot
HGjo|=2 —~ 10 logl0 (2) = 10%
|H(jw)|=10 — 20dB — 2 bels, 100 power gain 0.3010 = 3.010
. kA power 28]+ 9F 3
[H(j)|=100 —’3 10dB dBAo] & vHET,

Faz, SACA & octavedol = Fa5R 2otk —> MATLAB Flobie whgol Ak CTFSE B
o712 harmonic 4 &&°] th=1},

Approximate Bode plots for insightful analysis

1 For small
For a frequency response H(jw)=—— \omega, H(jomega)
jo+1 \approx 1
™. High-frequency asymptote | g | o i
—_ “‘\;/ : i 0 % Low-frequency asymptote FOIT large \omega,
% Low-frequency asymptote (o) 20| x H (J\omega) )
E)/ % e __:'::':"‘:.:::::'::"':'::':':' :::: % \approx 1/(Jomega)
2 P 2 40 | |
o Bandwidth D 4p [T R s L
%-20 Corner frequency § 60 | \ loﬂ log-% —ZA '5]‘1:5 0.
> slope ~ @ Corner frequency :
(@] - | N
- ——C & | High-frequency asympiote "o Q. h(D 2
-40 i -100 i ‘ i ) =
107 10" 10° 10' 10° 10° 10" 10° 10' 10°
Radian frequency (rad/sec) Radian frequency (rad/sec)
. , : MATLAB®|A
Both the amplitude and phase of H(jw) change rapidly plot (x.y) T4l
around the “corner frequency” w = 1. semilogx (x,y),
semilogy (x,y),
linear —linear°l| Al = = Aloglog 4 loglog(x,y) 8=
M= 71717 a5l AA at=i R R

10815 20dBE o] At} log magnitude”’} 20 dB per decade® 743t} = F3b<= 108 v}t}
9] == o x| 7F 20 dB (£ 100814) 743}
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A Typical Bode plot for a second-order system
20log|H(jw)| and LH(jw) vs. logw

E.g. LCR circuit
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Linear Phase
CT x(t) ——| H(jo) +— y(t)
H(jo)=e¢""" = |H(jo)|=1, LH(jo)=-aw — Linearin o

Y(jo) = e " X(jw)

time— shift

W)= x(t-a)

Result: Linear phase < simply a rigid shift in time, no distortion
Nonlinear phase < distortion as well as shift

Example: Shifted square pulse

x1(t)

oA 71A FHT AL
first order

2nd order systemE9]
pddy

—20 dB/decade

—40 dB/decade

% loglog plotol 4]
A4 0 2 YEldth= A
o]t}
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2 % log—magnitude =
Azt A Al AE 9
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Effect of Linear and Nonlinear Phase on the Output Signal

x(t)

Input
0 t

Output frgm a vt
ff;lsetzll:r;;f;gel Linear phase
E.g SAW H(jo) = e 110¢
devices and |
telecom systems. 0 0t

y(t) Nonlinear phase

distortion as well as delay

Output from a A
system with o , t
nonlinear phase V
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Linear Phase in DT systems

DT yn] = X[n - no] — Y(')= e—jwn(,X(ejw)
H(e™)= e = |H(e")| =1, LH(e”) = -nyow

Example: F/R (Finite-Impulse Response) filters
N,
hln]= Eaké[n - k] — Finite duration
k=-N,
A special case: N, =0,N,=2n_,a, =1,—— A 2n_ +1 — point averager

sinfw(n, +1/2)] oo

2n,
h[n] = E@[n _ k]

sin(w / 2)
X i T 1/2
Note: hln+n)]= E S[n - k] <= Sm[a.’(”o + )]
k<=, sin(w / 2)
Question: ~ What about H(ej‘“) e, o= integer?
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Q. TDoA oJH Al &2l 27] 93l inverse transform3l X H?

FIR filter?] antonym=-
IR filter ©]t}.

IR = infinite impulse
response

ex/ h[n] =alpha~n uln]

A. H(e~{j \omega}) &= Ht=A] \omega¥ F71&F= F7] 2\piooF str}, wpebi] en{—j

\omega \alpha} I 4] \alpha”} integer”} ¢} DTFET7} o} t}.
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CT

DT

All-Pass Systems
(H(jw)| =1 =|H(e)))

H(jw)=e — Linear phase
H(jw) = Z J_r j((z — Nonlinear phase
but all - pass |H(]w)| a + w2 =1
a’+w
H(e’)=e 7" — Linear phase
H(e'") = ee - — Nonlinear phase

(1-cosw)” + sin” w

but all - pass ‘H(ej‘”)‘ = \/ =1

(1-cosw)” + sin” w
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How do we handle signal delay when the phase is nonlinear?

Group Delay
ZH(jo)
_ —t(jo,) When the signal is narrowband, then
RGO /'_‘/ d/H LH(j
| _dzi(jo) instead of — £H(jo)
o : dw W
o, o reflects the time delay.
For frequencies “near” w,
LH(jo)=/H(jw)-T(0 )w-0,)=¢0-T(®,) ®
d
T(w,) = —d—[AH ( ja))]‘ = Group Delay
w w=w,
|
H(jw) = ([H(jw)e" ) e
Distortion of tl))ye %{w{,)

the signal
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all—pass system =
frequency flat filters
such as

identity,

linear phase,
nonlinear—phase
systems

<<——> >
frequency selective
filters

including LPF, BPF,
HPF

where phi = angle
H(j\omega_0 +
\tau \omega_0)
\omega_0

o]},
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Demo: All-pass system H(jw) = e/<H0®),
and ZH (jw) =-aw + ba?.

Phase = -ao+b*e’ Input x(t)

frequency(Hz) time(secs)

Group Delay = 1 Output y(1)

0.020

frequency(Hz) time(secs)
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Ideal Lowpass Filter

&

Gin o 1 A7 Tl AL
CT h(n="—"= \omega_c7} Gt =
H(jw) 9% Gibbs | t=— \pi/\omega_c°ll 4]
n overshoot | t=+ \pi/\omega_c 7H*| €]
1 e, ™ AR S WakA etk
Zolt},

-, O} N AN x%F PO R Fol=i= 1t
T
®¢

E\/ t = yvEs WekoZ EojubA
®e HAWSE BAtsHA do

e  Noncausal /(z<0)=0
*  Oscillatory Response — e.g. step response Overshoot by 9%,

s(t) / Gibbs phenomenon
s(t) _f_loo h()dr 109 - step response”}
. : t==\infty ol A1 0,
s() =f h(r)dt t=\infty el 4] &= 10] 11,
- 12 h(h= t=0& sH2Z
= H(j0) EN symmetrical 3},
=1 /\\‘”/‘: 3 t step response+= t=09]
0 A 1/29) s Zteth
12

\omega_c”7} AAH
maximum overshoot¥ & ¢ *| &= 0l 7}7Fe} A A9t

maximum overshoot?] %2 W3x] =
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Q. Gibbs phenomenon¥}2] A =277?

ex/ periodic square wave? Fourier seriesE truncatedshi= 3 F<& 37

71299

Q. 12 jump discontinuity 7} 1+ 213 2] Gibbs phenomenon< 9@ 7] A

gt

ok x (1) 7F t_0°l A alpha=7]9] jump discontinuity 7} 1.
x(t) = x_0(t) + alpha u(t—t_0) = YERJ...

Demo: Gibbs phenomenon in FT
Passing a square pulse through an ideal LPF

2
15+ E
—_ 1t .
3
52
0.5f E
0 AN M""'“'W Wﬁun'.:_. A
-150 -100 -50 0 50 100 150
15 frequlency
1k 4
= 05 1
&
U AN
05 -2 -1 0 1 2 3
time(s)

13



Nonideal Lowpass Filter

*  Sometimes we don’t want a sharp cutoff, e.g.

yit)y = signal + noise

$ C

NG

(O] (O]

e Often have specifications in time and frequency domain = Trade-offs

IH(jo)! s(t)
Freq. Response

Step response

27/,

1+51

1-84 SIS 3,

Passband Tranisition: Stopband
s ————
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o] #| qualitatived}A] LCCDEZ YEY+= LTI system=
S w2t B}k AA S A2 Laplace transform ¥} $HA w2t}

AAskE Mo 7%

8+ LCCDEZE YEF Y= Al AElo] 919]9] real—valued signal$ real—valued signal® mappings}

71E sk A5 gt

]Eq Al 317193t sufficientdt WH S 2+ H(j\omwga) 7} real—valued coefficientE Z¥+ rational

functions 2 producte|™ Ht}.

CT Rational Frequency Responses
If the CT system is described by LCCDEs,

dy(t) d*x(1)
Y a i b e
dk

then a — (jo)*, and H(jw) —-ZL HH (jw)

a (jo)

H,(jw) = First- or Second — order factors

Prototypical H (jw) = — First - order system, has only one

Systems joT+l
energy storing element, i.e. Lor C
1 w’
Hy(jo) = = —
’ (jw&n)2 +2§(jwi”)+l (jo) + 2w, (jo) + w:

— Second - order system, has two energy storing

elements, i.e. L and C
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\Pi

o2} \pi©l Ii‘r.

+ (product) = YERA T
\PiF o o= A&
multiplicand2}a2 o},
cf) summand,
integrand

O]Eéﬂ] 3 system<

e, h i(t) = RAs
X“’ systeme= T3}
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DT Rational Frequency Responses

If the DT system is described by LCCDE’s (Linear-Constant-
Coefficient Difference Equations,

E ayln-k]= Ebkx[n— k]

then from y[n —k] < Y(e")e ™™, x[n-k]<—> X(’")e ™"

We have:
- jkw jo Nk
H(e™) = E b.e Eb(e )

Eak ~ko Eak(e_’w)
_ nHi(ejw)

H, (¢’”) = First — or second — order
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CToll A 9 vzk7}A] 2 factoringdl™ serial connection®.
2 A8t 835k PFESHH parallel connection @
2 FAdst=d -85t

= LCCDE®R Al 2¥S FA3t8 ™ orders M and N# coefficients a_k, b_k 5 A afof
sh=tl, Fourier transform Tt 2= oW A gjlof st=4] &3] Ho|x]| g=1}. —> A7} ¢
3 Q st} Laplace transform...

& H iGG\omega) 7} 12 B+ 2212 j\omega?] rational function®| 3l real —
valued coefficients & 2+ 495 ¥43HAk



DT First-Order Systems
An]-ayn-1]=xn],  |a|<1, inital rest
H(e") = —— = SR
l-ae’ (-acosw)+ jasinw

J

Frequency Domain

|H(€jw)|= 1 . oe a‘=0.75‘
(1+a*-2a cosa))E _
® 06
and LH(ejw)=—tan_l[w} o4
1-acosw
0.2 [
Time Domain h[n]=a"u[n] 0 0 2 4 6 8n10 12 14 16 18
n _ n+l
snl= Hnledn]= 3 a" = L2 n]
m=0 l-a
17

Demo: Unit-sample, unit-step, and frequency response

of DT first-order systems

Impulse Response

Magnitude of Frequency Response

yIn]-2rcos(s)y[n-1]+
rA2y[n-2]=x[n]

Demonstration of 1@ 15
First and
DT Systems
0.8 _10
=R
¢ mesmen | (6 ts
yin]-ay[n-1]=x[n] % )
a=08 0.4 2o
S
0.5 - Q
0.2 5
| S
0 10 - - .
0 20 40 60 -2pi -pi 0 pi 2pi
M Phase of Frequency Response (rad)

%

20
n (samples)

40

_pl
o (rad/sec)
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DT Second-Order System (O & W pp.465-466)

y[n] - 2rcosOy[n-1] + rzy[n - 2] = x[n],

; 1
H(e')= ‘ —
(™) 1-(2rcosO)e™ + rie””
— 1 . 1
C1=(re)e ™ 1= (re e
A B
1= T 1 =(re ! ")e
h[n] =[Ar"ej”9 + B r”e_jng]u[n]
"si 1)6
_[r sm|-.(n +1) ]}u[n]
sin 6

O<r<land0<=fO=<mx

19

Demo: Unit-sample, unit-step, and frequency response of

DT second-order systems

Impulse Response

Demonstration of 19
First and
DT Systems

+  lstorder system

yIn]-ay[n-1]=x[n]

N

0 20 40 0-2pi  -pi

Step Response P!

4 2nd order system

0 pi 2pi

hase of Frequency Response (rad)

yIn]-2rcos(s)y[n-1]+
rA2y[n-2]=x[n]

:

r=07
05 -
~J i
s = 0.3%pi

0 -
i~ P> ( . .
0 20 40 60 -2pi -pi

n (samples)

0 pi 2pi
o (rad/sec)
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= er{—j\omegal =

1
i N
A, A Eads

mag+ 2zl
phase HHoj.




/ A typical plot of the log-magnitude and phase of

second-order DT frequency response

20log|H(¢?)| and LH(&/®) vs. ®
20 l0gyo IH(el @)1

T24dB
20
16
12

ZH(el®)

T
2
T
4

2n - T 2n o

. .
[NERFSE

Next lecture covers O & W pp. 514-527
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