EECE233 Signals and Systems

Lecture Note #13

Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

e Covers O & W pp. 654-670

*  Motivation and Definition of the (Bilateral)
Laplace Transform

*  Examples of Laplace Transforms and Their
Regions of Convergence (ROC’s)

*  Properties of ROC’s

* These lecture notes are based on the lecture notes used in 6.003 taught by
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
ermission of Prof. Qing Hu.
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/ Motivation for the Laplace Transform

CT Fourier transform enables us to do a lot of things, e.g.
— Solving LCCDE’s

— Analyzing frequency response of LTI systems

— Sampling

— Modulation

e  Why do we need yet another transform?

e Fourier transform cannot handle unstable
signals/systems. i.e.

[ Vx@)lde =0

Because the eigenfunction ¢ in Fourier transform has
unit amplitude | &*’| = 1. For example:
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Some real—world
systems are better
modeled by unsatable
systems.

We may want to design
a proper electrical
system that will
stablize the overall
system when
connected to the
unstable system.
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Motivation for the Laplace Transform (continued)

x(f)———  h(t) —— y(9)

h(t)
And A(t) = eu(t)

— an unstable causal system

H(jw)="?

t
Consequently, we cannot analyze this system using the easy
method of

Y(jw) = Hjw)X(jw).

Do we have to go back to y(7) = a(t)+x(7)?

3

Remind that a CT LTI system is BIBO stable iff h(t) is absolutely
integrable.

o & &9 right or left 81ded exponential function e~r{—at}u(t) ==
er{atfu(—t) ¢ A% a7l &°]™ Fourier transform-= <4 8}% %‘C

Motivation for the Laplace Transform (continued)

* Inmany applications, we do need to deal with unstable systems, e.g.

— Stabilizing an inverted pendulum
— Stabilizing an airplane or space shuttle

— Instability is desired in some applications, e.g. oscillators and

lasers

 How do we analyze unstable signals/systems?
Recall from LN #5, eigenfunction property of LTI systems:

' ——  ht) — H(s)e"

H(s) = j: +: h(t)e™*'dt  (assuming this converges )

e’ 1s an eigenfunction of any LTI systems,
— s=0+*jw can be complex in general
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The (Bilateral) Laplace Transform

(Can be viewed as an extension of the Fourier Transform)

x(t) < X(s)= [ x()e™dr = ${x(1)}

s = 0+ jwis a complex variable — Now we explore the full range of s
First comments:

D X(o+jo)= [ [x(t)e e dr =F{x(1)e™"}

(2) A critical issue in dealing with Laplace transform is convergence:
—  X(s) generally exists only for some values of s,
located in what is called the region of convergence (ROC)

+00

ROCE {s =0+ jw so thatf |x(t)e_o’|dt <}
—o0

Depends

only ono

not on @

=3{x(1)}

s= jw

(3) If s=jwis in the ROC (i.e. 0 =0), then

{x®)} ., = X()
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Example #1:
x,(t) = e “ult) (a — an arbitrary real or complex number)
Ix ()l Ix(t)l
< Unstable,no F'T
Re{a}<0 ’
Re{a}>0 but L7 exists

X,(s) = f e “‘u(t)e” dt—j: evak gy

| R 1 (s+a)w
- _ e (s+a)| _ _ [e (s+a) _1]
s+a o s+a 5

This converges only if Re(s+a) > 0, 1. e. Re(s) > -Re(a)
U

1
X, (s)=—— , Re(s)>-Re(a)
s+a %K—JROC

Hb | AR F-74o] non—
negative t9+Ql Laplace
transform-

unilateral LT2F #&t}.
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See Example#1 and
Example#2
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Example #2:

X,(1) = —e~“'u(~t)

t)I
X,(s) = - _ e'mu( te " dt

=—fO€ s+atdt

1 . 1 S+a
_ e—(s +a)tr _ [1 _ e( +a) ]
S+a . S+a -

This converges only if Re(s+a) <0, 1. e. Re(s) < -Re(a)
U
X, (s) = L , Re(s) < —=Re(a)
s+a
ROC

Key Point (and a key difference with #'7): Need both X(s) and ROC to
uniquely determine x(¢). No such an issue of ROC for /7.

Same as X,(s), but a different ROC

Graphical Visualization of the ROC

Example #1 Example #2

x,(¢) = eu(t) — right-sided signal,  x,(¢) = -e**u(-t) — left-sided signal

X, (s) = ! , Re(s) > -Re(a) X,(s)=—— , Re(s) <-Re(a)
S+a
Im Im
i s-plane i s-plane
| ROC ROC |
{ RHP LHP |
—ai Re i—a Re
8

°}7]: right—sided exponential
has right —sided ROC

9}7]: left—sided exponential
has left—sided ROC

AE &

f(x) =

x, for x>0

not defined, elsewhere
<}

g(x) =

x, for x<0

not defined elsewhere
L guls] oh ghroltt,

vlzk7be] =

X1(s) =

1/(s+a), for Re(s+a) >0
not defined elsewhere
<}

X2(s) =

1/(s+a), for Re(s+a) <0
not defined elsewhere
= S/] 6%1\31\1 ;ﬂJoﬂ o]
e, e F5E ot
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Rational Transforms

* Many (but by no means all) Laplace transforms of
interest to us are rational functions of s (e.g. Examples
#1 & #2, in general, LTIs described by LCCDEs), 1. e.

X(s) = N(S; , N(s), D(s) — polynomials in s

e Roots of N(s) = zeros of X(s)
e Roots of D(s) = poles of X(s)

* Any x(¢) consisting of a linear combination of complex

exponentials for > 0 and for # <0 (i. e. as in Example
\\#1 and #2) has a rational Laplace transform. /

x(t)=

X(s) = ﬁf’[3e2’ ~2¢™|edr

W e (- s+
—3foe dt 21; e dt

Requires Re(s)>2 Requires Re(s)>-1

Example #3 3¢™u(r) - 2¢'ulr)

3 2 s+7
T2 s+l (s-2)s+)) Re(s)>2
I9m

= two poles (p,=2, p,=-1) Notation:
& one zero (z, =-7) s-plane

x — pole

_ 0—zero 4
7 1 2 Re
QDoes x(t) have FT? /
10
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Laplace Transforms and ROC’s

/0 First of all, some signals do not have Laplace transfoD

(a)  x(t)=Ce™ forall ¢ since f°°| x(t)e ™ 1 dt = o forall o
-w\ﬁ/_/
x(t) Ce—(0+1)l
-t/
C\
t
(b) x() =€’ forall ¢
f_ Ix(t)e‘mldt=f_ e “dt=0 forall o

X(s) is defined only in ROC, by definition,
X(s) = o = No &(s) is allowed, different from FT

- “

| X1 += complex sinusoidal signals’} & 23}t}. FTo] Bt} ¢ A5

.

/ Properties of the ROC \
Secondly, the ROC can take on only a small number of

different forms

[% o
o >

1) The ROC consists of a collection of lines parallel to the
jw-axis in the s-plane (i.e. the ROC only depends on o).
Why?

f_il x(t)e™ 1 dt = f;| x(t)e™ I dt <o depends only on o = Re(s)

2) If X(s) 1s rational, then the ROC does not contain any

poles.

Why?
Poles are places where D(s) =0

N
(s) = o Not convergent. /

D(s)
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= X(s) =

A gs] ),

"o Al 59

Laplace transform<]
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Laplace transform<-

CT signal=
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exponential functions t}
F7] Askar

CT system% LCCDE=
el systemS TV
ik =

key restriction in FT&
LTelA = X(s) &
generalized functions 3}
&3] k=TI

A. Lebesgue integral oA

improper integral
\int_{—
\infty} ~{\infty} x (t) dt+=

\int_{=\infty} ~{\infty}

[x () ]~+dt

9l

\int_{=\infty} ~{\infty} [—
x (1) [~+dt

7V 7k 2y e o,
\int_{=\infty} ~{\infty}

[x (t) ]~+dt

\int_{=\infty} ~{\infty} [—
x (t) ]~+dt

2 QoEr. 5,

x (t) 7} absolutely
integrableatu] 4 o] ¥t}
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More Properties \

3) Ifx(?) is of finite duration and 1s absolutely integrable,
then the ROC is the entire s-plane.

\G>O G<O /

Ve

X(s) = f_ix(t)e‘“dt _ fTT x(e di

1

A finite integration

TZ
<o if [, 1x(0)dr <o
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ROC Properties that Depend on which Side you are On

4) If x(¢) 1s right-sided (i.e. if it is zero before some time),
and if Re(s) = o, 1s in the ROC,
then all values of s on the right side of the vertical line
Re(s) = o, are also in the ROC.

Im

\
L ROC
/\\ \
eoot TN RHP
N \

61> 0

Re

B o) 7440 4)7)
0=

o] EAT
bl 1k,

comparison test!
o] A&
-1 O .
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ROC Properties that Depend on which Side you are On

5) Ifx(¢) is left-sided (i.e. if it is zero after some time),
and if Re(s) = 0, 1s in the ROC,
then all values of s on the left side of the vertical line
Re(s) = o, are also in the ROC.

x(t)

/ Ve
04 <0p s ///f

/ Still More ROC Properties \
6) Ifx(?) is two-sided and if the line Re(s) = o, 1s in the

ROC, then the ROC consists of a strip in the s-plane that
includes the line Re(s) = o..
© Re(s) =0,

x(t)
Overlap of
the two

To Re
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Example:

X(t) _ e—bltl

e-bltl

1 b>0

e-bltl

b<0

Example (continued):

x@®) = u(-t) +  &u@)

7 7

-S—_lb- ,Rels}<b ﬁg ,Re{s} > -b

Overlap only if b>0 = X(s) = 22 , with ROC
Im

s-plane

What if » <0? = No overlap = No Laplace Transform

18




Properties, Properties

7) If X(s) is rational, then its ROC is bounded by poles or extends to
infinity. In addition, no poles of X(s) are contained in the ROC.

8) Suppose X(s) is rational, then
(a) Ifx(¢) 1s right-sided, the ROC is to the right of the rightmost

pole.

(b) Ifx() is left-sided, the ROC is to the left of the leftmost
pole.
Im I9m Im

x() x()

right-sided left-sided .
1 Re Re ? ? Re
(a) (b) (c)
19
9) IfROC of X(s) includes the jw-axis, then F'T" of x(¢) exists.
(s+1)(s-2) *1PFEE£ELH4%
g
Two poles => three possible ROC’s " s-plane
| AT
-O:; -1T TQ Re
x(?) 1s right-sided = ROC: III
x(?) 1s left-sided = ROC: 1

x(¢) has a Fourier transform = ROC: I

20
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1/(s—a_i) &9 linear
combination®. = L‘rE‘r
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il
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8 '_] —

_0(t) =delta(t),
_1(t) unit doublet, ...
O 7 uptd Ho)

01rl = F OIH e, j

s7} unit doublet Y&
inverse LT2] oA A
=7} St}

ROC Q1% HA}. (?1)

o) gk, - > we}
ot

A2 ROC
7FEAwel
ZAA EF
sto] four
possible
ROCs

o] X gk 4 ¢
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