EECE233 Signals and Systems

Lecture Note #14
Prof. Joon Ho Cho

(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

e  Covers O&W pp. 670-698
* Inverse Laplace Transforms
e Examples

»  Laplace Transform Properties

o 7] 7} A = signal?)
Laplace transform

e The System Function of an LTI System

*  Geometric Evaluation of Laplace Transform

and Frequency Response ;

* These lecture notes are based on the lecture notes used in 6.003 taught b e

Prof. Qing Hu at M.LI.T. These notes are adopted for EECE233 under the
ermission of Prof. Qing Hu.
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Inverse Laplace Transform
X(s)= [ x(nedt, s=0+ joeROC
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Fix o € ROC and apply the inverse Fourier transform
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How Do We Perform Inverse Laplace Transform?

* In EECE233, we will only deal with Laplace transform that are:
1) Rational, i.e. X(s) = N(s)/D(s) ;
And/or:
2) exponential, i.e. X(s)=e7T.

*  For case 2), use shift property

x(t-=T)<— e *"X(s) (Similar to the FT property

xt -T)— e’ X(jw)
e Forcase 1), use PFE.

* Forcase 1) &2),ie.  X(s)=e " (N(s)/ D(s))

\_ﬂ—_—J
X] (s)ex] (1)

Then 0
X(0) = x,(D)oyp =X, =T)

Inverse Laplace Transforms Via Partial Fraction
Expansion and Properties

Example: s+3 A _B

X = =
(s) (s+1)(s-2) s+1+s—2
A2 gl
3 3
Three possible ROC’s — corresponding to three different signals
gm s-plane
| I [
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Recall

—— , Re(s)<-a < —e “u(-t) left -sided
s+a

and , Re(s)>-a < e “u(t)  right - sided

S+a
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Example (cont.)
ROCI: — Left-sided signal.

x())= - Ae”'u(-t) - Be’ u(-t)

2 ., 5, )
= [Ee_ - 3e2 ]u(—t) Diverges as t — —

ROCII: — Two-sided signal, has Fourier Transform.

2
x(t)= — [Ee_tu(t) + %emu(—t)] —(Qast— =+

ROC III: — Right-sided signal.

x(1) = Ae 'u(t) + Be™ u(t)

2 5 5 .
\ = [_ 3e‘t + gez ]u(t) Diverges as t — + ©
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/ Properties of Laplace Transforms

e For example:

ROC can be bigger (due to pole-zero cancellation)

Eg x/(H)=x,(t) and a=-b
Then ax(®)+bx,()=0 — X(s)=0
= ROC entire s-plane

e Many parallel properties of the CTFT, but for Laplace
transforms we need to determine implications for the ROC

Linearity  ax,(£)+ bx,(t) < aX,(s) + bX, (s)

ROC at least the intersection of ROC’s of X,(s) and X,(s)

~
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Time Shift

x(t-T) < e " X(s) , same ROCas X(s)

E.g.,
e3s
, Re(s)>-2 <«——7?
S+ 2
e—sT
, Re(s)>-2 <«— e_ztu(t)L_)t_T
S +2
} T=-3
e3s
, Re(s)>-2 <« 2 Iy(r+3)
s +2
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Time-Domain Differentiation

1 o det) 1 o
x(t) = anfo-jw X(s)e'ds ,

|
LD . 5x(s), with ROC containing the ROC of X(s)

= — 4]wsX(s)e”ds
A 2mjdo-r

ROC could be bigger than the ROC of X(s), if there is pole-zero

cancellation. E.g. 1
x(t) = u(t) <> =, Re(s)>0
S
(@) = 0(t) «<—— 1= s-l— ROC = entire s — plane
dt s
s-Domain Differentiation
—-tx(t) < aX(s) , with same ROC as X(s) (Derivation is

.. d
similar to — < )
dt

cat dJ 1 1
Eg te u(t) «<— -— = >, Re(s) > -a
ds|s+a| (s+a)
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Convolution Property

~

——> (1) = h(1)* x(1)

x(1)

h(t)

x(t) <— X(5), ¥(1) <— Y(s), h(t) <— H(s)
Y(s)=H(s)  X(s)

This is the main reason why Laplace transform is useful
in solving problems involving LTI systems, just like the
Fourier transform. However, because Laplace transform
and its inverse transform are not symmetric, the reverse

relation

X(0)h(f) <« X(s)*H(s)

\is not true, different from Fourier transform. Thus,

-

.

L-transform is nof useful in modulation and sampling/
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Convolution Property (cont.)

~

ROC of Y(s) = H(s)X(s), at least the overlap of the ROC’s
of H(s) & X(s)

a) ROC(could be empty if there is no overlap between the
two ROCs
E.g  x(t)=eu(t) Re(s) > 1 and h(t) = -eu(-t) Re(s) <-1

b) ROC could be larger than the overlap of the two.

E.g  x(t)*h(t) = 6(t) = ROC entire s-plane.

/

10

upekA] LT+
communication and
signal processing®lA H.
o

control®l A o] o] &
o},

A% comm. and signal
processing®l| A A& uj
o &=

FTE 7bsst 45 T2
AE-E o},

A2, ROCE 1w 1w
g2 e - -


owner
강조

owner
강조

owner
강조

owner
강조

owner
강조

owner
강조


The System Function of an LTI System

x(t) ——— h(t) y(@)
ROCE =< specify ¥ =
h(t) <— H(s) — the system function olul# © 2 [ CCDER L}
Bl CT LTI system<
The system function characterizes the system causalst Z1 0= HEr} (1K
| & initial rest® 2 F2
System dynamics correspond to properties of H(s) and its ROC = A )
5" 3] causalshA] &
A first le: RS e
irst example A= specifydt}.
System is stable <— J: [a(t)|dt < <> ROC of H(s) Fourier Plancherel®] ¢}Y
: L. Fourier transform ©] &4
includes the jw axis 5 ¥ Q2 77 o]
= The frequency response //(jw), which is the Fourier transform of absolute integrability©] .

hi(1), is well defined. (+9]: inverse transform

o Aol o A gleh)
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LCCDEZX input—output relation®] ] % CT LTI system®] =w| o] & v]E7] HE7] adder amps
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digram= 1841 78 3d componentF7F o] ETH ! ZA S Z1& Lecture note #152] page 905
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Geometric Evaluation of Rational Laplace o] 4| Laplace transformo]
Fourier transform®th &
Transforms o)A A5 UA 5 o

Example #1: X,(s)=s-a A first-order zero Al B == ShelahwAL
first order zero < a7} &
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Example #2: A first-order pole

1 1
%,(8) = s—a - X, (s)
1
= |X,(5)| = o) (loglx, (s)| = - log]¥, (5))

and X, (s)=-LX,(s)

Example #3: A higher-order rational Laplace transform

o)LLl AL
Hj=1|s B O‘,il

and 2X(5) = LM+ 3 L(s-p)- 3 £(s-a)

j=1
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1 B 1/t
sT+l s+1/71

First-Order System p) -

1
, Re(s)>-—
T

h(t) = le‘%u(z) s(t) =[1—e *lu)
T

1K 1-
T N
Te ;
! T t
Graphical evaluation of H(jw): Hijo) =T
p @ _jw+1/r
™ 1 w=0
1/t
s-plane  |H(jw)l= =——==11/2 w=1/7
, 2 2
@ +1/7) ~1l/ot w>>1/1
jo
J . -1 @ -1
LH(jw)=-6=-tan T =—tan (wT)
w8 0 Tw 0
Re -
_% ={-n/4 w=1/7
-n/2 w>>l/7T
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block diagram< 17 XA}
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Bode Plot of the first-order system

20

A= 7HA = 1st order system

1/
H(jw) =——— 3dB
jo+1/t = \ _
S 0dB —meeeooo- . Asymptotic
1/t I FX_approximation
lH(jw)| = =——= 2 20|
Jo?+(1/1) 8
&
.40 |
1 w=0
= = -60 | | |
U2 w=lit 0.1/t 1 10/t 100/t
~l/lowt w>>1/T ®
4
LH(jo)=-0=- tan”'(wT) 0 3 Asymptotic
5 \\approximation
0 ® =0 -4 _ Changes by -7/2
/4 w=1/t
-/ 2 w>>1/1 wet+ T
-3n/4 ! ! !
0.1t it 10/t 100/t
)
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o] A H-¥ =

2nd order system

Second-Order System (causal)

E.g. LCR circuit, a mechanical system with a spring and friction

w

2
n

H(s) =

0<C<l1

2 2
s +2Cw, s+ w,

ROC Re(s) > Re(pole)

complex poles
— Underdamped

double pole at s = —w,
— Critically damped

2 poles on negative real axis

— Overdamped
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1st, 2nd order System
o] F23 ol

LCCDE with(real
coefficients= e ]
A= F B2 CT LTI
system/] system
function= factoringsl+
7} PFE 3h4

1st2} 2nd order system
59 wEE o =E e
7] ol o,

olgA B+ olFE
A time domain®ll A
step responseS K. A]
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Demo

splane

of first-order and second-order CT
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Create or Remove

060183

ao

Imaginary:

EX
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aaaaaaa

Line width:

Modiy Markers b1
) S of
Marker size: 8 é

2 -4| <pir2 -

10
FREQUENCY (radians/s)

Important point: Dynamics of a
rational system is completely
characterized by its pole-zero

diagram (except for a prefactor).
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Bode Plot of a Second-order System

20 10gyq [H(jw)|
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Unit-impulse and Unit-step Response of a
Second-order System

No oscillations when W critically 9

» c=z1 overdamped”d $-°ll =
=> Critically (=) and \omega_n’l 20] mo
\\\7‘4I over (>) damped. | 4ttenuate® T}, [‘3}5}7‘1
underdampled 73§ X
t} response”} 213 3]
HE Aot}
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under/critial/over dampeh= ©] 58 = ©] step response®A.... underdamped?d] - WEA =
2o} o4l overshooté}ﬂ I oscillate &ttt H}Uﬂ ..

step response?] LT system function®] 1/s% 3k Aot} PFESHH 1/s3 53 1/(s—) AEE°] Y
2o}, wphA o] o glekel wek osc1llat10n°] %\ HA u() = 7F=A QLA 7h=A] sl 244
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First-order All-Pass System WA block diagrame 1e

s—a KA},
H(s) = , Re(s)>-a (a>0)
S+a

U} pole—zero diagram=

9 (a) Two vectors have 18 4] geometricaldtAl Al
s-plane the same length Z}3}o]
- | = o) o] system®] all pass<!
® . = |H(jw)| =1 2] shols] mat
<6, | 0oy _
a a Re M) (b) LH(jow)=6,-06,
IH(jo)! n —(n-0,)-6,
1 nl
e =7 - 20,
-a
® fa ®
n e w=0
i ~1n/2 w=a
~0 w>>a
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