o] noteo A=
1. desirable Fourier
transform= %'+ real, causal, stable filter& designd}alz} skt

2. °]& §1d LCCDEE ©|
&3] 2 &1L, frequency domain®.th HAFQ1 &47] H ek s—domain O = 7}HA]
H(s)H(=s) & tARIsIth o714 Fosk 2 153 vlfolx A7 poled] A& & At
Aolth, Ao

o] Ao F-2JALE2 s 07} pole©]™ —s_0, s_0r~%, —s_0~xX pole®]2h= A o]t}

3. H(s)H(=s) 9] poled ¢
2= A3t U LHP o 1+ poleEqF Bof H(s) ol o531 ROCE right—side of the

rightmost pole= 7 gtt}.



EECE233 Signals and Systems T T

LCCDEZX input—output
relation®] YEF}+=

causal LTI system©] t}.
L ecture Note #15

Prof. Joon Ho Cho o] Abd& S5l a3t
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T. iiuf dxhs Fls K]
Weiss, J. White, and A. Willsky) o

e Covers O&W pp. 698-720
e  CT System Function Properties
e  Frequency response revisited

. o 7]17}4 = bilateral LT
e  Block diagrams

e  Unilateral Laplace Transform and

Applications
* These lecture notes are based on the lecture notes used in 6.003 taught b
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

o 7] 5-¥]+= unilateral LT.
unilateral L'T=, initial
condition®] ¢+ LCCDE L
2 YEhy= Systeme tH&
.5, LTI} obd LCCDE

1 2 Yeh= A AHD affine
¢l nonlinear system= T}
CT System Function Properties =r.

2=, discrete—time°l A
bilateral¥} unilateral z—
transform= B4l 53]
unilateral z—transform=
Y(s) = H(s)X(s) o] g5}, =8k ol A ul
i, A ska o] Foj A a1 Rk
Bl

x(t)—>f{  H(s) +—y()

1) System is stable, f _ilh(t) | dt < © < ROC of H(s) includes jw axis

2) Causality, A(¢) right-sided signal < ROC of H(s) is right-sided

absolutely integrable

Question: <=>
If the ROC of H(s) is a right-half plane, is the system causal? BIBO stable
ST <=> FT exists (not

Example: H(s)= ¢
S+

Re(s) > -1 => h(z) right - sided necessarily inverse FT,
not necessarilly Fourier
Plancherel transform
exist.)

A. No.

i kshd impulse response’F er{—=(t+T)}ut+T)Jdl "eF T>00]

™ non—causal®] €} T BE& H(s) 7} rational?l A2 ofHohiy o o
TF9): e~{sT} = rational

2 o] okt

LCCDEZ Al AHS tixpRletar ASu, 2l w2 A% F7HA o &4 o] st

3ty stabledt system= qx}o 18k 71217} “L740J7 5 AdAsloF st

o }"}L causaldt systema TJX}O sk A7 I AR 7PE A7 sl of sty

H %2 causal stable system= t#}<l 0}7] s Aot} AN AAY 2 AL ot}



owner
선

owner
강조

owner
강조


%2+ causaldt real-world A/ 28-S LCCDERZ Ed# 3= A5 o]
TR, o] Ag-o 53ste] ROCY 84 & %]'Cdo}x}_

Properties of CT Rational System Functions

a) However, if H(s) is rational, then

The system is causal <> The ROC of H(s) is to the
right of the rightmost pole

b) If H(s) is rational and is the system function of a
causal system, then

< Jw-axis is in ROC
<> all poles are in LHP

The system is stable

< F{h(1)}=H(jw) exist

Checking if All Poles are in the Left-Half Plane
—> 79X ¢oW causal®l 2} 3l % stabledtA] &
N(s)
D(s)

Poles are the roots of D(s)=s" +a,s"" +

H(s) =

“+as+a,

Method #2: (RouthtHurwitz— Without having to solve for roots.
Condition so that all

Polynomial .
Y roots are in the LHP
First — order s+ a, a, >0
Second - order s +as+a, a>0,aq, >0

Third — order s> +a,s> +as+a, a,>0,a,>0,a,>0

and a, <aq

Method #1: Calculate all the roots and see! MATLAB will be a life saver.

H(s) is rational <=>
LTI w/ I/O in LCCDE.

LCCDE®E YElY= Al A

H =
%]v:‘n'

1) linear, nonlinear
(zero input zero output
Q17+?)

(LCCDE+ linear <=>
LTD

2) causal, noncausal,
anticausal

3) stable, unstable

Q. LCCDEZ YEh}+=
LTI system=

1) causalds+E

2) anti—causal¥d <

3) noncausal¥dF % At}
causalshthH?

A. <=> ROC<+ right—
sided®|t}. j omega axis

DA e ./1‘:1: ol 11 o]-‘al

)
M g
%0 ok
gk

Q. a) ° o34 ROCE=
right—sided®] A W+

o] AJAEIZ 1) stable
sk % 2) stable QF sF
/\1: o]];]_

“PO‘: stabledtthd....2

A.
LCCDEZ YEeh}=

causal LTI system2]
A,

stable <=>
absolutely integrable
h(t) <=> Frequency
response exists <=>
all poles are in LHP

= causal LTI with
LCCDE”} stable 3}
Fourier transformS. =

= g 5 vk
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o] A g+ 2} ¥+ Laplace transform= ©]-83}o], s+ X} Y= Fourier transform= Y3k YO =2 T
ZpQ1ek= W& w94t

A $-2]= time—domain®l A impulse responseE Wdt= BYFO R Vo] A|AELS T]AQ) 0}741/}

frequency domain®lA FTS 8t RYO R W50 A Al A Eéz% Tz} e 4 ‘il‘jr% AE A
arbitrary ¢t impulse responseY arbitrary$t frequency responses ]9 74] &5k % %%«LE}.
o]A] LCCDEE ol &3l T+d3te sh=tl, time domain®lAl= 1§31, frequency domain®l| A& =3 775k

—

7beetd], o|Al LTE o]l €38t £9 @ 9572 LCCDER %38 ¥ &= LTIE Y= 5 Ut

A helpful trick to visualize |H(s)|

Imagine that |H(s)| resembles the top of a tent, and
— a pole in H(s) corresponds to a supporting pole of the tent
— and a zero in H(s) corresponds to a stake nailing down the
tent.

Example and Demo: A first-order and a second-order
system |H(s)|.

First-order Second-order A&S Q9ksd, |[H(s) | &=

| poled A 9= B & A

1 zeroo| A &= vl &
vro. 13 1 oko] H,

Magnitude
Magnitude

o] & o] &3t H3t= FTS
APk LCCDE & UERL
 HE YA 4 Sl
et #H o] A 9
Butterworth filter 9= &
2},

A helpful trick to visualize |H(s)| (cont.)

With this mechanical analog, then the amplitude of the
frequency response |/(jw)| 1s simply the top of the tent cut
along the imaginary (jw) axis.

Example: Frequency response of a first-order low-pass and a
high-pass filter.

LPF HPF
o] o]
© ©
2 2
2 2
(o) (@]
@© @©
= = 0
0
10 1/0
Mg ag,



owner
강조

owner
강조

owner
강조

owner
강조

owner
강조

owner
강조


Tow important features for a good filter:
|\H(jw)| 1s flat within the passband, and

An exercise based on this intuitive understanding
Design a good low-pass filter

|\H(jw)| decreases rapidly in the stopband.

Then how about place all the poles evenly along a semi-circle (all the
poles must be in LHP for stability) to make a flat tent top? (Actually, this
is how we make a flat drum top.) = Butterworth filter.

1 1 1

1 2 x 3
of x [ o 0 nth-order Butterworth filter,
, ; 1 H (s), is obtained from the
2 1 0 -2 1 0 -2 0
g < 1rg 1 e property
0 - 0 X 0 1
2 T 1x o T 0 Hn(S)Hn (_S) - 1 / ] 2
1 x 1 x 1 + (S JO)C)
(ﬁ 7 x 8 ‘ 9
< 0 Xx 0 X 0 .
g 5 - where w, is the cut-off

3 0o 2 A o
Real Axis

0

The system function of the

frequency.

Frequency response of Butterworth filters

H, (jo)| =

o

1
1+ (w/w,)™"

Magnitude (dB)
N
o
£
Il
[S—)

987 6 5

1

10

Radian frequency (rad/sec)

As more poles are added (higher-order Butterworth filter), the LPF

gets better. MATLAB Demo.

9

n—th order Butterworth
filter & n 7§ ¢ LHP pole
A

AA 3} pole?te] A +=
\omega_c©|t}.

no] A5 Aw pole©] s=j
\omega axis’ell e
h=

o] F 7] 93l no] B+
= poled] $1AE =4},
A

H n(s)H_n(—s)=1/(1—
(s/\omega)~{2n}) ©] o}
2} j7F 2ot
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o] note?] Amo] g o]4tshd], Brp Y gst A S o A

J

1. 27k b= 2
| H(j\omega) | 7} cutoff frequencyZ7FA+= flatslal 1 o] F243] Zrolx] 7] & st}

2. |H(G\omega) | & tF5+4 |H(\omega) | ~2S tFF4 224 |H(j\omega) | ~2& tFA}.

3. 29 FT2E ol Wi slopet 4 & meglon & Adke el B4 97 8 F LTAS 3

SRR

filter 7} real valuedd wj = )
|H(G\omega) | ~2 = H(s)H(—s) | s= j\omegaz}= #A2lo] A sts o]sffsfo} st}

4. Wb H(s)H(—s) 2 pole—zero diagram= “1&of 34,
kel s 07F H(s) 9 poleol™
s O¥k oyl ol o} YA —s 0% H(s)H(—s) 2] pole°] Hr}.

: = A< A7ztstd
s_0°] B E Al —s_0oll = Aok ghrt, upehA
\omega_cE WA F O % 3} unit circle ol poles< 95 tF o= Hjx|std

6. o] HIEA] 52 j\omega®: o & 2R 3+ magnitude response”} Gojxt}, o] & A dojzl
filterS Butterworth filter2}3tc},

h(®)*h(=t)~+2] LTS "37tetd
H(s)H(=sr%)~*0] E]o] H(s)H (—sr%)~x7}
s_0°llA ZFol]H

—s_Orxoll A Zolt}, = y5 Ul el A EFolt},

a9 o] gste] 87} o714 Dk A2 real coefficient® 2= real YH A AT o P g
h(=t) =h(—=t)~*0] = o]

h(=t) 8 LT H(=s) & h(=t)~2] LT?] H(s)~*7} ZobA A

H(s)H(-s) = v}¥ AJZts] & o,

o]=Z A 3k H(s)H(—s) 7} s_ 0914 poleo]|™ YA hH A —s 0ANAE Zo]Ht},



LTI Systems Described by LCCDE’s

N d y(t) o, d'x@)
ank E R
dk
Repeated use of differentiation property: — <> s, i s
t

i akskY(s) = ibkst(s)

k=0

| Y(s) = H(5)X(5)

M k
Where H(s) = “k= obks <—— roots of numerator = zeros
E a,s* «—— roots of denominator = poles
k=0
Rational
ROC =? Depends on: 1) Locations of a// poles.

2) Boundary conditions, i.e.
right-, left-, two-sided signals.

9| o] Aol = LCCDE °ll A rational H(s) & 731, 1714

block diagram= <A

Block Diagram for Causal LTI Systems with Rational
System Functions

Example: Y(s) = H(s)X(s)
25> +45 -6 1
H(s) = s2 AL A ( > )(2s2 + 45— 6) — Can be viewed
ST +3s+2 S +3s+2 W il o
two systems.
Introduce W(s) = 57— X(s)
s"+3s+2 — output of the first subsystem
U
2
d ;:(’) 3 7() +2w(f)= x(1) , initially at rest
dzw(t) dw(r)
or x(r) - ”
Then  Y(s) = (25 +4s-6)W(s)
U
d*w(t) dw(t)
1)=2 +4 - 6w(t
() e 7 w(t)

10

+ rational H(s) |4 LCCDEZ

Al 73 x84 R LCCDE
7FLTIZF ¥ 9 zero
input zero output®] A9
3} == initial COI’Idlthl’lSﬂ’

ol Ao} @i},

LCCDEZE YEhb+= LTI
= M7EA7E ok

causal, noncausal,
anticausal

LCCDE® YE}= causal
LTIol= 7747} QL.
stable, unstable

= causalsttia sk 2) =
right—sided® 24 ¥t}

7Lt b

22 UHA s =
PFE3 = ¥ 31....

47 factoringdl] ¥ & 1L
Nl Al AES] AAd =
= Q];]_

i 4 9, ol (T
%zﬂém
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Example (continued)

S w(0) | dwi)

(t)_ dt 47_6()

x
=
®
s
=
0=
=
=

»|l—=

d w(t) ) -3
dt

=2w(t)

‘ 3 2]

Notation:  1/s — an integrator

11

I8E a8 e A4 T 2ok

1. ¥4 input& 1%"/}.

2. 2o 8% blockd Y48 dAZE FH 7H =2 22 wt) & o] Alv]
A &3 A }%0}0% w(t) 9 01741 ulE 783 wt) & EA S

3.0l g x() e & F& BAJA Y v WG S E x(t), wt) 2] 0,1,2417]
4. oA %] blockeZFE I =83 w(t) 2 0,1,2 A 12 BAZFE

Q1. ¥%2] block
diagramol| A1 * &
cascaded subsystems@®™
U] =)

nli7] A7) 55 ol g

a4 theR me),
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LCCDE® input—output®] YEHY+= systemz oA LTITFO] 83F 212 ofyt},

initial condition®] %14l zero—input zero—output®] obd +F
unilateral Laplace transform®©]t}.

83t ystemO] Wt} ol =

ULT< initial rest conditions 9F538A] &= LCCDE®] causal signal 48 o] 7182 wj &8 Ao =2

NEEICY

o] ¥ system< nonlinear system®| A%t 18 = LTI 713 71712 Aot #4938 Wo| Ao}

Q. BLT&E] #kol=, ROCe diall o A= H a7 glok= Aotk why?

A. causality® 7[438la glov =z

The Unilateral Laplace Transform

(THE tool to analyze causal CT systems described by
LCCDE’s with initial conditions)

+00
Definition: %(s)= [ x(1)e™dr = AL{x(1)}
1) Ifx(?)=0 for t <0, then X(s) = X(s)
2) Unilateral LT of x(#) = Bilateral LT of x(?)u(?)
3) For example, if /(¢) is the impulse response of a causal

LTI system, then

H(s) = 3(s)

4) Convolution property:
UL x, (1) * x, (1) } = %, ()%, (5)

Same as bi-lateral Laplace and Fourier transform

If x,(¢) = x,(¢) = 0 for ¢ <0, then

12

"causal signal® LTS ULT¥ 2t} W}E}/ﬂ A% 7} causale] g o] &
qu# ATHH [UL T3t A& causalst == ILTsh= A3 2o

= right—sided exponential e~ {at}u(t)ﬂ ULTZ

1/(s—a)°] 11 ROC+ Re(s—a) <014,

ULTo]

1/(s—a)°letd

o] 9] JULT=

o] 9] LT causalst e~r{atfu(t) 7} ©}.

o] 7)1 A &4= 9l vk} o] ULTIA &= ROC7ZF A HA] dof zltt,

circuit theory°ﬂ/\1 Hl %%, RLC circuit® 2 A|AES FA8HH, LS v]27]

= ARV Z B 4 Y} time reference 02 7|52 % o|& LCS initial
condition®] zero7P obd A%, 0+ 5 oJH g5 7}8to] system]
output®] ¥3sh= ghol H =5 st do] T Qs

Dirac deltags o2 A A9
stE e 0ol A HE A&
shoj 2 UrkeE Aol gl
=5 317] 9%

ol 28A ul)+=
right —continuous
unit step function®. =

A o] o] of 7t}

= causal system2]
ULT= 737 faliA =
71 causal system® LT
< Totd Hoh

=} causal signale]®
convolution® causald}
o}, weba LT3 ULTS
2t

=, causal signals9]
convolution® ULT=
TstH

Zkzh LTsto] webd ¢
t}. The ULT of the
convolution of two
causal signals

equals

the product of

the ULTSs of the causal
signals.
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/ntegration Property for Unilateral Laplace Transfo%
x(1<0)=0

Recall: [ 0 x(7)dt [ x(@dr = x(1) u(r)

and from the previous page:

WULLx(#) = u(t) ;= X(s) - UL{u(t) }

Hence,

ULu(1)} = [ 0+_°° u(t)e ™ dt

+00 1
f u(t)e™'dt = —
J .S

L{u(t)}
1

—%(s) — same as bilateralj
S

then f_:o x(t)dt <—

integration property
for ULT
'of causal signal' 7}

gk Jojg 2 wofglit},

T

A J-T-7ko] 0—ol| A F-3t
= CIR= N

causal signal® 0—=%
B 9] integrator output
ol ULTS T3t7] 918l A
+, causal x(t)&] ULT
3} unit step®] ULTS &
st ¥ =Hl, =t causal
signal®| 2. =2

Zy7F o] LT 738l ot
Aok u(t) = A S ZA 7}
causale]|mZ LT¥ ULT
7} £t

A7 Fo& A& x(t) = causald 7} Qlth+= Aoty E& x(t) 7} causalel®
w2} expressione 2319 27} Atk gk, x(t) 9 ULTE X(s) o), gyt 2354

e 2=

M ULT X(s) % %H noncausal x (1) & W=+
T BLTY &g =dlgt zto] 7} it

e

f17] ol

Differentiation Property for Unilateral
Laplace Transform

~

x(t) <— %(s)
|
DO, () - x(0)
dt
Derivation:
dX(t) _ dX(t) st 1o _ —st|™® o —st
Gl(;ﬂ?{ o }— fo_ 7 e dt = x(t)e ot Sfo_ x(t)e " dt
X(s
= 5sX(s) — x(0") ©
dx(t)
Note: | w{—a’t—}
D) _ i{d’;(t”} s 5(5X(5) = X(07) = X'(0)

— 5°%(s) — sx(07) = x'(0)

\

partial differentiation F+2#& sttt Io 2 vl & v v

s

o A

Mo
.Hm

Mo

G913 4ot
Fatt. olal

both—sided signal x (t) 2]
u] 1 9] ynilateral LTS T
SHAF, A7 sk, of 2}
7 ULTS t7} o5&
A SRR x (1) 9]

t<Qoll A9 3= 22 gl
gag= 3

S gk, wl o] gh= Al o]
1 Aol A ] #5-ghell
S W] "o 1 g gFo]

e,

& =

x_1 ()= t<0oA] 10]2
U A =0,

x_2(t) = A 0ot}

E9ol ULTS 007 27
ok

n]&235E x 1(t) = t=009]
/] Dirac delta’} YEFY T2
x_2t) v 1¥A Lt

AR FE + — + — .,
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Use ULT’s to Solve Differential Equations
with Initial Conditions

Example: d ygt) +3 dy(t) + 2y(t) = x(1)
dt dt
yO0) =B, y'(O0) =y, x(t)=a-u(?)
Take ASFs:  S°US) = Bs—y + Ys) - B1+2%(s) = ‘z

(2] wlal

9(s) = Ps+3)+7vy N o
(s+D(s+2) s(s+1)(s+2)
ZIR ZSR

ZIR — Response for
zero input x(¢)=0.

.
(o

e ZIR — Response to initial conditions alone (o = 0).
For example:

x(1)=0, y0)=p=Ly'0)=y=0

ZSR — Response for zero state,
P=y=0, initial at rest.
Y$

Example (continued)

Response for LTI system initially at rest (8 =

sy =20
%(s) (S +1D)(s+2)

|
s+ 3 2 1
Yo = (s+D)(s+2) s+1 s+2
)
y(t)=2e" -, t=0

16

=] LCCDE® 2E t9
A AR R t>0— o)A

T Ay s

et ULTS s A E

sto}, wheba] o] & o] &5t

o y(1) 9 t>0—cA 9 &
@GS 7 = Q)

x(t) ¢ vy ()= EF causal
sttbal 71y st
o] 714 CaUSaIO]E} t>=0—

ol A non—zero= 74 4
0] = /\]_2_

ULT+= linear operator
o] 17
o

Q1 5 causal A3 9]
CIL T

2=

=
T C
zo

LCCDE with initial
condition®| input< 7}
S 9] output

ZIRS} ZSRE] o= vtek
o}

oty A E 5519999

linear ODE 9]
homogeneous solution?}
particular solution!!!!

T9]: zero state
response+= input®l w2}
o2 ko] "o A7 =
\alpha u(t) & 7} 9]
ZSRE T3 & ol
zero input response+ &
I E inputel zeroE ¥
RS 1} 2= response?]
t}. o] response”} zero®]
H LTIZF S A9, zeroZb
olyl™ LTIZ} oy},

causalXl vt gpFE 2
right sided exponential =
inverse LT3slH #Ht}
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Fourier transform®l*l+ x(0) & X (G\omega) & T3t Ho] ot (How?)

Unilateral LTl A& F°1% signal ©] t=0°]%A FJ= o, x(0) 2 # x(\infty) o] #t2 ULTZH

Bl 7% %7} 9lvk.

More About Unilateral Laplace Transform

_/

e Initial- and Final-value Theorem
If x(r)=0 at <0, then
x(0) = lim s%X(s)
§—>00

x(o0) = 11_1)1(1) SX(s)

/

Proof: From the differentiation property:

%@3{@} = s%(s) - x(0) 1)
dt
I :@-O-dt=0 for s —
LHS.= [ g -17"
0" dt +oo (X
fo_ " dt = x(0) - x(0)  fors—0

Then, Eq. (1) = x(0) = Slgg sX(s)

x(@) = lim s(s) QED

17

ﬂpplications of the Initial- and Final-Value Theorem

CN(s)
=06

n — order of polynomial N(s), d — order of polynomial D(s).

AN

For

e Initial value:

0 d>n+1
x(0) = lim sX(s) =<finite =0 d=n+1
§—>00
00 d<n+1
1
Eg. %X(s)=——m x(0)="?
s+1

* Final value (£.g. tracking error)

x(0) = lim s%X(s) =0 = lim %(s) < oo.
s—0 s—0

= No poles at s =0.

.

.

18

7h+3t example= A7t
SHAL,

x(t) = ber{atfu(t) 2k
A x(0) = 599 oF st}
X(s)=5/(s—a)o| 2=
sX(s)ollX s& F3d =
XU initial value”’} 1
=},

SrA p. 1594 initial
value® EH beta’} &

7FA3E exampleS A2}
SHAL.

x(t) = 5u(t)2ta shd
x (\infty) = 54 oF st}
X(s)=5/s o] B =&
sX(s)olA s& 002 B
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