EECE233 Signals and Systems

Lecture Note #16
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

Covers O&W pp. 741-763
The (Bilateral) z-transform and its ROC

Properties of the ROC
Inverse z-Transform

Examples

* These lecture notes are based on the lecture notes used in 6.003 taught b
Prof. Qing Hu at M.L.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.

The z-Transform
(another transform, any end?)

Motivation:  Analogous to LT in CT
x[n] ——  hln]  —— yln]
U

x[n] = 7" — y[nl=H(2)Z"
Eigenfunction
for DT LTI (From Lecture #5)

H(z) = E h[n]z™" (assuming it converges)

The (Bilateral) z-Transform
Z +00
x[n]<— X(2) = 2 x[n]z™" = Z{x[n]}| — z-transform
ZTFL (.., x[-1],x[0] x[1],.0& 2

polynomial ..
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Z'TF is very important
for

digital filter design,
digital control,

digital signal processing,
digital communications,
etc.
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The z-Transform — DT Laplace Transform
Recall:

X(s) = [ x(0)e s "2 fim i x(nAt)- At ()"
- A—0 — —

n=-e x[n] <

U DT, At is now finite

where

The Relations Between 2T and LT, s-plane and z-plane

eSA = ~
jw-axis in s-plane (s = jw) <  |z| =|e/?%| =1 — a unit circle in z-plane
9m I9m

jo-axis IzI=1 |
) z-plane

s-plane — Equivalent —/—\ P
Re Re

|ILHP||
LHP RHP

IIRHPII

» A vertical line in s-plane, Re(s) = constant < |e**/| = constant, a
circle in z-plane.
e LHP in s-plane, Re(s) <0 = |z| = |e®*| < 1, inside the |z| = 1 circle,
special case, Re(s) = -0 < |z| = 0.
* RHP in s-plane, Re(s) > 0 = |z| = |e**| > 1, outside the |z| = | circle,
special case, Re(s) =+ < |z| = o,
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O~n = O for n
nonnegative,
not defined elsewhere.
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ﬁe ROC and the Relation Between zT'and 0‘1‘%

X@ = Y alnlee”y " =Y (ln e
= F{x[n]r "}

ROC E{z = re’” at which i |x[n]r_”| < 00}

N =—00

e depends only on r = |z, just like the ROC in s-plane
only depends on Re(s)

\ Unit circle (» = 1) in the ROC = DTFT X(&/?) exists/
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/ Example #1  n]=a"u[n] — right -sided \

X(z)= dulnly" = Saz™!)
2l = 3 les)
a
_1-(azh)” I
C l-az’ i O
Unit Circle
-1 . b /
If |az |< I, ie. k>l z-plane
1 z Re
Then X(Z) = 1= P
1-az z—a

That 1s, ROC |z| > ||,

\o\utside a circle, “RHP” /
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Example #1 (cont.)

x[n]=a"u[n] —Z > X(2)=

a=1.1

gTTTTlTTTmm

10 15 -5

Imaginary part
! o

a=

1.0

1

1—_1f0r |Z|>|Cl|.

_aZ
a=0.9

o HUHNTTTTTT’

0 5 10 15 -5 0 5 10 15
n n

Imaginary part
! o

Imaginary part
! o

1 1 ROC 1
-1 0 R 0 1 1 0
Real part Real part Real part
ROC outside |z|=1 u[n] <= 1 include |z]=1
unstable 1-77" stable
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Example #1 (cont.) — What if a <07?

x[n]=a"u[n] <2— X(2) =

%for lzI>lal.
1 -

—-Aaz
a=-1.1 a=-1.0 a=-09
5 1 1
0 ???TTTTT 0 0 TTTTTT?
SUTLIT RERRER
) 510 5 5 0”5 "0 5 50 510 15

Imaginary part
o —

1
[y

Imaginary part
o —

1
—_

Imaginary part
o

ROC

oC
-1 0 1
Real part

ROC outside |z|=1

unstable

-1

0
Real part

1 1 0
Real part

include |z|=1

stable

The signals are all
right—sided and
consequently the ROCs
are all outside the
circles.

The third one is DT
Fourier transformable
and its ROC contains the
unit circle.

DT LTI's BIBO stability
iff

absolutely summable iff
Fourier transformable.

The signals are all
right—sided and
consequently the ROCs
are all outside the
circles.

The third one 1s DT
Fourier transformable
and its ROC contains
the unit circle.
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Example #2:
X(z)= i —a"u[-n -1]z"

n=1

= —Ea " _1-E(a‘1z)

A n]=-a"u[-n -

1] —

left - sided

I9m

Unit Circle

LTolA e} wpx7k 4= ZT
ol =

MNZ2 s F AT g2
algebraic3t forme ZT=
7Hd = ok =8 ROC
= TFEA]NE. .

A7 o] ROCel 323
2 7led = ok t‘f
o}

1

_’4/\14 o] /\19,]

ROC ol A *é%j tt‘r

-1
=1- M =9 z-plane
l-a z
®R
If |a_]z| <1, ie. |g<|d ¢
1 -1
Then X(z) =1"'= = i = ,
l-a a z-1
l-a7' @8a’
Same X(z) as in Ex #1, but different ROC.
9
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Example #2 (cont.)

x[n]=

Imaginary part
! o

0
Real part

ROC include |z|=1
stable

1
—ad"u[-n-1]<2— X(z) = —for lzl<lal.
1-az
a=1.0 . a=0.9
3
-0.5
_4‘
1856 5 %5 [0 5 0 5
n n
- 1 - 1
g 2
> >
50 §0
s s
E E
0 1 0
Real part Real part
inside |z|=1
unstable

Observation: ROC includes |z|=1 = stable.
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Zw A7 QL
< pol eJJr zeros 2719138 N(2)/D(z) 2
"pole zerol A& 27| A= N(z)/D(2)
2t} t9t pole ¥ zero at infinity+ W= =23l of gk},

= F3ddH 2Ty o

oldl F¥o|

convention¥ & A&
A ko 7 ZT—% &g

w2 25 ot

The signals are all left—
sided and consequently
the ROCs are all inside

the circles.

The first one is DT
Fourier transformable
and its ROC contains the
unit circle.
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Rational z-Transform

x[n] = linear combination of exponentials for » > 0 and for
n<0

X(z) 1s rational

N(Z) —

X(z) = D(z) ——

Polynomials in z

— characterized (except for a prefactor) by its poles
and zeros
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Properties of the ROC

1) The ROC of X(z) consists of a ring in the z-plane
centered about the origin (equivalent to a vertical strip
in the s-plane)
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"""""
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~~~~
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---------

2) The ROC does not contain any poles (same as in £T).
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a_n©°] complex numberd W, \sum_{—\infty} ~{\infty} a_n =
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ROC Properties (continued)

(3) If x[n] is of finite duration, then the ROC is the
entire z-plane, except possibly at z = 0 and/or z = oo.

Why?
N,
From X)) = Ex[n]z‘”
n=N,
eg. CT counterparts
oln] <« 1 ROCallz o 1

(S[I’l—ﬁ — ROCz=0 ot-T) «—— e T Re(s) = —0

qn+l] <« z ROCzmoo O(+T) «—» Re(s) = +
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oFA pole at infty €} zero at infty 2] 2]l whz}h
7+ pole at \infty ¢} zero at 0 & zt=t},

More Properties!

(4) Ifx[n] is aright-sided sequence, and if |z| =7, is in the ROC,
then all finite values of z for which |z| > r, are also in the ROC.

x[n]

N n

1
p 0.0)
" _
E x[n]r"
HHH ‘ || |||””HHHIIII"' P
n
converges slower than

HHHInTTTTTTTT?H?""::T? i x[n] ”1_”

n=N,
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Side by Side

(5) Ifx[n] is aleft-sided sequence, and if |z| = r 1s in the ROC,
then all finite values of z for which 0 < |z| <r_ are also in the
ROC.

(6) Ifx[n]is two-sided, and if |z| = r, 1s in the ROC, then the ROC
consists of a ring in the z-plane including the circle |z| = .

Quiz: What types of signals do the following ROC correspond to?

L z-plane o0 TN z-plane z-plane
\ ':' Re 1 ," Re i ‘ . Re
right-sided left-sided two-sided
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Example #3
x[n]=b"" b>0
x[n]=b'" x[n]=b!"!
1
1<b
O<b<1
]
Rewrite x[n]=b"uln] + b™"u[-n - 1]
From:
b"uln lzl>b
[n] 1-bz"
-1

and b "u[-n-1] Izl<;

1- b—IZ—l

16
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ﬂ:

xample #3 (continued)
1 -1
Tt -1 -1
1-bz 1-b z
Im

1
X(2)= b<lzl<—
(2) <z<b

Unit circle

~

\garly, ROC does not exist if b > 1 = No z-transform fW
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.

Inverse g-Transforms
X(2)= X(re™) = Sff{x[n]r_”}, z=re’” EROC
|
1

x[n™" = S_I{X(rejw)} = z—nfan(rejw)ejw"dw

|
x[n]= %fan(rej‘") r'e’dw

n

Z
j . g 1 -1
z=re’ =dz=jre’’dow = dw = 52 dz

J

1 - — Will not us
x[n]l=—¢ X ()7 dz
ZJ'C]f in EECE23

~

,/
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LTelA+= inverse
transform2] ©]
differentiation property il
A 2290tk 18 o Z TR
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Example #4 Q. otalsl 2o] X(2)7} |4+ DTAE
52 27 3-277"1 A B
X(z)= 1 . T~ -1 5 1 _-1\ T 1t 1
@ebEen (1-1z71-127") -4 1=
Partial Fraction Expansion Algebra: A=1,B=2
1 2 Im
X(z) = 1=z + -4z b
An] = x[n] + xn] SRRV
. \ 147 N3
Note, unique for z-transform: NN
1) When finding poles and zeros, e
express X(z) as a function of z.

2)

When doing inverse z-transform
using PFE, express X(z) as a
function of z°!.
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1
ROC 1II: lz| > 3 — right - sided signal
x[n]= (1/4) un]
x[n]= 2-(1/3)"uln]
ROC II: 1 1 o
: 7 <[l < 3 — two - sided signal
x[n]= (1/4)'un]
x[n]= -2-(1/3)"ul-n -1]
1 ) .
ROC I: lz| < 7 — left -sided signal

-1/ 4 u[-n-1]
—2-(1/3) u[-n - 1]
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Re

z°] polynomial =
&l dlA+= PFE &
inverse ZTS & <
webA za{—=1} 9
polynomial& 13| 3
A PFEs}oF gt} 1A
& RS QL8 Bfo g
WS PRE ST,

Y o o
2y
g

ST,

To find poles and zeros,
o] EoFo] £},

To do inverse ZT, HA
z~{—1} 9 rational
function©. = eI &
PFE& gt
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Inversion by Identifying Coefficients in the
Power Series When X(z) Has Finite Terms

X(z)= i Mz_"

n= -

x{n] — coefficient of z™"

Example #5:  X(z)=37" - z+27*

x[-3]= 3
x[-1]= -
x[4]= 2

x[n]=0 for all other n

— A finite-duration DT sequence
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Infinite terms”7} = A S+

1) right—sided

2) left—sided

3) two—sided

% o] ROCE SAS dgsina

Finite terms7F A= A3 &

1) causal

2) anti—causal

3) neitherl

% o] ROCE 54 S g3l Bt

1

3] ROC7} z=0% z=infty &

AAY 219 o] z~{-1}
9] rational functionO] 3
© A& oYt o &

z~{—1} ¢ finite length
polynomial®] 2 77}
St} o]d A -2
inverset "¢~ {Fsith

7z=0% | z| =infty & A 2]+
Y& z—plane®] ROCo]t}.

Fah= A of ool 0| stet
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