EECE233 Signals and Systems

Lecture Note #17

Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.

Weiss, J. White, and A. Willsky)
. Covers O&W pp. 763-797

. Properties of z-Transforms DT signals and ZT
. System Functions for DT LTI Systems DT LTI systems and ZT,
. Geometric Evaluation of z-Transforms and DT Frequency

Responses 53] LCCDEZ YER}+=

. First- and Second-Order Systems DT LTI system

. System Function Algebra and Block Diagrams

> O

. Unilateral z-Transforms
* These lecture notes are based on the lecture notes used in 6.003 taught by
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.
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Properties of z-Transforms

x[n] <= X(z) = Ex[n]z_"

(1) Time Shifting "
=, The rationality of X(z) is z~{—n_0} = n_0%= 9
x[n - nO] 2 X(Z) unchanged, different from £7. ROC delay & LA T
unchanged except for the possible
(2) z-D main Differentiation addition or deletion of the origin or zZ7F Wl A= 0014 9] pole©l
X (z) e (maybe) cancel= 74\ infinity <]
nx[n] -2 a4z nz< 0 = ROC z = » (maybe) polec] A1t
+00 ZA{_1}7]‘ %16‘ X]\?i 001]}\19/]
Derivation X(z)= E nlz" zero’} cancel®] At} infinity
== oA zero7t A1t
dX(z) «
dz Ew
dX (z) «
- ! QED
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/Convolution Property and System Functionx

x[n]—— h[n] ———y[n] = x[n]*hn]

Y(z) = H(z)X(z) , ROC at least the intersection of
the ROC’s of H(z) and X(2),
can be bigger if there are pole/zero
cancellation. e.g.

H(z) = :
—a

lzl>a
X(2)=2z-a 7 #00

= Y(z)=1 ROC all 7

H(z) = E hnlz™"| — The System Function

n=—-0

CAUSALITY

(1) h[n] right-sided = ROC is the exterior of a circle
possibly including z = oo

o]

H(z)= Y hlnlz"

n=N,
If N, <0, thenthe term A[N,]z "' — o at 7 =

= ROC outside a circle, but does not include .

Causal <& N, =0
J

A DT LTI system with system function H(z) is causal <
the ROC of H(z) is the exterior of a circle including z = o

4

FIR impulse responseS 2t
+ Al 2" finite duration
signal% ZFR2o =8 Fo
L Ao vtE o] L& 4 9t}

non—causal FIR filter&
A Zts)] B2} pole ©|

infinityl] /= o+ Qo=

2. 59 3

o

A% x[n]=deltaln+1]->
causal®] oYL

X(z) =zZ infty°ll A pole&
zZt =1},

w24 ROCE infty S A 9
st ggo] #r,

A | z| =infty 2H= 91 A7}
CUlell &Af8l= A2 ofy =
2 At oJujoA = ROC
7} entire z—plane©] A 2k
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DT LTI Systems Described by LCCDE’s

S aoln-k]- }:b[ 4]

k=0

Use the time-shift property

N M
a7 Y(z) = Ebkz'kX(z)
k=0 k=0
U

Y(z) = H(2)X(2)

— Rational

ROC: Depends on Boundary Conditions, left-, right-, or two-sided.
For Causal Systems = ROC is outside the outermost pole

Causality for Systems with Rational System Functions

b,z"+ b, 2"+ +bz+b,
N

H(z) = N-1
ayz" +ay_ 2"+

+az+a,
U No poles atoo, if M < N
A DT LTI system with rational system function H(z) is

causal < the ROC is the exterior of a circle outside the
outermost pole, including . Thus

N>M

/\ﬂﬂ o= o] ]/\%Lg_
lienar E—rE oldF &,
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stable& % ot it}
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*O] non—causal3t term
== YHEo] Wk
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/ Stability \

e LTI System Stable < E ]| <> =

n=-0w

ROC of H(z) includes the unit circle |z| = 1

=> Frequency Response H(¢/®) (DTFT of h[n]) exists.

e A causal LTI system with rational system function is 1o pole at infty.

stable < all poles are inside the unit circle, i.e. have

magnitudes < 1.

Geometric Evaluation of a Rational z-Transform \ | 144 95 paraitel

3t
Example #1:
X,(z) =z - a — A first-order zero Im
Example #2 z-plane
X,(z) = 1/(z - a) — A first-order pole 7z z
1X,() =1 1X.(2)), £X,(z)=-2X,(2) z-a
R Z(Z - a)
E . [T (Z _ /3),) < —
xample #3:  x(7)= M—(Z - ) a a Re
B;
N [y R k=P
Tl

\ LX(z)=LM+ZL(Z—/3;)_24(Z_O‘/‘) /
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Geometric Evaluation of DT Frequency Responses

1 z
First-Order System  H(z) = —— |2l >lal
— one real pole
h[n] = a"dn] , ld<1
IH(el®)l
ZH(el®)
20 ¢ i g
g
Unit circle T z-plane
VA1 /\m
$v2\ | a=05
NI N
1

-T2+

v, | 1

H(e™" )=, [H(”)l=

, LH()=tLv, - Ly, =w - Lv,
Vv, lv, | v, |

Second-Order System
Two poles that are a complex conjugate pair (z,= re/?=z,")
4 1

H(z) = = - —. O<r<l, 0O0=0=m
2) (z-z)z-2,) 1-Qrcos®)z ' +r’z”
4 1 sin(n+1)6)]
|H @ |= n S T n . h = "
(™) (e = re’”) (e —re™®)I [n]=r sin @ u[n]

Clearly, |H| peaks at w = +0 (remember the tent analogy).

IH(elo)] ZH(el®)

Unit circle

pole zero®| 91X & }o}st
uj o} 7R 2 DTFTE
ZTE o] &3l o]s]gu =
o] B (RAEE 5% 29
rational function2r) ©. %
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Demo: DT pole-zero diagrams, frequency response, vector
diagrams, and impulse- & step-responses
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Folz H1(z) systeme®]| 2
£ o] Al2Hlo] stabled}
A gAY sto] T HE S
atar Alct, ofw) 2 W
o] BFx AAEl H2(2) & W
. . 5 9%} o] F=wg
System Function Algebra and Block Diagrams A W o)}, A4

system function®] A3} &

Feedback System ] el ';*[(rf]) > yinl Z o' vl &1}
(Causal systems) g '
M| He) |
ho[n]
Y(2z2)=X-YZ)H2(2))
Black’s formula: . o H,(2) H2(z) oA 34 ...
Example #1: X@ 1+ H@OH() feedback filter7} 0o
xin] ® yinl  xin] f@_ yin] ARk Aol =tk - > el
feedback?] &g
- = —— Hl(z?&’i‘?ﬂ system
17| 4z function=
H(z) =——
1958™ A delay in the feedback H1(z)/ (1+
J branch results in an H}lz,EZE)} H2(z) ) =
1/42 tgaohd Lo exponential A[n] — echo. HPC
ARC S B B R P I

Aojel A ol AFg-E
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impulse response?] ZTFO]| first order pole system©]™, ©]+ delay component”} 3}l
feedback LCCDE® Wbt}
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Example #2: \
1-27"

H(z) = — =( 11 _1) (1-2z"") — Cascade of
1-3z 1-3z

two systems

U
PR S— el Sy
|

> y[n]
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Unilateral z-Transform — Many Parallels with ULT

A(z) = Y xlnlz”
n=0

Note:

(1) If x[n] = 0 for n < 0, then %(z) = X(2)

(2) UZTof x[n] = BZTof x[n]u[n]
= ROC always outside a circle and includes z = o

(3) For causal LTI systems
\ (z) = H(z) /

14
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e Convolution property (for x,[n<0] = x,[n<0] = 0)

Many properties are the same with BZT E.g.

x,[n]# x,[n] <% %,(2) %, (2)

yln] = x[n -1] <= 9(z) = x[-1] + 7" %(z)

Derivation:

U2) = Y, ylnlz

= x[-1] + 7! Ex[n — l]z_(”_l) QED
n=1

%(z)
15

Use of UVZTs in Solving Difference Equations
with Initial Conditions
ylnl+2y[n -1]= x[n]

a

y[=11= B, x[n] = au[n] <— 5
1-z

UVZT of Difference Equation

VZ{y[n-11}
f—/%

Y+ 2]+ U] =

— Z_
U
_ 2p a
)= 14270 (1+2z7H(1-z")
%/_/
ZIR ZSR

ZIR — Output purely due to the initial conditions,
ZSR — Output purely due to the input.
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Properties of Unilateral z-Transform \

* But there are important differences. For example, time-shift

= Ex[n —1]z7" = x[-1] + Ex[” —1]
n=0 n=1

3714 x[n] 2 HEEA]
causal?! 74 & oty T},
A 01]1_ arguementﬂ -
TefA] Arobd ] X 3
;]r delay & 1 Ao} L}2
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Example (continued)

-

=0 = System is initially at rest:

1 o

ZSR  Y(z) = I (2)X(z) =

H(z) X(z)
1

+27°!

IH(z) = H(z) =1

o= @& = Get response to initial conditions

.

ZIR _ . 2p
Y2 = 1+277°

= y[n]=-2B(-2)"u[n]

1+2z7 1+ 77!
%r_/%r_/
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