EECE233 Signals and Systems

Lecture Note #18
Prof. Joon Ho Cho

(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)

Covers O & W pp. 514-527
. Sampling of a CT Signal

. Analysis of Sampling in the Frequency Domain
. The Sampling Theorem — the Nyquist rate

. In the Time Domain: Interpolation

. Undersampling and Aliasing

* These lecture notes are based on the lecture notes used in 6.003 taught b
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the ||,

permission of Prof. Qing Hu.
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SAMPLING

— A crucial step in converting CT signals to DT, so that
we can use versatile digital computers or DSPs to

process them.
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How do we perform sampling?

Taking snap shots of x(7) every T second. That is, taking
x(nT), and later convert x(nT) to x[n].
Example: A sample-and-hold circuit that produces
such periodic snap shots.
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The issue of sampling also applies to
spatially varying signals

Examples: Light-sensing part of a digital camera — a CCD
(Charge-Coupled-Device) device. The spacing between the adjacent
elements determines the Megapixel. Also, human’s (and all
animals’) light sensing is discrete.
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CCD (charge-coupled-device)
at the focal plane of a digital
camera
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Mathematical Model of Idealized Sampling
Impulse Train Approach — Multiplying x(¢) by the sampling function

(t) o0
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x(t)—>®—> Xp(t) =
x, () =x(1) p(t) = i x(#)o(1 = nT)
X(t) e
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Why/When Would a Set of Samples Be Adequate?

e Observation: x,(?), x,(?), x;(¢) and many other signals have the same
samples

X3(t) xq(t) Xot)

*  Obviously, by doing sampling we throw out some (a lot)
information (all values of x(¢) between sampling points are lost).

* Key Question for Sampling:
Under what conditions can we reconstruct the original CT signal
x(#) from the sampled signal x,(£)? — x(¢) cannot change too fast.
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/Analysis of Sampling in the Frequency Domaﬁ

x,(1) = x(1) p(t)
Multiplication Property = X, (jw) = 21—], X(jw)* P(jw)

But P(jw) is also a "sampling function" in the frequency domain
271 Q
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/ lustration of sampling in the frequency-domain fo\

a band-limited (X(jw)=0 for |®| > w,,) signal
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/ Reconstruction of x(7) from sampled signals\
p() = £ 5t~ T)

l X(jo)
]
X (t) >(%) X H(jo) > X(t) / \
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Xp (jo)
Clearly in thi T e
early in this case,
XG0 -X(o) LN, /\ :
= x()=x() Hio)  (©s-om)
T 0V <0¢ <(0g -0Mm)
If there is no overlap | |
between shifted spectra, e o e ¢
[0)
a LPF can reproduce x(¢) 1r J
from x (7) / \
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/ The Sampling Theorem \

Suppose x(?) is bandlimited, so that
X(jw)=0 for|w|> wy,.

Then x(¢) 1s uniquely determined by its samples {x(n7)} if

w, > 2mw,, = The Nyquist rate

where o, = 2m/T.

Intuitively, this makes sense since a bandlimited signal has a

limited amount of information, which can be fu//y captured in
the snap shots {x(nT)}.
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Observations on Sampling

p(t)

(1) In practice, we A %0 N
. x(t) ) 1 —xo (1)
obviously 04
don’t sample with
impulses or 0
implement ideal /\/\

lowpass filters.

One practical example:

— The Zero-Order T‘ ‘ TTTTT

Hold t

Xo ()=xp (t)*ho(t)
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Observations (Continued)

(2) Sampling is fundamentally a time-varying operation, since we
multiply x(¢) with a time-varying function p(¢). However,

p(t) = 2 3(t- nT)

Xp(t) ,
x(t) > (> )——>H(jo) > X(t)
H(jo)
T wpm <0¢ <(0g -wp)
'(Dc (Dc w

1s the identity system (which is 77) for bandlimited x(7) satisfying
the sampling theorem (w, > 2w,,).

(3) What if o, < 2m,,? Something different: more later.
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Time-domain Interpretation of Reconstruction
of Sampled Signals — Band-limited Interpolation

p(t) = 2 3(tnT)

X(t) /LX"“) LA

\J

.mc (0N

oM <0 <(wg -0pm)

Tsin(a)ct)
X ()= x, O h(t) s () = ———=

= ( Ew x(nT)d(t - nT)) * h(t)

n=-0

= § x(nT)h(t - nT) = i x(nT) TSir;T[(a;c_(tn;;lT)]

The lowpass filter interpolates the samples assuming x(¢) contains
no energy at frequencies > w,
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Graphic Illustration of Time-domain Interpolation

Original

CT signal X(t)
t

After sampling X(l)

The LPF smoothes

After passing the LPF X(t) out sharp edges and
fill in the gaps.
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Commonly Used Interpolation Methods

¢ Bandlimited

Interpolation

y(t) = x(t)
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Linear
interpolation,
commonly
used in
lotting.
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Demo: Sampled Images
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Undersampling and Aliasing

When o, <2 w,, = Undersampling
X(jo)

1

[

'2(1)3 O 0 Wg

Note w .- w,,; < Wy, X
= W, <2 0y,

®
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Undersampling and Aliasing (continued)
p() = 5 8(t-nT)
x(t)—>@ X H(jo) > Xr(t)
H(jo)
.
o5 = o X (jw)= X(jw)
Xe o) Distortion
TN because of
aliasing
-u;S mzs [0)

— Higher frequencies of x(¢) are “folded back”
“aliases” of lower frequencies
— Note that at the sample times, x (n7) = x(nT)

and take on the
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/ Therefore, the first step in sampling is
anti-alias filtering (AAF) — a LPF to

assure that o, > 2m,,

+00

before sampling
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band-limited

™.

/
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The effect of anti-alias filtering (AAF)

X(jo)
1
with AAF
M M ®
P(jw)
&n*
SR A A Y
-200g -Og 0 s 20 3ns O
Xp(jw)

/\/\/\/\A\AAAAA

The AAF low-pass filter w111 r1d of the 1nformat10n in
x(¢) beyond |w| > w,/2, but will avoid the much more
serious aliasing problem. trade—off7} 21t}
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Effect of sampling on images

The effect of the anti-aliasing filter (AAF) is seen by
comparing the reconstructed image without AAF (left) and
with AAF (right). Both used a first-order hold.

First-Order Hold Anti-aliased sampled image

Effect of sampling on images (cont.)

The sampled image (x2) has been reconstructed with a zero-
order hold on the left, and a first-order hold (linear
interpolation) on the right.

First-Crder Hold
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Effect of sampling on images (cont.)

The original image is shown on the left and the same image
passed through an anti-aliasing filter appropriate to sampling
every 4th point is shown on the right.

Original Image Ant-aliased sampled image
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