EECEZ233 Signals and Systems

Lecture Note #21
Prof. Joon Ho Cho
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T.
Weiss, J. White, and A. Willsky)
Covers O & W pp. 601-604, 611-613, 619-623, 545-555
AM with an Arbitrary Periodic Carrier

Pulse Train Carrier and Time-Division Multiplexing
Sinusoidal Frequency Modulation (FM)
DT Sinusoidal AM

DT Sampling, Decimation,

and Interpolation

* These lecture notes are based on the lecture notes used in 6.003 taught b
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.
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AM with an{Arbitrary Periodic Carrier

X(t) ﬁs y(t)

c(t)

c(t)-periodic with period 7, carrier frequency w, = 2%

Remember: periodic in ¢ <— discrete in @

& 1
C(jw) =27 Y ad(w -ko,) (a, = — for impulse train)
k=—00

U
Y(jw) = LX(]'a)) *C(jw) = X(jw) * i aow-kw,)
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k=—-

- 200 a.X(j - ko))

k=-o
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ﬂ\/lodulating a Carrier of Square Pulse Train 2w e st ETE W
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o] ik,

o] F7] &9 F717}
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o]} o] F7g el =
O~
T
)

o dofl s

W) =x(D)c(t) vy =

Analysis of AM of a Square Pulse Train Carrier
A square pulse train = ()

a square * impulse train :
C(jo) =27 Y ad(w- ko,)
k=—o0
a, — a discrete sinc
Cljo)
. — 27A/T
A sin(kw, A/ 2) o S
a() = — . ak = s // \\
T Tk 1 1
| S L | camrier Alg e 218
——--7 Seeoo-7T 2~ 0
. . . V(o) 9] fundamental
= — S
Y(jo) I X(jo)xC(jo) . e frequency \omega_c”7}
D ) S WERENCIEY message signal 2]
TAWN @Ese; . bandwidth \omega_M2] 2
w,>2w, . Hjj o]Ato] o] of (o aliasing!
\\v“ "V “we —wy Wy we \/\\‘ ~ [ -7

Nyquist rate is met
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Observation
1) We get a similar picture with any c(¢) that is periodic with period T

2) Aslongas w, =2n/T > 2w,,, there is no overlap in the shifted and
scaled replicas of X(jw). Consequently, assuming a, = 0:

1/a,
x(t) oO—XY LX)
I -0./2 /2 ®
c(t) f_Z a,elkoct

x(t) can be recovered by passing y(¢) through a LPF

3) Pulse Train Modulation is the basis for Time-Division Multiplexing
— Assign time slots instead of frequency slots to different channels,

4) Really only need samples {x(nT)} when w_ > 2w,,
=> Pulse Amplitude Modulation
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AME] &A14:

A7t HAR AY w2t W FoA shadowing®] A7 AY At} WY 5o 23] multi—path7F oW (&
T opdE T TV IAEHY, 52 AMOIA = TVl A d delay7F 2R = kol Al 7|7 vt}
A5 ol A717F Fo] =1L ol Wt demod® WAIA 2] A 77} WstoE, HAeA] wo] H3 & 58S x.

Sinusoidal Frequency Modulation (FM)

. L . ) e Rl FM2, A5 9] A7
(A nonlinear operation in general, will only discuss the principle here) A7} Ae] A 93l phase
1 A7) Wel Az A
X(t) Oscillator y(t) = A cos (8(t)) 717F M3l = demod®
T message?] A 7]= W3R
gt =2 AYAA ot
o, Amplitude fixed A noise”} dominant 2l

. AN Ag7F A8 A A EE
Phase modulation: 0(t) = w,t + 0, + kx (z)\ Signal to be ; j":/_:jX]} 371—; o]]r/]}e
Frequency modulation: fﬁ@ = w, +ko, ()< transmitted =388

\_ﬁ/—/

instantaneous
y(t) y(t) "Chirp"

1N M AN M Amplitude Modulationel %

RS

t ! Angle Modulation®] 1.
1 o .

t)=teu(t Phase Modulation (PM) %
g Frequency Modulation
/ (FM) 521 o] Q) t}
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Sinusoidal FM (Continued)

e Transmitted power does not depend on x(¢) (Average power = A?/2)
*  Bandwidth of y(¢) does depend on amplitude of x(t)
e Demodulation of FM signals
a) Direct tracking of the phase 6(¢) by using PLL
b) Use of an LTI system that acts like a differentiator
®

C

l
v(t)

y(t) —— H( o) —— | Envelope Detector |——

H(j w) — Tunable band-limited differentiator, over the bandwidth of y(¢)

H(jo)= jo
U
v(t)= d)éi(tt) =—(w, +ke(1))Asin6(r) — AM, then envelope
d40/dt detection
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DT Sinusoidal AM — E.g. SAW BPF

Sinc funchion Note finger polarity

IDT Apodization chon%%igttscrossover’/l""]\
e From Lecture #10 - \_‘\“)/
{

e A sinc h|n] 1s a low-pass
filter. Here we use a
modulated sinc
(multiplied with cosw n) et DPODIEATION
to construct a bandpass
filter centered at w,.

]
T

N
]
T

-
©

[
[~

rREL[?TIVE' INS?RTIQN LO?S (dB)
w
=

@
o

1
1@ 128

EL] 108
FREQUENCY (MHz)

phase locked loop: A H. %
A8 E, AxE] 2 A7E
of v A!
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DT Sinusoidal AM
Multiplication Property

yn] = x[n]-c[n]<—>Y(ej‘”)= ZL 5 X(ejg)C(ej(‘”'e))dO — periodic convolution
]-[ T
X(el*)
Example #1: !
fn]=e /\ /\
2n —wy 0 Wy 2w w
)22z 3 - clel)
= (") 2;12065((1) w, +27k) |2 Zﬂ‘ Zﬁ‘
- 2I‘n' —2T+we 0 We 2‘11' 2T+ we w
1 Y(el)
Y JO) _ /‘U C -
(") = 75 X" )@ c(e”) i CTol A ¢} vharbA =
complex sinusoid= A
| | DTFT%E shiftg o]t}
—27  —2mtwg (we—wp) we (Wt wy)
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Example #2: Sinusoidal AM
oI A] Euler's identity 7} <
dn]= cos(a)cn) Q3}u}.

C(e™) = JL’{ i w-w, +27k) +6(w +w, + 2th)}

k=—-o
X(el)
1 Drawn assume:
/\ /\ w, -w, >0 &
| |
—-2m —wy 0 wy 2w w
2n-w, - w, >0, + o,
c(el)

11 ko ke K ie.
T T \ ‘ I ee. Wy <@, <T—W,,
1 1

2w 2T+ we —we 0 We 2T~ Wwe 2w 2rtwe W |$ wM <J'[/2I
T —w.—wy)

Y(ejtu) _ L X( jo ) ® C(e/w) vie)
No overlap of
/\ /\ /\ \/\ /\ " shifted spectra

—211 —2m+w, —we 0 We 2T —we 2w 2Ttwe W
()C Wy UC+UM
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Example #2 (continued): = Demodulation

Possible as long as there is no overlap of shifted replicas of X(&/®), i. e. as
long as .- >0 and o + 0y <27- 0 .- Wy, i.e.

COs wen Lowpass filter

H(e!)

T

-W W w

W, <O, <T -0,
> xin]

yinl @ win]

/\/\T/\/\

_2‘:1'+wC e Trzq-r We
Wler)=v(e)ocle) T
NAN AL
—2w 2w, W W 2w, T W
X(el)
AN
“on —
11
Example #3: An arbitrary periodic DT carrier

/\

)\X(CM)
1

2T -0, O, 2n )
c[n] = c[n+N] e

2ma | 2ma, (N=3)

. | —2m, -, 7 2ma, o, 20, i .

T N
2ma, 2ma 27a, 21a,

a )RWH) - X(e")® cle”)

\ alP
AN o /N

\/ \/ Oy \/ \/ w O

No overlap When W,> 20y, (Nyqulst rate) = wy <n/N

12

CTellA eF vizk71A] .

\omega_c2] oj#
© HEEA] 2\piZt #
A A

A )
S ol
= N
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/ Example #3 (cont.) \

wkn 2
c[n] = E ae’”™ "N = c[n+NY , =_ﬂ
k=<N>
2k
=27 Y a (a)——)
k_z_oo ¢
. 1 . , 1 N 25k
Y1) =—X(e’)® Cle’ )= — X" ) ) 27a 5((0——)
() = o x(e)o cle) = 2o x(e" ) o S om0 22
t )
periodic convolution regular convolution
-1

_ akX( - an/N))

k=0
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DT Sampling

Motivation: ~ Reducing the amount of signals to be stored
or transmitted. e.g. CD music recording (Lecture #24).

X[n] :@ > x,n]

f

plnl = 3 & [n - kN]
k=-00

e
T 1 1 1 1 1 1™ n=s

n

x[n]

N D

n

14

= T (N-1D) S
zero@x HFIET}

Q. DT sampling <= LTI
operation®l 7}?

A. No, itisan LTV
processing.

seEYe By g A

o] 71T},
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DT Sampling (continued)

~

27
W, =—
N

8[n-kN] < P(™) = i’—” 2

k=-0

o(w-kw,),

dn] dnl= S fvleln— kv

k=-

x,[n]=

otherwise

{x[n] , if nis a multiple of N
= 0 ,

} = Pick one out of N

X, (") - %X(ej‘”)@) Pler)-

— periodic with period w, =

.
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DT Sampling Theorem

/Wecan reconstruct x[n] if w, = 2n/N > 2w,

Xe")

A

wy 0 wy

~

AN

2w

/N

2T

Pe)
2w

T”Jf (I N

Wg 27 W

Xo(€") —ZLX(e )®P(€ ")

/\/\/\/&/\/\/\

—Wy 2T w

Drawn assume

W, > 20y,

Nyquist rate is met
= oy <n/N

(U —wy)

Drawn assume

W, < 2my, 1
Aliasing! N
| |
J— [N 2T w
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TDell A N7i =}t
samping sH4

FTol A=

0%} 2pi Akoleol (N—1)
9] impulseE ¥+
impulses 7+H9] 7+A &

2pi/No| T},



/ Downsampling \
x,[n] has (n - 1) zero values between nonzero values:

Why keep them around?
N

l

X[n] —— Decimation — X, [n] = x[nN]

zero values
j N

x[n] R—=L Discard Zero Values|— x,[n] = x,[nN]

Useful to think of this as sampling followed by discarding the
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Hlustration of Downsampling in the Time-
Domain (for N =3)

A iy ™

0 n
After DT
sampling Xpln]
MONTE ‘ ] ‘ I
L *—©@ *—©@ *—© *—©@ @ @ *—©@
0 n
After

discarding

Xp[n]
zero values C T { I I I [ I T compressed in
0 n time by N

2] WA oA =

DT samplings 43 =
zero®Z HH o] A2 DT
signale 9+ Zlolar
downsampling< 71 zero=
= AAsI] A= DT
signal& 9+ FAo =2 49
Eia=

T 3!

= .

downsampling= LTV
processing®|th. kAl A
HAE A gl Aol A

4 % gk
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Downsampling in the Frequency Domain

400

X,(e”)=Y x,[k]e”™ (x,[k1 = x,[KNT)
k=-00
= [kN e Letn=kNork=n/N
k=-00

= N X [n]e_jw(”/N)
p

n a multiple of N

+0

E xp[n]e—j(w/N)n

n=—0

- o)

(since x,[n=kN]=0)

stretched in
frequency by N
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Ilustration of Downsampling in the Frequency Domain

X(e')
-y (O] m 2n (0]
Xp(e®) After sampling
1
N

N NSNS NSNS

Xp(e!®) After discarding zeros

A

Ny, rt

O)M O)S_2TT/N L
|
2n 0]
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Q. DT processing 0. & i}
27 ZYolste 7= 1
S AT oA stHE
72

A. AAF%
Downsampling!!!

= decimation

A} 07 CToA <
sampling ¥} Y+ F o]
=3

@ sum©] finite sum®|t}.
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The Reverse Operation: Upsampling (e.g. CD playback)

Xp[N] ———

il

Xp[N]

I

Conversion of
decimated sequence
to sampled
sequence

Ideal lowpass
xpln] | ™ itter

—>x[n]

H(e")

Inserting (N-1) zeros

A S

i

J_lx_pl[f]-l_u_l_l_- ASVAN “’/P\

N

2T W

x[n]

e

Stretch in time b

a factor of N =

-
2

X(e)

[NTE ) Sp—

21' w

Squeeze in fre uency

mmm

ﬂ\ by a factor of

Def.
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Q. DT processing W°.
2 =gA Ego] st
Ao}

A. Upsamplilng®} 2 &
St filtering!!!

= Interpolation

upsampling

interpolation
filtering
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