EECE233 Signals and Systems

kA Lecture Note #8¢l

L ecture Note #9 X CT signalel ti3l FT3}
Prof. Joon Ho Cho inverse FTS vl %t} .01
(Slides thanks to Qing Hu*, D. Boning, D. Freeman, T. 71X = 159 properties

Weiss, J. White, and A. Willsky) ol T3l e

Covers O & W pp. 306-333, 358-361
The convolution Property of the CTFT
Frequency Response and LTI Systems Revisited

Multiplication Property and
Parseval’s Relation
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The DT Fourier Transform

* These lecture notes are based on the lecture notes used in 6.003 taught by
Prof. Qing Hu at M.I.T. These notes are adopted for EECE233 under the
permission of Prof. Qing Hu.
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The CT Fourier Transform Pair

x()<—X(jo)

X(ja))=f_+:x(t)e_j“tdt —x() ] FT

x(t) = 2Lf+ooX(ja))ej“”da) — X(jw)4] Inverse FT
J'E —0

Last lecture: some properties
Today: further exploration




Convolution Property o] 4L, two
indepedent random

30) = (1) * x(6) = Y (joo) = H(j)X(jo) variables®] §| pdfis
pdf®] convolution®] 11,
w24 two indepedent
random variables?] &9
characteristic function-
% characteristic

i . 1) 1 o] = = A
oo e

where h(t) <— H(jw)

Basically a consequence of the eigenfunction property

| , ..
x(t) = f - (Z_Jr X( ja))da)) o | superposition
e . 1 ) i Math: Convolution® FT<
coefficient y(t) =f_oo (H(/ a)) EX(] a))da))e’ t FTE o) Produeto] o
New coefficient EE: LTLI §ystem output?]
1 o CTFT< input CTFT 2}
= 2_f H(jo)X(jw)e" dw frequency response?| ¥
j‘[ —00
Y(jw)

The Frequency Response Revisited

Now, we have a crude

X(O) —— B 2O = h()% x() tool to design the
impulse resp. of a filter.
Y(jw) = HGw)X(jo) 1. Design the frequepcy
response of the desired
] filter.
The frequency response H(jw) of a CT LTI system is simply the 2. Find the inverse
. o CTFT. Done!
Fourier transform of its impulse response /(7)
E le #1: » .
xample # ()= H(jw) 0
Recall e/ —— 2m8(w - w,)

Y(jw) = Hjw)X(jo) = H(jo)2m0(w - o,) = 27(j 0,)0(w - w,)
|| inverse FT

»(1) = H(jw,)e'""
Now it is clear to see frequency shaping effects of earlier demos.

o] A3} % H-¥ phasor analysis 7} 1)r%_‘jr.
_linear circuit® 48 o] sinusoidd W] &332 A3 Yall A o] differential equations = Z 27} ¢l
o] algebraic equatione =9 & do| ¥},
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Example #2: A differentiator

dx(t) phasor analysis®]A]
t)=—= — -
1) i an LTI system W RS Nomesa s
. - d Frr . AdE 1/(\omega) =
From differentiation property = —<—— jo vl AL wg

di .
Fourier transform<]

Aol ATt
U
H(jw) =jw

1) Amplifies high frequencies (enhances sharp edges)

2) +m/2 phase shift (j = &7?) Larger at high @, Phase shift

d . _ _ .
<sinw, t = w,cosw,t =w, sin(w, ! + 1/2)

d _ 1 =
~“-Ccosw, f =—w, sinw,t =w, cos(w,t + m/2)

Example #2: Edge enhancement using DT differentiator
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Example #3: Impulse Response of an /deal Lowpass Filter
H(jw)
1
— o, )
U
h(t) = L o ey - SO sinc(wct)
2md-o. it 4 4
Questions: ‘ sin(720)
1) Is this a causal system? No. sin ¢(6) = 0
2) Whatis /(0)? h(t)
| S
h(0)=gf_wH(]a))da) =w,/n 0,
3) What is the steady-state value of
the step response, 1. €. s()? A~ ~
0 \/;L' Tl:““\/
s(2) = [ ht)dt = H(j0)= 1 "o

7
Def. The (sine integral is defined as Si(x) = int_{0}~{x} sin(t)/t dt

0] 71 & o] 8-3}o] CTFTIA ¢ Gibbs' phenomenons 594 & Q).

Example #4: (Cascading filtering operations

H, (o)

H, (o)
-/
H(jo) = H,(jo) H,(jo)

eg.  H (o) = H(w)

1 H(jo) = H(jw) has a
—> sharper frequency
IX selectivity

j\_

Q1. Is the square pulse an
[~1 function?
Al. Yes.

Q2. Is the CTFT of the
square pulse an L~1
function?

AZ2. No.

Q3. Is the CTFET of the
square pulse an L.~2
function?

A3. Yes.

A {FT-S A A &
A REIFPT 7 &4 8k
MS sense & x (1) 7} &
=3

convolution®] CTFTEY
O E YEHorE g
st A yjolt}

F filter7} &< 3 non—
ideal LPFo] ™ resultant
filter+ T] narrow?dr LPF

ojth.

Z=Q: A|2Ho] [ TIolH
input®l $1¥! frequency
AEo] outputell 4 A A
A b=
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Example #5:

sin 4stt . sin 87t B

?
., Y(jw) = X(jw)

x() h(t) = (1) = x(1)

X(jo) I H(jo) Y(jo)

1 y . |

—47 i ® -8x 8n O —4n i o
—at? bt?
Example #6: =9

Gaussian x Gaussian = Gaussian,

Gaussian * Gaussian = Gaussian

o] e A TH F 23

9

¥ (lesson):

x(t)=eu(t)y, a>0

X(jw) =f_+:x(t)e'j“’dt =f+oo e e dt

e—(a+]a))t
_ (1 e-rion] 1
a+jw 0 la+jw

10

Q. int

sinc (x) sinc (3x)dx = pi.
int 1 3 5 = pi. Then, int
135..15dx?

A. < pi. Why?

AR EAC A, 1
independent Gaussian
random variables?] $-=
Gaussian random variable
AdS R "= TAE =
characteristic function=

o] gl A <t

7]

o714 HEE=A] 7]l e A

o

1) right—sided real
exponential® CTFT+
rational function of j
omega thi= A

2) jomega = s&} =°wW
1/(a+s) 7k ¥ 1 divide
by zero error 7} ¥ s
el —a7F x(t) oA e
exponent®l t&} &7 ¥
A o3t Aol

ot
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Example #7:  pr) = e7'u(r) , x(1) = e u(t)
y(@) =h(®)=x()="?
I
: 1 1
Y(jo) = —
l+jw) 2+ jw)
— alrational function of jw, ratio of polynomials of jw
| Partial fraction expansion
) 1 1
Y(jw) ===
+jo 2+ jo
| inverse FT
y(t)=[e”" — e Ju()
11
Example #8: LTI Systems Described by LCCDE’s

(Linear-constant-coefficient differential equations)
S dye) &, dx@)

= V)b
,Z)a" dr* ,2) ©drt

Using the Differentiation Property

d*x(t)
dt*

— (jo) X(jo)

| Transform both sides of the equation

Y a,(jo) Y(jw) = Y b(jo) X(jo)

{ 1)  Rational, can use
) PFE to get A(¢)
M k g
Y(jw) k=0 b (jow) X(jw) 2) IfX(jo) is rational
E a,(jo)* ie. x(t) = Y aelu(t),
€0 / then Y(jw) is also rational
H(jw)
Q. A7]= ot ol 12
A. A gkste] A27]E Qloll FaL uhA thA] Aishd g e AR s
o)A Zolxw ).

-
D

Q. A2719 frequency responset 31217}
A. 1/(j\omega)

=> phasor analysis”}s-...

W5 AT A ol o]
A 7F ygkeba?

A. time—domain®l| Al

convolutiond}+=
=Sty AREAE o7 s

T S Aotk Al OH H
2}, 131‘/} O A=, 297
frequency —domain®l] A
Sk = QT Qlojof St
ol

Q. ©]Al inverse FT = 3l
of at=d| o€ A s}L}?

A FE3T aElE sk
t}A] right—sided
exponential functions 9]
FTo] 1/(a+j\omega) &
= o] &3ttt

D

e

RLC circuitelA =9 %
A= ?ixﬂb} LCCDE= 1}
Eld 4= Q)

LCCDE®ZFaL & A
LTI AES YER = A
2 oY ™ initial
condition®l W&} LTI
system ©] oFd 4 At}

frequency response”}
el ol ne R
3l & 3o inverse
Fourier transform= &
] causality & x“lo}”ﬂ
impulse response=°|
right —sided exponential

functions = U2},
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!

o)A 2]+ ¥dk= CT LTI system® CTFTE designd o 24 HAsl+=
system= 9+ W< df o

a9y AAR FEstEE FA LT o E 59 LPF7F HEs FE7FA L o9
A 5 H =7k

7] HT,

Parseval’s Relation

[Tk = = "G do
PN = g U A

1
Total energy in the Total energy in the — |X(] a))l2
time-domain frequency-domain 27
— energy
o] £ energy spectral density2tal gtt}. o] F+=27 specjcral
density (ESD)

A A energy 7t H Y7}
IA L7k

oW F3pFo A very narrow bandpass filterE TFHE¥ 1 =8 9]
oYX = o] oA AFEHHU TS| T F3b
bandwidth7} ¥ t}.

ox,
gh
o
ol
ol
N
i)
)
1o

Q. fr=a Bt
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Multiplication Property

™

x(f)=3_l{X(Jw)}=if:X(ja)) e’ dw, X(jw)=é§{x(t)}=f:0x(t) eI dy

Since F'7 is highly symmetric,

thus if

x(0)# (1) <>X(jw) - Y(jw)

then the other way  x(¢) - y(¢) «<—— ZLX(jw) *Y(jw)
T

1 4 ..
= —f X(jO)Y(j(w - 0))do — Definition of
2md-= convolution in w
— A consequence of Duality

13

around is also true

Examples of the Multiplication Property \

0 = s(0)- p0) < R(G) = 5[5+ P()

Q. s(®) 7F input®] L r (t) 7} output€ Wl ©] system<> linear?!7}? Tk
linearzt® LTIQI7}?

A. linear®]4} nonzero \omega®l 3l LTI+ ofYt}, a4 A& 5
., inputel $lE Ad&o] AAGY, = LTIZF oYt}

For p(t) =coswt <— P(jw)=m0(w- w,)+ 70 (w + w,)

EAlo| A up—conversion! I

\ R(j) = 2-S(@ = 0,)) + 5 SG(@ +0,) /

14

time domain®lA 8 &<
frequency domain®l| 4] ¢
convolution

194 radian frequency

= 229 2\pidfEel A4
o}

I 22 2 ghasi
2\pi 1A 1L8= A7 Y
B g

E
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Example (continued)

S(jo)
/R
-1 W4 ®
r(t) = s(t)-cos(w,?)
Amplitude _
modulation (A1) T Ple) T
L 0%) (03] (0]

R(jw) =§[S(j(w ~w,))

R(jo) =5-[S(jo) * P(o)]

Drawn assume

+S(j(w +w,))] Aﬁ{ w,- ;>0
Le. W>w
A /I\\ 1
-wg T o ®
(-g - @) (-0p + @) (9 - @) (0 + @)
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Q. AM signal®] Fourier transform—=?

A.s(t)9 FTE #$= frequency shiftingst 7

=> radio stationE9 frequency division duplexing' 2.2 M =Z & 3
T AA T JoA A5 5] overlap®] A FEF S,

Q. Time domain®lA A= AM g4 olsi& 4 3t}

t—t_0)cos[\omega_0 (t—
cos[\omega 0 (t—t_0)]

TG M= AR AlE s(t) ol carrier A% cos[\omega_0 t] & &3to] X
o

FATAN = FAA S

s (

o

o -
EH
O

I3 cos[\omega_ 0 (t—t_0)] & of+= A2 =753}
cos[\omega O t+ \theta)]g‘ ol
A7 —> AREAFSNES B

Q. 41714 s(t) 7F 5234
S2fal skar

cos (\omega_0 t) 7} ¥k
u A2t sk 827

A. AM signal
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A} o] A DT signal=
complex sinusoids?] linear combination®. %= YEF+= 7S A ZF31A}

oA CTFFeolA complex sinusoids 2] linear combinations X & 317] 9 &l
integral& A28k th:
\int_{—=\infty} ~{\finty} a \omega) e~ {j\omega t} d\omega.

o] DTEFTNA complex sinusoids®] linear combinations X &3}7] 98l o
73]
\int_{—\infty} ~{\finty} a(\omega) e~ {j\omega n} d\omega

= Aok &7k

=\infty ol A +\infty7}A] & 2 §lo] 2\pi 7] "k 5F B Qsfc}, 111!

=

= \int_{0}~{2\pi} a(\omega)e~{j\omega n} d\omega
= x[nl=9 &S & A}
S 3] %3”5} ‘;}X] 3 A2 39

The Discrete-time Fourier Transform

Derivation: (Analogous to CTFT except &/ = g/(@+2mrm)

*  x[n] - aperiodic and (for simplicity) of finite duration
* Nislarge enough so that x[n] =0 if |n| > N/2

«  X[n]=x[n] for |n| < N/2 and periodic with period N

x[n]

-N -N, 0 N, N n

x[n]=x[n] foranynas N —

16
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Define

.

DTFT Derivation (Continued)

- o, 2m
X[n]= k;\bake’ , W, = i
1
v
L i F[nle " = L i x[n]e *o"
N ,“~\ N &
X(e’)= i x[n]e™®" | — periodic in @ with period 2z

n=-—0oo

J
1 Jkaw
a, = FX(Q )

17

5 |
Hnl= B X =

DTFT Derivation (Home Stretch)

> X e, (1)

k=<N> 2” k=<N>

S —
ay

As N — o X[n] — x[n] for every n

w, — 0, Ea)o—>fda)

The sum in (*) — an integral

| The DTFT Pair

1 o
x[n]=— f X(e’)e!"dw Synthesis equation
2mJ2n

1 Any 27 interval in @

X(ej“’)= E x[n] e/ Analysis equation /

18
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