CMO04-230302Thu

ho23H 3 1Y =0 20:00

CMO04-230302Thu
Announcements
1. Handouts, annotated handouts, and lecture videos are available at
http://cisl.postech.ac.kr/class/eece574/schedule.htm . Passwords are ...
2. HW#02 due at 10:59am on Tue., Mar. 7th. HW#03 will be posted soon.
3. Clickable time stamps to the lecture videos, please.

Corrections; Clarifications; Common mistakes,misunderstandings, misconceptions,
myth; Frequently Asked Questions; Conventional wisdom
1.

Overview (Chapter numbers from the main textbook by Papulis)

9. General Concepts

7. Sequence of Random Variables
10. Random Walks and Other Applications
11. Spectral Representation

12. Spectrum Estimation 0 arermge °‘F X&

13. Mean-Square Estimation m&,(dgp\ﬁ)ﬁb&l
. e
Review
1. expectation of a RP = a mean path/function = the ensemble average of the
RP

2. Only the 1st-order PDF/CDF is involved.
3. It may have a drastically different property from sample paths

4. infinity, parallel universe, ... The ser——all DT/CT

i Ve digroun RPS e chutsese
Preview s’M’T P
1. classification of RPs g\fj\vﬂ““gf oo it g

a. CT continuous/discrete, DT continuous/discrete
b. stationary vs. non-stationary
2. Stationarity in the strict sense vs. in a wide sense vs. 1st-order , 2nd-order, ...
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6.2 STATIONARITY AND INDEPENDENCE

e a full characterization of a RP
— Q. Recall how to fully characterize a random vector X, which is a collection of
finite number of jointly distributed random variables?
—A.

* Met_hod 1. Provic.ie a probability_s.pace (S,.A, P) and a mapping rule X(s) or, {S.ﬁ,? S, }S(S)
equivalently, the induced probability space (R", B", Py). |
* Method 2. Provide a joint CDF/PDF/CF of the finite number of random ¥V
variables. 0] l n__N 5 | X
- X — Provide the CDF Fy(x). (‘2 .‘5 )PZ‘_ —
Xl] . -
X = { — Provide the joint CDF FY, v, (1, 22).
Yo o &) Fxw gt
: 0 [o fuepefbx
- X = | X3| — Provide the joint CDF Fy, v, x,(21, x2, x3). /
X q x(w)
X
X . - .
<X =] "7 | = Provide the joint CDF Fy, x,...x, (%1, Z2, -, Zy6)-
Xln“
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— Q. Now, how can we fully characterize a CT random process X (t), a collection
of infinite number of jointly distributed random variables?

A My +— T
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— Q. Now, how can we fully characterize a CT random process X (t), a collection
of infinite number of jaintly distributed random variables?

—A @),
# Method 1. Provide a probability space {5, A, /7] and a mapping rule X(f, s).
# Method 2. Provide all possible joint CDF/PDF/CF of any finite number of

random wvariables.

- Theorem. (Kolmogorov's Extension/Consistency Theorem) A CT random
pracess is fully characterized by providing a joint CDF

- X)L ) for every N-tuple (1), ia, -
or every N & T
x) for every t ¢ &,
| for every pair it), ] € &7,

1, 1) for every triplet (1, fa, 1] € B,

and they are all consistent after any marginalization.

- Proof, Omitted.

- Note that this method works even though there are uncountably infinite
number af jointly distributed random variables but only the joint CDFs of
any finite number of random variables are provided.

- Similarly, a DT RP can be fully characterized.
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Distribution and Density Functions

o CT case

1. Given a particular time {;, the distribution function associated with the random
variable X; = X(f;} is defined as
Fylaopgt) 2 PIX(H) <o) = Frimla)
for any real number &y,
2. For twa RVs X = X(i;] and Xy = X({2), the second-order joint distribution

function is

Eylay, wpity te) £ PIX (4] < a, Xita) = 22) = Fygy xpgla, 22)

3. For N RVs X; = X(t;),i = 1,2,.... N, the Nth-order joint distribution
function is
Fyimiy it ety 2 PIX ) < 2,00, Xt < ay)
= Py xigalen, o x) (621

4, joint density functions
Fxloity) = dFyizt)
Sx(zq, 200, 0) = i Fylxy, za;
WAL, s BN aen B = 9Y Py [0 ey

6.22)
[6.2.3]
oo a2

Reat ) E [x]- Js‘es X(s) P(ds )
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 Similar for DT cases. Repeat above 1-4 you rself_/} ® FB{T-_ j’:&R 2 Px (‘:ix-)
» Def. Given a RP Xt}, the deterministic signal i
ef. Given a RP X((t] Ix:r; :[::m:_[:’z-jz 24 €l Lﬁ z dfxfx)
= BlAit) -0
Xt = ); x fir0dz_

as a function of 1 is called the mean path, the mean function, or simply the mean of

0 e[ ~vorge 5= 19 == =px
— can also be defined for DT RPs. 1\ zeX

cf. a sample path, a sample function —fhe thee avcrte {_ XH.:) 3 5(“—-3)1 E Leja.?k]
Examples A&lu)

: X @Y
» Fully characterize the follo'w(ngPs./}S_fo‘ ﬁ G{—)mu’ﬁ‘hul“ E L X J

Ma Bernoulli random process with p s={1, 2, - I] o EM: L d&ﬁ)j

(— X[n] is a Bernoulli RV with p. J c‘JAJ W=o
Fm l"l) Xn]'s are i.id.
=4pSl) - Q Let N=X[1| { X2+ - Xn] and p = A/n. Find PN =0),

PIN =1), and P{N = 2). Also find the limits of P{N = 0], P(N = 1), and
*f S‘I‘_xﬂ PN = 2} as 0 tends to oo,
2. DT continuous: a DT white Gaussian RP with power &2 =

X[n].;\. n.a. e » ‘.PKW (xje{__—‘: a_ "
2Me™ .

Bzmxfm 24 Z2) = Puima (20 Py (%)
L 'le,xka (x4, 2) = fpg &)
o Frowg (=)
& | ﬁcua )~ Xmae] (K425, Xpa)




[ e R B v L R W 1T TR

@ -- 'Fxm,m (xZe) = Fgm 0

_C_'l/\_/ M 'f'xm.;[x-)
w J ﬁc«a.xm.nxem] 07 )

 anmaionopxels g =TT Boaeo

:ﬂ ® In general, it is extremely complicated to fully characterize a random process

e There are some classes of random processes which have very simple ways to fully
characterize.

® A random process is said to be stationary if all its statistical properties do not
change with time shift, i.e., with your choice of ¢t = 0.

Otherwise, it is said to be non-stationary.

® There are several "levels” of stationarity, all of which depend on the density
functions of the random variables of the process.
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Stationary Process to Order One

e A random process is said to be stationary if its statistical properties do not change
with time {not change with the choice of { = [, not change with a shift in the time
origin).

— There are several “levels” of staticnarity,
— all of which depend on the distribution functions of the random variables of the
pracess.

® Other processes are called nun ry.
5 9 b =
® Def. A random process )i)%‘(l stationary to order one (or first-order ‘F)CIE) o -&{DJ(Z)’ UZ

stationary) if its first-order density function does not change with a shift in tim
origin, that is,

1) = fxl

for any {; and any real number A e, Iy i)

o First-order stationarity xideucy
— Fxlwgdq) is independent of {5 DE._{‘ - <

— The process mean value E X ({]] is a constant:

B = X = contan > “’““ﬁ"““méprwm

i+ A
= Fypy (2] 95, 90, FA

Fxl
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Proof. For X7 = X (1],

EX, = E[X(h]| = j .ﬂflfxl.'?"uh'}dﬂ-

—no

For Xu — XL,

E[Xa| = E[X{t)| = f w1 falan te)de

By letting {5y = {; + A, we get
E[Xit; + A) = B[X(t)]

N
/A . s P —?_)(tl,)(ti. (7([

RANDOM PROCESSES - TEMPORAL CHARACTERISTICS
¥t

Stationarity to Order Two and Wide-Sense Stationarity _L_L

X o Def. A process is called stationary to arder two (or second-order stationary) if its
second-order density function satisfies

() ;
o Scatlen %. fular, zaity ) = iz, oty | Aty + A)
| ] P\‘T for all #;, 1., and A, ie,

Emwe Frigyringlrn ve) = Fygpan v (@0 221 9, @), ¥l 2], ¥A
:l.:"— ] e Second-order stationarity

I — The joint density is a function of time differences but not abselu

10l |~

time (by

letting A = —t1)
/\\ — A second-order stationary RP is a first-order stationary because the second“drder
density function determines the lower, first-order, density.

-Fx[ 7:( ZL) Def. The auto lation function of the random process X[ tl
I
wxlh. b =E[lit
Eﬂ;dht i:( a (t1:42) [ s

dzdea

(2]
2 P mhasas ™) Pt = B, ¥
repces and not abso|=ut'-; d is, i -%(‘L_ (2'—)= -thb. =, V_A

t
fyxityt - 71 = BX[H)X{E + 7)) = Byxin)

mextﬁ.}
A

:ELX(&)X@J —P)ffﬁ);)((t:),)(@ [ )
T TX(twa), Klra), Xltata) (F422,26), VZ
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e Def. A process is called wide-sense stationary (WSS) if

E[X{t)] = X = constant {6.2-5a)

EN{X{E+7)] = fyxin) (6.2:50)

» Wide-sense stationarity
— Second-order stationarity is often more restrictive than necessary, and a more
relaxed form of stationarity is desirable.
— A process stationary to order 2 is clearly wide-sense stationary.
However, the converse is not necessarily true.
Example: Show that the random process
Xty = Acos(wpt + 8]
is WSS, if it is assumed that .1 and wy, are constants and & is a uniformly
distributed RV on the interval {0, 27,
Proof, The mean value is

' 25 1
E Xt} =] Acoalgt 4 9_1'2—1'&‘?:{].
5 n

The autocorrelation function becomes
Ryxit.t+7) = Eldcos{wgt | 0) Acosfuwgt +wor + 8]
42

/ ; 4
= —onslwpT)

VR CESE

Xema ,va (1,72

LA



=5 cos(woT)
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Therefore, X(t) is WSS.

N-Order and Strict-Sense Stationarity

e Def. A random process is stationary to order N if its Nth-order density function is
invariant to a time origin shift; that is, if

fx@yy eyt g ty) = fx(@n,onaniti + A, oty + A)
for all ty,...,ty and A, i.e.,
Fx (1)) X(t) X(03) (@1, T2y TN) = Fx(1y 1) X (091 8) - Xty +8)(T15 T2, TN),
Y(ty, ta, -+, ty) € RV VA,
e Stationarity of order N implies stationarity to all orders k < N.

o Def. A process stationary to all orders N = 1,2, ..., is called strict-sense stationary

(SSS).



