CM19-230502Tue

20231 58 2 sta Y 10:27

CM19-230502Tue

Announcements

1. Quiz #2 will be taken on next Tuesday during the class meeting.

2. Handouts, annotated handouts are available at http://cisl.postech.ac.kr/class/eece574/schedule.htm .
Passwords are ...

3. Lecture videos are available at cisl.postech YouTube channel. Clickable time stamps, please.

4. HWs will be assigned. Check the PLMS.

Corrections; Clarifications; Common mistakes,misunderstandings, misconceptions, myth; Frequently Asked
Questions; Conventional wisdom

Overview w/ Chapter numbers from the main textbook by Papoulis, (2)-(7) from Peebles

9. General Concepts

1. RP concept

(2) Stationarity and Independence

(5) Gaussian RPs

(6) Poisson RPs

(7) Complex RPs

(2) Time average and Ergodicity

(3) Correlation functions

(4) Measurement of correlation functions
7. Sequence of Random Variables

9:1

o positive semi-definiteness of a correlation function

o

alpha-dependent random process

o

correlation alpha-dependent random process

o white noise in terms of correlation function

o

mean-square periodic random process

o

cyclostationary random process

10. Random Walks and Other Applications
11. Spectral Representation

12. Spectrum Estimation

13. Mean-Square Estimation

W NP o

Review
1. autocorrelation function of a complex-valued random process
a. pseudo-autocorrelation function or complementary autocorrelation function
2. X(t) = Rcos(2pi f_ct +Theta)
a. a usual counter-example
b. If ...
i. SSS Gaussian
ii. barX =0,
iii. R_XX(tau) = (1/2)cos(2pi f_c tau)
iv. periodic but mean ergodic
3. autocorrelation function of a finite-power WS sationary real-valued random process X(t)
a. not an arbitray shape
i. Lemma 1. symmetry
ii. Lemma 2. bounded by R_XX(0) where equality holds if ?
iii. Lemma 3. If zero-mean ergodic without periodic compo, then R_XX ->0 as ...
iv. Lemma 4. If ergodic without periodic compo and N(t) has R_NN -> 0, then R_XX ->

b. If modulation, then ...
Preview

1. crosscorrelation functions
2. measurement of correlation functions




&
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6.3 CORRELATION FUNCTION

e the autocorrelation function
e the cross-correlation function
e other correlation-type functions

o their properties

Autocorrelation Function and Its Properties

o Throughout this section, we almost always assume X (¢) and X [n] are real-valued
random processes. However, definitions will be given generally for complex-valued
processes.

o Def. The autocorrelation function of a CT random process X (¢) is defined by
Rxx(t1,t2) = E[X (t1) X" (t2)]-
— It is often written by letting t; = ¢ + 7 and ¢, = ¢ with 7 a real number as
Rxx(t+7,t) =E[X(¢t+7)X*(t)

where ¢ is time and 7 is offset.
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o Def. A CT random process is called a second-order process, a regular process, or a
finite-power process if
E[|X()’] < oo, Vt,

F.C>C

@(a"—corz

o
[39*(%) <

—ie., Rxx(t, t) < OO,Vt
Rec(tr te) = pla)5 ¢
Def. A CT random process is called white if there exists ¢(¢) such that L) N )S\ — )

Ry (b, ta) A\q(t)f(t — £2), V(b t2) € B2,
— Why not ¢(t1,%2)? It is because q(t1,t2)d(t1 — t2) = q(t1,t1)0(t1 — ta).
o Def. A CT random process is WSS if there exist ¢ and Ry x(7) such that
jx(t) 2 BIX()] = ¢t
and )
Ryx(t,t) = Rxx(t — t2),¥(t1, 1) € R%.
— Example. Consider X (¢) = acos(2m fyt + ©), where fy # 0 is a constant and ©
is a uniform random variable on [0, 27).
* X (t) is WSS because px(t) =0,V and Rxx(t + 7,t) = (a?/2) cos(27 foT).
* Rxx(7) has a periodic component, (but satisfies the necessary and sufficient
condition to be mean-ergodic in the MS sense.)
o Theorem. Rxx(7) of a real-valued at least WSS CT random process X (t) cannot
have an arbitrary shape.
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— This fact will be more apparent when the power spectral density (PSD) is
introduced in the next chapter. Q&((O)

o Lemmas. If X (¢) is a real-valued at least WSS CT random process
—Lemma 1. ..., then Rxx(7) has even symmetry, i.e.,
<
Rxx(—7) = Rxx(7) U L\/ va

— Lemma 2. ..., then Rxx(7) is bounded by its value at the origin as
R )

\Rxx )l < Rxx(0),
where the upper bound Rx x (0 P(’( j] is equal to the mean-squared value
called the power in the process

— Lemma 3. ... and X(t) has a periodic component, then Rx x(7) will have a
periodic component with the same period.

— Lemma 4. ..., ergodic, E[X(¢)] = 0,Vt, X(t) has no periodic component, then

lim Ryx(r)=0.
|7]—00

Recall the above example having a periodic component.
— Lemma 5. ..., ergodic, E[X(¢)] = X # 0, V¢, X(t) has no periodic component,
ergodic, and N(t) 2 X () — X has Ryn(7) — 0 as |7| — oo, then

lim Ryx(r) = X%
|7]—00
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Example: Given a stationary ergodic process X (t) with no periodic component and
the autocorrelation function

Rxx< ) =2+ —-

4
1+672
find its mean and variance.

(solution)

From Property (4), the mean value is E[X (1) = X = /25 = £5.

The variance is

E[X2(0)] — (B[X(1))?

Rxx(0) — X* \%“(Z)

= (25+4)—-25=4
Example: Let X (¢) be a/V\/Séjandom process with autocorrelation function rgf)
X'_—_c, U-e RXX ’7' = e’”‘ ‘, a>0
Determine the autocorrelation function of Y () = X (t) cos(2m fot + O)

~—> T
(solution) =0 1= EOW s (bt )j = EDQtﬂr("S (i @j
Ryy(t+7,t) = E[Y{t+1)Y(@)] = - —
= % Rx x(7) cos(2m for)

= RnTr)

Cp) 2y 'XH?) “’5 ZJ'C»@( G) 2 | = ¥t
Qi-t(t*c—b) EH xtee)as ( SENCONS
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‘_'Rxx(&) S Q‘I{ (o)t s ) Css [’Aﬁg‘ﬁ(&

%

X(t) Y(#) = X(0) cos (gt + ©)

(a)

Ryy(®)
$Ruc(0),
3Ry
// \\
1R S % Cyeles at angular
. L\/isl S r:ztew(,
2 \7J \/ 7S :
|/
\J/
N

®)

Figure 6.3-1 (a) Amplitude modulation of a carrier with random phase by a random process X (t). (b) A plot of the autocorrelation
function of Y(t).
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Cross-Correlation Function and Its Properties

o Def. The cross-correlation function between two CT random processes X (¢) and
Y (t) is defined by
Rxy(t+7.t) = E[X (¢t +7)Y*(t)).

o Def. Two real-valued CT random processes X (¢) and Y'(¢) are called uncorrelated,
if Rxy(t1,t2) = E[X(01)]E[Y*(t2)],V(t1,12) € R%

—If X(t) and Y'(¢) are statistically independent, then they are uncorrelated.

o Def. Two real-valued CT random processes X (t) and Y'(t) are called orthogonal, if
Rxy(t1,t2) = 0,¥(t1,t2) € R2

o Def. Two WSS CT random processes X () and Y'(¢) are called jointly WSS, if
there exists a single-variable function Rxy(7) such that

Rxy(t+7,1) = Rxy(7),¥(t,7) € R?,
i.e., Rxy(t+7,t) is independent of absolute time.
—If X(t) and Y'(t) are statistically independent and WSS

Rxy(t) = XY.
%
Bretre)= EXEY Y(’Cﬂ Elxeed e[t
= X ? x

ACETR

® Properties of the cross-correlation function of at least jointly WSS real-valued
random processes

Rxy(=7) = Ryx(r) (6.3-1)
@ [Bxy(n] < VRxx(O)Ryy(0) D R =Rxx () .
(3) \RXYTH<:HRXXm)+fﬁymn (63;$—§\\\\\\i>
(T%«(za\ < \& R Rex® )= Ree)
MV A~
Ryt ) =& [xmmg =Rxy (@)
Ry = E(X ft—t)Ytj

Remarks

(1) It describes the odd symmetry of Rxy(7) from definition.

p ndln the i |ne uali 3/2 >O.

37 > 0,Va € R

(2) It can be proven b

and using the discriminant D.

(3) The bound in (2) is tighter than the bound in (3), because the geometric mean
of two positive real numbers cannot exceed their arithmetic mean, that is,

Qq X ) Rxx Oy (0 < 2 [Rxx(0) + Ry (0]

m

(‘\/\/\
Example: Let two random processes X (¢) and Y (¢) be defined by - &CY,(VQ_,K( <)
> X(t) = Acos(2m fot) + Bsin(2n fot) X=o RXX(WL‘L_) =
¥ M)%% Y(t) = Becos(2n fot) — Asin(27 fot) F\F:o RYX Ct) . V_L
Ne~——

T RirC)20, fueR D= 2%@54 R () Ryt <.
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where A and B are RVs and fj is a non-zero constant. Show that X (¢) and Y'(¢) > * (ﬂ_(:&'(' C)) B QM ’U_Ql-&,c)l]
areyointly WSS if A and B are uncorrelated, zero-mean RVs with the same variance [A—C"S (?-Q‘Fb-b) _f_@sf\’l @Q’b ) J ?
Qtion) Check that X (t) and Y'(t) are WSS. =
The cross-correlation function of X (¢) and Y (¢) can be computed as G_ s (M*QH"('LB N (U((;fh)
Rxy(t +7,t) = —0” sin(wor). t M (m&; .&m))w (ZI/TQ{_J

X(t) and Y (t) are jointly WSS, since Rxy (¢ + 7,t) depends only on . _
4 Xt9= Ref eTLT‘Fﬁ _457‘ Cos ( W httr) — mQC;Q
Y= Ret o) Emj = s @Vﬁt
E (M) =€ [t =0
Eﬂwﬂ E(lpop(J= @e@m@m

dase == f2s A2 1 =

2 (2)

&»‘l/




\

E[{A—?&bﬁ = £ ﬂ Brjﬁm = A kEE )™
deye) =g (dgre—]= o

Ryt () = Rax(2)
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Covariance Functions

® The autocovariance function of two real-valued random processes X (¢) and Y'(t) is
defined by
Cxx(t+7,t) £ B{X(t+7) — BIX(t+7)HX(1) - BIX(1)]}]
= Rxx(t+7,t) — EX(+7)E[X(t)
® The cross-covariance function of two real-valued random processes X (t) and Y'(t) is
defined by
Cxy(t+7,1) £ E[{X(t+7) - BX(t+7)}{Y () - E[Y ()]}
= Rxy(t+7.t)— EX(t+7)E[Y*()]

o For real random processes that are at least jointly WSS
Cxx(r) = Rxx(7) = X* and Cxy(7) = Rxy(r) - XY
o The variance of a random process X (¢) is defined by Cxx(t,1).
For a real WSS random process,
ok = Bl{X(t) - EIX(1)]}*] = Rxx(0) - X*
e Two real random processes are called uncorrelated if

Cxy(t+71,t)=0
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or equivalently,
Rxy(t+7,t) =E[X(t + 7)E[Y ()]

o Independence implies uncorrelatedness. The converse is not true in general,
although it is true for joint Gaussian process.
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Discrete-Time Processes and Sequences

o For DT processes X {nidL) and Yini.},

the mean function: Mean 2 E| XY

T R YNV O
= B[N (nT Y T, + kT
T+ kT

RyvwinT, 0T — LT
Ry imitomiy
T, 0T,
Cyyimidlm

avinTe, 0T,
B y(nid, mil

r} 3

Csvin T, 0T, A1
Cyximidnil L1
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6.4 MEASUREMENT OF CORRELATION FUNCTIONS

& In the real world, we can never know the true correlation functions of twe random

Processes.
This is because we never have all sample functions of the ensemble.

» Only a portion of one sample function from each process is available for
measurements.

Need ta determine time averages based an finite time portions of single, samgle x (8, &v 1 \( A 7{0.0,\/’

functians, taken large enough ta appraximate true results far ergadic pnfces —r}-’
e MMeasure the approximate time cross-correlation function of two jointl O (& \{fe\/ﬁu
rantom, processes =L J ) Y (T Ualx M c\\\ &
B N G
—”‘ | | gt , t<o ) @g(ﬁb
. e

(<)

Foarne Al A v amserereli o T ies At 45 a

 The output R/ —setyd

R.it, —oT1 — % . / " +_ iyt — Tt (\/}.{\A" S\ AGAZ) yte) C‘Jf\

o wet, estimala o= f AOYI) L4~
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If we chaose £ — U and assume T is large,

o 1
2T — —

— 7 is varied to obtain the complete function

(il — Tl = R,

e Dowatnple ,1-L,
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6.5 SUMMARY

random process

e continuous-time and discrete-time processes

e deterministic and nondeterministic random processes
® stationarity

e independence

o Gaussian and Poisson processes

e complex random processes

o ergodicity

autocorrelation, cross-correlation, autocovariance, cross-covariance functions

measuring a correlation function

43

SEQUENCES OF RANDOM VARIABLES

7.4 Stochastic Convergence and Limit Theorem

Equality vs. Approximate Equality of Two Real Numbers
e Equality of Two Real Numbers
— Given two real numbers x and y, we have = y xor z # y.
— Lemma. Two real numbers x and y, we have 2 = y if and only if z —y = 0.
# .. ifandonlyifx —y <0and z —y > 0.
* ... if and only if [z —y| < 0.
— Proposition. Given two real numbers x and y, we have z =y if and only if

|z — y| < e Ve>0. .\ﬁ; l}:&é((}_ /9274::
* Proof by contraposition. = # y iff 3¢ > 0, |z — y| > €.
* (0) ... if and only if |2 — y| < €, Ve > 0.
* (x) ... if and only if |z — y| < €, Ve > 0.
o Approximate Equality of Two Real Numbers
— What about x &~ y or z — y ~ 07
— Mathematical tools to handle ‘approximately equal’ or 'almost equal’ are

+ upper and lower bounding and



SEQUENCES OF RANDOM VARIABLES 744 _v‘
e 20 as W
* convergence of a sequence of real numbers

o Given a sequence (&,),>1 of real numbers and y, we may have the situation where

—x, # Yy, Vn but — — =
.. LI T U
— we want to claim that z,, & y for sufficiently large n. T T @

—n

* Example. z, =e™, y = 0= x,, # y, Vn, but z,, = y for sufficiently large
n.. s

* The notion of the convergence of a sequence of real numbers is to handle
such an approximate equality mathematically precisely.
* First, we need to review the convergence of a sequence of real numbers.

o Def. A sequence (z,,),>1 of real numbers converges to a real number z if
Ve > 0, HN(E)Qy
o

0, st. n> N(e) = |z, —z| <e.
~e~— ron o
— "“For every epsilon positive,
there exists IV of epsilon positive such that
the difference between x,, and x is less than epsilon
for all n greater than or equal to IV of epsilon.”
— x is called the limit of the sequence.
l/ — The definition can serve to check the convergence of a sequence only when the
candidate limit is provided. — the Cauchy sequence in R
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— Notations
* lim z, =z
n—oo
* T, — x as n — 00 (as n tends to infinity)
* 2, — x (&, converges to x)
x Ve > 0, |z, — x| < e for sufficiently large n
* x, ~ x for sufficiently large n
— Properties
* translation invariance: z, — z iff (z, — ) — 0
* linearity: z, = x and y, = y = ax, + by, — ax + by
- Consider y,, = 1,Vn. Then, 2, » 2 = ax, + b — ax + b.
o Def. A sequence (z,), (not necessarily of real numbers) is called a Cauchy
. AN~—
sequence if

Ve > 0,3N(e) > 0, st. mn > N(e) = |z, — x| <e.

— Lemma. For a sequence (z,,), of real numbers, it is Cauchy if and only if it
converges.
[Leon-Garcia] This lemma says that “the maximum variation in the sequence for
points beyond N (g) is less than £.”



