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Announcements
1. Quiz #2 wa taken. However, one student hasn't yet taken it. No discussion on the quiz, please.
2. Handouts, annotated handouts are available at http://cisl.postech.ac.kr/class/eece574/schedule.htm .
Passwords are ...
3. Lecture videos are available at cisl.postech YouTube channel. Clickable time stamps, please.
4. HWs will be assigned. Check the PLMS.

Corrections; Clarifications; Common mistakes,misunderstandings, misconceptions, myth; Frequently Asked
Questions; Conventional wisdom

Overview w/ Chapter numbers from the main textbook by Papoulis, (2)-(7) from Peebles

Pa 9.1 Definitions

Pe 6 Random Process--Temporal Characteristics

Pa 7.4 Stochastic Convergence and Limit Theorems

Pa 9.2 Systems with Stochastic Inputs

Pa 9.3 The Power Spectrum

Pe 7 Random Process--Spectral Characteristics

Pe 8 Linear Systems with Random Inputs &/

Pe 9 Optimal Linear Systems
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1. two real- or complex-valued functions ‘{ ¢ \QL - ;\)L o\\/\M\A
a. Equality

i. equal everywhere d) b@/ :&Lﬁéé (/0 I\l
ii. equal almost everywhere CID R R C R @
/

Preview
1. two real- or complex-valued functions -
a. Equality Y .
b. Approximate Equality m Dé . X ! \«LHTR \(:0@.‘% R
= Construct a sequence and show it converges.
= 5 modes of convergence X"—\( \lf V'SE_OQ , X(S]QYLS)
2. two random variables N )
a. Equality
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b. Approximate Equality
= Construct a sequence and show it converges.
= 4 modes of convergence
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HECIUENCES (I RRANTNOM YVARIAGRLES
" & Def. {almost everywhere equality} Given two functions X n@_ » I and
Y ol B they are equal almost everywhere (a.e) if

where 1o ] is the Borel measure,
The Borel measure wel-) gives the size of a real set.
wm{0,1]) =1

w0, 143 =1
Thus, ¥ —V a.e., iff X{s) # ¥(s) only on a set of measure zero.

— When mi(D) < no ae equal iff m(D) =mi{{s e D: X{s) = Y1}
— Lemma. Twa functions X ﬁ@_—r K and ¥ :9@4 K are equal almost S
L/ everywhere (a.e.} iff ma'fly
Ve s Om({s € D |X(s) = Y(s)| = e}y =0. &
+ When m[D) = oo ae. equal iff
FemOom{{scD:|X(s) Yis) =e})—m(D)
I/~ Lemma. Two functions X @@_—» B and ¥ b@f’ I are equal almast
everywhere (a.e.} iff
|X (8] — Y(s}*de =0

for some p = 1, where the integral is the Lebesgue integral.

TS OF HANDOM VARIAGLES

FROUE
» Caution! The Def., Lemma, and Proposition have three equivalent expressions.
However, the variations of them become no longer equivalent when the convergence

of a sequence of functions is considered.

. Appraximate Equality of Two Real Functions
— What about A [} == ¥ (517
— Mathematical tools to handle 'approximately equal’ or "almost equal” are
+ upper and lower bounding and
+ convergence of a seguence of real functions

« Given a sequence [ X,{<), of real functions and a real function X (%), we may have
the situation whefe —_—

Xols) # X{#],V¥n but

— we want to claim that ¥ (s) = X(s) fsl .
Example. Given a square wave X(s), the nth order Fourier series approximation

X,(5) satisfies X, [#) =2 X () fsl n.
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SROQUENCES OF RANDOM VARIABLES T
® Later in you research, you may need the following notions of distance metric and
equivalence class, which are related to the almost everywhere equality.
Dhistance Metric
+ We may introduce a metric d) ¥ {51, Y [s]] to measure how far away two

functions are located.
¥ Def. Given a set A, a function >, i) of 2,y & A is a distance metric if
- ] = (1 with equality iff & = u (in some sense),

and

- {nen-negativity) o]
- (symmetry) diw,y) =«
+ {subadditivity=triangle |nequa||ty ) dix,y) + diy, 2} = diz, 2} hold.
+ Due to the subadditivity requirement, ™ |X{s] — ¥ (s]["ds is not a metric
forl < p = 1.
+ in some sense” may be equal almost everywhere sense.

uivalence Class
iven a sel /A of interest and a distance metric o
cwe may partition the set into equivalence classes.
A subset that contains all the elements of zero distance to each other is

AxA SRy,

an equivalence class,

+ The equivalence class of an element » A s {y € A dlz. 3] — 0}
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Convergence of a Sequence of Functions
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Convergence of a Sequence of Functions
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& Mow, we introduce five DIFFERENT modes of convergence all making it
mathematically precise that X, (=) = X {s) for sufficiently large n.

Though. the mode of convergence is only discussed here, the rate of convergence
is also very impaortant.

— You nead to study big O notations and little o notations to describe the rate of
convergence.

SEQUIENCES OF AKDOM VARIAGLES T-52

1. Def. (uniform convergence) A sequence | X,(5),: of real functions converges

unifermly to a real function X(s) an 5 £ D if

o= 0, 3NE) =0, st.on = Nr) = |Xals) — X(s)| £ 5, ¥s €D,

£ =167
Ne)= %
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SEQUENCES OF [LANDOM VARIAGLES T-5

2. Def. (everywhere convergence) A sequence (X, (3]}, of real functions converges
everywhere () to a real function X{s) if

Xals) = X(=L¥a e D.
s{seD:X.(s) =+ X(=)} =D
e (s DX (e » X(e)} =0
e lim X, (s = Xis)¥Wee D
T N
* Xois)
® ¥, (50 — Xi) everywhere on I

» XNis) everywhere on T as n —» oo

* pointwise convergence P

/
e Lemma. If X, converges uniformly to X on 22 then X, converges every:ﬁhere to

Xon D ’K
X'Vl Lo [l -2 Sy \II
( ) 2 -] /(;’ IlS/'

mifs e D X,
& -1 is the Borel MeastTeres 2
o When D) < oo, s iffm{s e D X 0] = X811 = (D).

« (5] does not converge to X (<) only on a set of measure zero.
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& 31 is the Borel meas — i
o When (D] < oo, ae. iffm{{s CD: Xu(s) » X{s)}) = m{D).
® X (5] does not converge to X () only on a set of measure zero.,

. “Iirn_c Xals] — X(s) for almost every s © D

. Xr,.(.a:l —+ X(s)ae onDasn — oo

o Noisi = Xis)ae onD

o Lemma. If X, converges everywhere to X then X, converges almost everywhere
to XK.

C’D Xon !X
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Xg)=Y© ae.

ae. e, 'MG selQ + Xes)-Y1s) %oi)
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SEQUIENCES OF IAKDOM VARIAGYES

4. Def. (convergence in the pth mean) A sequence [ X)), of real functions

converges in the pth ngan to a real function X (3] on D if

L»"Y“[‘q)_m)lydiﬁ W f st\XulsWSJ\UJ i -
—~—

forp = |
® Note that if we view [ [X.is) — X {#]|"ds as i, then the convergence in the pth
mean is nothing but the convergence of a real sequence (i, )=y to [
o Def. (mean-square convergence] When p = 2, the convergence is in the mean
square (M5) sense.
The MS convergence is denated by
Lim. Xy(a) = X(s)
o
on D, and reads, “the limil in the mean of X,{] equals X () on D."
L Vi

® X.i5)— X({&) in the pth meanon D as n — oc

o Nois) = in the pth mean on D.

o Lemma. X, converges almost everywhere to X doss not imply X, converges in
the pth mean to X . Conversely, X, converges in the pth mean to X does not
imply X, converges almost everywhere to X, E}( L_QTlf/v
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SEQUENCES OF RANDOM VARIAGLES T
sense iff the sequence is Cauchy, ie.,

W ), AN

v, st omn = Nz = / | X (8] — Xola)Pds < =
s2D

ar simply
f IXals]  X(s)ds 50
D

as . —+ oc and me — oc, or for sufficiently large v and w.

SROLUENCES OF RANDOM VARIAGLES

5. Def. [convergence in measure) A sbquence {X,(s]),2 of real functions converges

in measure to a real function .Y[:.
INE)eN st m{ ) <s

Ve : il
o Note that if we view m({s € B [X,[s) — X(a0 = £ ] as () then the N2 M(-‘s-)
convergence in measure is nothing but the convergence . a sequence
(Zale)in to zero .

 When (T < X, Crwee 1 res i
We = om({s € T | X s — Xis)| <2} — D).

e N, isi— X{s)inmeasureon D as n — oo
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1 of real functions converges

INE)eN st m ) <=
£ = NED

[%] 1 then the
convergence in measure is nothing but the convergence “a sequence
to ZEro 1
& When D) = et

Woom Oomifs € Do |Xule) — X(8)| < o — mi

o Xoisi— Xis)in measure on D as i — o0

& X,i5) = X(&) in measure on D

* Lemma, IT X, converges almost everywhere to X then X, converges in measure
to X,

& Lemma. If X, converges in the pth mean to X then X, converges in measure
to X,



