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Announcements
1. Quiz #2 was taken. However, one student hasn't yet taken it. No discussion on the quiz, please.
2. Handouts, annotated handouts are available at http://cisl postech.ac kr/class/eece574/schedule htm .
Passwords are ...
3. Lecturs videos are available at cisl.postech YouTube channel. Clickable time stamps, please.
4. HWs will be assigned. Check the PLMS.

Corrections; Clarifications; Common mistakes misunderstandings, misconceptions, myth; Frequently Asked
Questions; Conventional wisdom
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Equality vs. Approximate Equality of Two Random Variables

» Apparently,
(i) the equality of two randam variables is nothing but the equality of twa functions
because a random variable is a function and

(ii] the convergence of a sequence of random variables is nothing but the
convergence of a sequence of functions.
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e However,
— the Borel measure needs to be changed to the probability measure of each
probability space, and P(S) =1 < oo,
(0) equal everywhere is not used, the uniform convergence is not used,

(1) almost everywhere equality/convergence is called almost sure
equality/convergence,

(2) the almost everywhere equality/convergence is called the equality/convergence
with probability one
(3) the convergence in measure is called the convergence in probability, and

(4) there is a new mode of convergence called convergence in distribution.

® In summary, almost surely = with probability 1 is used for equality, and there are 4
modes of convergence.
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© Def. (almost sure equality) Given a probability space (S, A, P), two random
variables X and Y are equal almost surely (a.s.) if
P({seS:X(s)=Y(s)}) =1,
— . iffP{se€S:X(s)#Y(s)}) =0,ie, X #Y onlyon a set of probability
zero.
— X =Y as. is alternatively called X =Y with probability one (w.p. 1).
® Lemma. Two random variables X and Y are equal almost surely (a.s.) iff
E{|X - Y1’} =0
for some p > 1.

® Lemma. Given a probability space (S,.A, P), two random variables X and Y are
equal almost surely (a.s.) iff

Ve>0,P({se€S:|X(s)—Y(s)| >e})=0.
~Ve>0,P(IX -Y|>e)=0
Ve 0,P(X —Y|<e) =1

emma. X =Y as. = Fy(z) = Fy(z). However, the converse is not true in
general.
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SEQUE
Convergence of a Random Sequence

o Four modes of the convergence of a sequence of random variables
— Given a probability space (S, A, P), a sequence (X,,),>1 of random variables
Xi(s), Xs(s), ..., and the limit random variable X (s), we have the following four
modes of convergence.
1. Def. X, — X almost surely (a.s.) Wkl’\ l
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2. Def. X, — X in the pth mean (p>
i E[|X,, — XJ"] £0 % _ han
>
3. Def. X,, — X in probability -
Ve >0, lim P(|X, — X|>¢)=0
n—00
4. Def. X,, — X in distribution/law (weak convergence)
— 2
lim Fx, (x) = Fx(z), for all continuous points —= {%")(] ? 50O as wees
— (convergence a.s.) X, & X w.p. 1 \
— (convergence in the pth mean) X,, — X in L?, X, 2 x /
— (convergence in probability) X, B X; convergence in measure, convergence in )
probability measure kbcb

S
fsy
o
&
X

SEQUENCES OF RANDOM VARIABLES 765

— (convergence in distribution) X, B x
® Properties
— a.s. convergence is often proved by using the Borel-Cantelli lemma.
—a.s. = in probability
— L? = in probability
— in probability = in distribution
— in distribution < lim,, e Py, (w) = Px(w)
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® Proofs

—a.s. = in probability
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— in the 2nd mean => in probability
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— in probability = in distribution
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® Which mode of convergence is simplest to handle?
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o Convergence in distribution and Probability of error
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o Examples
— The strong law of large numbers (SLLN) is an almost sure convergence.
— The weak law of large numbers (WLLN) is a convergence in measure.
— The central limit theorem (CLT) is a convergence in distribution.
o Counter-Examples
—a.s. # in the 2nd mean

- W)

ot O fwel: Ywsxi ) = (o1
1 o PQ;O'(D?' L ReX wpld

W

Jﬁ,u\)

)



0] 2
A ) (P fwsl: Xbosxm = (o 1]
[ App— P@'-IL =]

- RO wal
—t—2 | E
= T @ Bl ) Vol
(P
= (u [ 3 dwst 50 as meco.
-
W PriseS: |x) »o|ve]
Pl wesad 1)
o

Sh Y0, Msvo

HIUENUE DF RANUCS VARIAKLEY

— a5 7 in the pth mean (p = 4)
in the pth mean | < o< )2 as

4D ¢

K el o (ewr?
2T samm  (gped
Yu3 X as.

EL\}
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Law of Large Mumbers (LLN)
® Simply put, a law of large numbers is about
the convergence of the arithmetic average of random variables
to the statistical average
in some sense.

# If the made is the convergence as., then it is called a strong law of large

numbers [SLLM).

+ If the made is the convergence in probahility, then it is called a weak law of
large numbers (WLLN}

» Ta define the arithmetic average, we first need a sequence of random variables
(NP,

— There are many different wersions of LLMs.
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— Each LLMW has a different set of restrictions on the random variables X7, X.,
Thus. you must be very carsful in invoking a law of large numbers,
However, they mastly have the comman candition of BLX] = nv. a constant for

all ¢
® Thus, an LLN is ta show
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in some sense under certain conditions on X, Xg,
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» Theorem. [an SLLN) Given a sequence (X7 of independent and identically
distributed random variables with mean iy and variance n'f,( < 2o, the arithmetic
e o R

average converges almost surely to the statistical average iy, ie.
wop L 6
a.s. Mt [,ﬁﬁ,
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— Proof. Omitted.
of pairwise uncorrelated random

® Theorem. [a WLLN) Given a sequence (X,
variables with same mean iy and same variance '7}

converges in prohability to the statistical average @y, i,
e X1 +Xg+-o- + X,
i B I i S sk in prob. \[L

Proof. Use the Chebychey inequality.
I dibbucton,

20, the arithmetic average
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Central Limit Theorem (CLT)
© Simply put, a central limit theorem is about
— the convergence of \/n times the arithmetic average of zero-mean random

variables
A set
— to a Gaussian random variable qu Céts

— in distribution.
e Again, to define the arithmetic average, we first need a sequence of random
variables (X;)%,.
— There are many different versions of CLTs.
— Each CLT has a different set of restrictions on the random variables X, X, ....
Thus, you must be very careful in invoking a CLT.

® Although
— the exact CLT is to justify a Gaussian approximation to /1 times the arithmetic (}\a\‘-ﬁ‘\
average of zero-mean random variables, ﬂ
N ok

— it is often used to justify a Gaussian approximation to the arithmetic average of % S'E%uemm_ %\

nonzero-mean random variables. V"\Q»(KU ﬁ§§ o a_ @qumy R\/
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® Theorem. (a CLT) Let X, X5, ..., X,, be i.i.d. random variables with mean jix aCn}- é ’aﬂ(w) — ti%((o) = =

variance 0y, and define
1 Xi— px
Z, & — '_,

Then, the characteristic function ¢, (w) of Z,, converges to that of a Gaussian
random variable with mean 0 and variance 1, i.e.,
— Proof. Omitted.

w2
lim ®z, (w) = exp (—“}—> .
n—00 2

® The above CLT says

X1+ Xo 4 . X, :
LZYNN(/‘X-T)~

n

However, an LLN says
Xi+Xo+ .. X,
n
Which approximation do you prefer?

R JLX.



