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Announcements

1. Final Exam will be taken on Wednesday 6/7 19:00-22:00 at LG 104.
2. Topics of Voluntary Projects must be discussed with the Lecturer before you take the final exam.
3. Handouts, annotated handouts are available at http://cisl.postech.ac.kr/class/eece574/schedule.htm .

Passwords are ...

Questions; Conventional wisdom

Overview
Pa 9.1 Definitions
Pe 6 Random Process--Temporal Characteristics
Pa 7.4 Stochastic Convergence and Limit Theorems
Pa 9.2 Systems with Stochastic Inputs
Pa 9.3 The Power Spectrum
Pe 7 Random Process--Spectral Characteristics
Pe 8 Linear Systems with Random Inputs
Pe 9 Optimal Linear Systems

Review
1. Stochastic Calculus
a. MS Calculus
i. continuity
ii. differentiation
iii. integration
b. LCCDE
Preview
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4. Lecture videos are available at cisl.postech YouTube channel. Clickable time stamps, please.

Corrections; Clarifications; Common mistakes,misunderstandings, misconceptions, myth; Frequently Asked

http://cisl.postech.ac.kr/class/eece575/schedule.htm
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Vector Processes and Multiterminal Systems

Sy e Q. 010
Sosigerd Spkua.

L vean
Y= j_:ﬁ(tm Z (oydT

MM el

“H@*%@

4=t x =z = I:: teen) zimyde = ) He xaodT )
AT — )Lc & If,t}\_s_ H-T)dc
Bl pxpq M|
L Xiy = WSS T=t~ta

© D e =M, e
® Rextee? Elxrd i = Ree(o), Yot

sg
WSD.
a0
Xit) 34‘7'()@ )
Ve \
O o X @ WSS, e (m:_ HiD &X' s WSS,
M@= - = o b
Rertbisy) = — = Ry tete), iste |
e
o Li*ﬂ 7= [ ey ey
wl ot LE T[]« L]
[ ntopsteide _ f’-‘[ ]U*&QUJJ
= HE\)x D

Sl o e <((eos
rEirmﬁ‘ui] DZ le ) Eﬂi&kﬂ m@tﬂ;l

Rectbh) - Heb)k Raxtbe (),
4=
Ryt = HQ &Ruex dia. >



| E1C0) ) HT:I T\, x X)) F __%@ij.k‘*%m\.-lﬂ J
Rectin) = Hapk Rexibitps ). oo
Rectg) = e aReex o,

Ree (et = Raxrty «H'ta)

GENEIRAL CONCEPTS
e O7E 24 A AH-HEZ6 A
= AmME, K-MOOC, 2017,

9.3 The Power Spectrum K

& Dreview: http://cisl.postech.ac.kr/class/eece

575/schedule.htm
— Energy spectral density (ESD) and power spectral density (PSD) of deterministic

CT signals
— P5D of a CT random process
cross PSD of twe CT random processes
— Relation between the auto-correlation function and the PSD

— Relation between the cross-correlation function and the xPSD
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o Def. Given 1 : R — T, its Fourler transform X { [} is defined as

X(f) = [ a(t)e 2digt. 9:3-1)
- 20
® Def. Given X : R + C, its inverse Fourier transform it is defined as =
b A~
E(t) =/ Xy, (9.3-2) ~ J L

— Existence y
. -75

 the Lebesgue integral
# Given a CT signal (i), the existence of its CTFT is not guaranteed.
+ (a sufficient condition) If 2:(t) is absolutely integrable, then X(f) exists.
* Even if X{f) exists, its inverse transform may not exist.
— Uniqueness
# If X7 and X5 are the FPT of @(t), then they are equal almost everywhere,
# |f the IFT of X(f] exists, then it is unique in the sense of a. e. equality.

e Def. Given x: B — T, its Fourier-Plancherel transform X f] is defined as

A
X(f)= lim / .f.'lfr}r:_j?"'ﬂdf, (9.3-3)
o A—oo f_a

where the limit is in the MS sense.
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o Def. Given X : R — C, its inverse Fourier-Plancherel transform i(t) is defined as
Z(t) = lim / X(f)e*Itdf. (9.3-4)
A—o0
— Existence
* the Lebesgue integral
* Given a CT signal z(t), the existence of its CT FPT is not guaranteed.
* (a sufficient condition) If z:(¢) is square integrable, then X (f) exists and
square integrable.
— Uniqueness
* If X and Xy are the FPT of z(t), then they are equal almost everywhere.
« If the IFT of X (f) exists, then it is unique.
e The spectral properties of a finite-energy deterministic signal x(t) are characterized
by its FT.
— The function X (f) is sometimes simply called the spectrum of x(t).
— It describes how the signal resides in the frequency domain.

— x(t) can be recovered from X (f) by means of the CT inverse Fourier transform
defined as

= / ” X(f) ¥y, (9.3-5)
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— If z(t) is a finite-energy signal, then

—|X(f)|? is called the energy spectral density or energy density spectrum of z(t).
e X (f) may not exist for most sample functions of a random process.

— The Fourier transform exists for absolutely integrable functions.

— The Fourier-Plancherel transform exists for square integrable functions.

— A sample function may be neither absolutely integrable nor square integrable.

— A sample function may be a power signal.

— the power spectral density (PSD) or power density spectrum of a random process
e Energy Spectral Density (ESD) of a Finite-Energy Deterministic CT Signal

— Definition. The energy of a deterministic CT signal z(t) is defined as

4 * (4|2
B, = |z(t)|*d¢.

* The energy is a non-negative real number.

— Definition. If 0 < E,;< 0o, then x(t) is called a finite-energy signal or an
energy signal.

— Definition. When z(t) FN X (f), the energy spectral density (ESD) of an energy
signal (t) is defined as <

X ()

GENERAL CONCEPTS 9-31

* The ESD is a non-negative real function of f. Moreover, it is symmetric if
x(t) is real.
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# The integration of the ESD leads to L, because

/ ()P = / IX()]2dS.

gel K

# Fig. Bandpass filtering of ({f) at fi with bandwidth ¢

[ wera= [“varar
- [T xppmas

= e X (o)

by Parseval's theorem.
# In general, the ESD does NOT fully characterize the signal. It partly
characterizes the signal in the FD because x(t] cannot be recovered from

XA

% GENERAL CONCEPTS [1\’11‘— _L J"A
|

# [nstantaneous Power vs. Average Power /A

Energy revisited:

* POWEr — energy per unit time
# energy = power times time
# Thus, |(t)|? is called the instantaneous power of w(i). " s

* The instantaneous power is a non-negative real number. E'
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GENERAL CONCEPTS 936

— Definition. The average power of a deterministic CT signal x(t) is defined as

Pro & A{Je()} 2 Jim —/ (O[2dt.

where A{-} denotes the time-average.

* The average power is a non-negative real number.

— Definition. If 0 < P, < 0o, then z(t) is called a finite-power signal or a power
signal.
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— Note that
0<Pp<oo = E,=0
0< Ep <00 = P =0
® Power Spectral Density (PSD) of a Finite-Power Deterministic CT Signal

— Definition. When
z(t), -A<t<A
ety = {1
0, elsewhere

and za(t) A Xa(f), the power spectral density (P
defined as

f a power signal x(t) is

Xalp) 25‘_: bty &~

* The PSD is a non-negative %(t) is real, then it is

: ' L ﬁ Nl -
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* Note that the PSD is the limit of the ESD |XA(f)|2 divided by time 2A.
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* The integration of the PSD leads to P,, because

A ()P
Pt / R

. © |za(t)?
= A / o

o |Xa(f))?
= jim, /_m N
_ |XA( )
‘/, dm =AY

= /00 Sze(f)df  (if the limit exists)

PII



:/ See(f)df  (if the limit exists)

* In general, the PSD does NOT fully characterize the signal. It partly
characterizes the signal in the FD because z(t) cannot be recovered from

SJ':r(f)‘
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o Cross-Power Spectral Density (xPSD) of Two Finite-Power Deterministic CT Signals

— Q. Given two finite-power deterministic CT power signals z(t) and y(t), what is
the PSD of w(t) = z(t) + y(t)?
—A
* In general, Py, # Piy + Pyy.
- Definition. The cross power between power signals z(t) and y(t) is defined
as
Py £ Az(t)y" (1)}
- In general, the cross power is complex-valued. If 2:(¢) and y(t) are real,
then it is a real number that is positive, negative, or zero.

- Thus, Py = Py + Py + Py + Py = Py + 2Re{ Py} + Py

GENERAL CONCEPTS

 Similarly, Syw(f) # Sea(f) + Syy(f) in general.
- Definition. The cross-power spectral density (xPSD) between power signals
x(t) and y(t) is defined as
- Xa(HYR()
Sey(f) £ lim TA.

A—o0

- In general, the xPSD is a complex-valued function. If z:(¢) and y(t) are
real, then it is a conjugate symmetrical function.

* Thus, Sunu(f) = Su(f) + Srl/(f) + S;t/m(f) + Sl/'l(f) =
Sza(f) + 2Re{Szy()} + Syy(f)-
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e Time Average of a CT Random Process

— Q. Given a CT random process X (t), what is the time average A{X (t)} of it?

— A. It is a random variable because

PO B
A[X() 2 Jim [ X(oa

is a scalar with probabilistic description.

* cf. The ensemble average or statistical average E{X (f)} is a deterministic
CT signal.

* Example. Given Pr(X(t) = cos(2mt)) = Pr(X(t) = 0) = 3, find E{| X (t)[*}
and A{|X(t)[*}. .
E{|X(®)]*} = 5(:052(27rt)

and
Pr(A{|X ()]} = 1/2) = Pr(A{|X(1)*} = 0) = 1/2.
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e PSD of a CT Random Process
— Definition. The average power of a CT random process X () is defined as
Pxx £ AE{|X(®)]*}.
* This definition is backward compatible with that for a deterministic CT signal
x(t).

* It is the time average of the ensemble average of | X (¢)|%

* Pyx = E[A{|X(1)[*}].

* Thus, it is a deterministic non-negative real number.

* Example.
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— Definition. When
X(t), -A<t<A
Xalt) = { (®),

0, elsewhere

and Xa(t) A Xa(f), the PSD of a CT random process X () is defined as
E[|Xa(f)]
A .
SexU) = =8
* This definition is backward compatible with that for a deterministic CT signal
x(t).
* The PSD is a non-negative real function of f. If X (¢) is real, then it is

symmetrical.
* Note that the PSD is the limit of E{|Xa(f)|?} divided by time 2A.

GENERAL CONCEPTS 9 -4
* The integration of the PSD leads to Py x because

Pxx & A[]E“X(t”?]]
A
= lim i E[|X(t)] dt

A—o00 “A

= lim /00 —]E“XA(t)IZ] dt

A—oo [ 2A
— * | Xa(f)I?
—A'T;JE[/,OOQ—A”]
00 ENX 2
=/ lim %df

—00 A—00
= Sxx(f)df

* In general, the PSD does NOT fully characterize the CT random process. It
partly characterizes the signal in the FD.
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® xPSD of Two CT Random Processes
— Q. Given two CT random processes X (t) and Y'(t), what is the PSD of
W(t)=X(t)+Y(t)?
—A
x In general, Pyyw # Pxx + Pyy.
- Definition. The cross power between CT random processes X () and Y'(t)
is defined as
Pxy £ A[E{X(t)Y*(1)}].
- This definition is backward compatible with that for deterministic CT
signals z(t) and y(t).
- In general, the cross power is complex-valued. If X (¢) and Y'(¢) are real,
then it is a real number that is positive, negative, or zero.
- Thus, Pww = Pxx + Pxy + Pyx + Pyy = Pxx + QRO{ny} + Pyy.
« Similarly, Sww(f) # Sxx(f) + Syy(f) in general.
- Definition. The xPSD between two CT random processes X (t) and Y (¢) is

defined as E(XA()Y2()}
N A A
Sl = I T
- In general, the xPSD is a complex-valued function. If X (¢) and Y (¢) are
real, then it is a conjugate symmetrical function.
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* Thus, Sww(f) = Sxx(f) + Sxy(f) + Syx(f) + Syy(f) =
Sxx(f) +2Re{Sxy(f)} + Syv(f).
e Q. Why is the PSD so important in wireless communications, though it partially
characterizes a random process?
o A
— The signal transmitted by a Tx is well modeled by a CT real-valued bandpass
random process.
— Regulatory organizations impose restrictions on the peak power, the average
power, the PSD, etc. of the transmitted signal.
— spectral mask
— Thus, it is crucial to design standards and systems that do not violate such
restrictions.

® Q. Recall that the PSD of a CT random process X (t) is defined as

2
) 2 i FERIL

Is there any alternative form with which we can easily compute the PSD?

— Notice that the PSD is related only to the second-order moment of X (t).

GENERAL CONCEPTS 9-47

— The 2nd-order TD characterization is done by the auto-correlation function
defined as
Rxx(t+7,t) 2 E{X(t +7)X*(t)}.

— The question is to find the relation between Rxx(t + 7,t) and Sxx(f).

T . QNen o defermmiziz,
q;aweursjw:ﬂ xtt)

al ke alfmedtely fund aa

Saxf) = A tr) 28) |

fow i{: i) 20 L
= Crx (c)

\
[ oels) I T
S;oiﬁéhwu X;HZ

Def-.
Sxx = ‘\\W\-Z‘lg ’%\f@(aﬁl)](j

Thn .
Sui= T2\l E G0l
/



GENERAL CONCEPTS
e A. The PSD can be found from the auto-correlation function as

Sxx(f) = ]:{A[Rxx(t + T.t)]}.

= Sxx(f) = F{AE{X(t + 7)X*(6)}}

— The PSDjs NOT affected by the complementary/pseudo auto-correlation
function Ry x(t + 7,t).

— A[Rxx(t+ 7,t)] is a function only of 7 and often denoted by R x x(7).

— Rxx(7) ¢2 Sxx(f)

o (Wiener-Khinchin Theorem) If X (¢) is WSS, then

Rxx(7) KN Sxx(f),

Sxx(f) =F{Rxx(1)} = ffzo Rxx(r)e 277 dr
Rxx(r) = [, Sxx(f)e* ™ df.

GENERAL CONCEPTS

— Example. Find the PSD of

ej27r_f0t o —j2x fot
X (t) = cos(2m fot) = %

3(f + fo)

<y 300 -+

* X (t) is deterministic, so that no statistical average is required.
* Since Rx x(t + 7,t) is given by

Ryx(t + 7,t) = cos 2 fo(t + 7) cos 2 fo(t)
= 5 {cos(@n o2t + 7)) + co(2n o)}
Rxx(7) is obtained as
AlRxx(t +7.8)] = %cos(?n‘ for).

Thus, ) )
Sxx(f) = ﬁ(f = fo) + 15(1‘ + fo)-
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— (Generalization) The PSD of X (t) = 3., a;e”® it is given by
Sxx(f) =Y lail*o(f — ).
icl

x Fig. Graphs of X(f) and Sxx(f)

* The PSD is NOT a full characterization of the random process. Later, we will
see that it is the case when X () is a real-valued WSS Gaussian random
process.

® Q. Recall that the xPSD of two CT random processes X (t) and Y'(t) is defined as

Sxyv(f) & Auqn;w‘

Is there any alternative form with which we can easily compute the xPSD?
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e A. The xPSD can be found from the cross-correlation function as

Sxy(f) = F{A[Rxy(t +7,t)]}.

= Sxy(f) = F{AE{X( + 7)Y (0)}]}
— The PSDjs NOT affected by the complementary/pseudo cross-correlation
function Rxy (t + 7,t).

— A[Rxy(t + 7,t)] is a function only of 7 and often denoted by Ry (7).
~ Ry (r) <% Sxy(f)
—If X(t) and Y (t) are jointly WSS, then

Rxy(7) < Sxy(f),
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e Proof.

Sxxl(f) = Jim 5 E[IXa()P]

A A
= lim —/ E[X (t1) X *(ty)] e 727/ (1=12) q¢ ity
A—)oo2

AJ-a
A At _
= lim —/ / E[X(t + 7)X*(t)] e 37 dr dt
Aaoo A A—t
A .
—)em T
All—r>n002A / Rxx(t+T,t)e dt dr

A— t
1 .
— 1 —i2nfr
Alg%o/,A,t A <1A Rxx(t+7,t)(1t> e dr

00 1 A .
= [m (Ahjnm ). Rxx(t+7.t) dt) e 12T qr
e ]:{A[R)()((t + 7, t)]}

GENERAL CONCEPTS

o Properties of Sxx(f) and Sxy(f)
— Use either the definition or the theorem.

— (real, non-negative PSD) Sxx(f) > 0,Vf.

- X(t) 2 %X(t)

Sxx (f)= (QWf)ZSxx(f)

— (conjugate pair) Sxy(f) = Sy x(f),Vf.

* Re{Sxy(f)} = Re{Syx(f)} and Im{Sxy(f)} = —Im{Syx(f)}

—If X(t) and Y (t) are orthogonal, i.e., Rxy(t + 7,t) = 0,Vt,V7, then
Sxy(f) = 0,Vf. However, the converse is not true in general.
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—If X(t) and Y'(t) are jointly WSS, then
% Rxx(1) «5 Sxx(f)
% Ryy(r) ¢ Syy(f)
* Ryy(1) <% Sxy(f)
* Ryx(r) = Rigy(—7) <5 Syx(f) = Siy ()

=
* Pxx = Rxx(() , Pyy = Ryy(()), Pxy = ny(()) = YX(O) = P;X

—If X(t) and Y (t) are real-valued, then
* (real, non-negative, symmetric PSD) Sxx(f) = Sxx(—f),Vf

* (conjugate symmetrical xPSD) Sxy(f) = Sy (—f),Vf
e Two most important CT random processes

{continuous random process: CT Gaussian random process

discrete random process: Poisson random process
Fig.



