Digital Communication System: Modulation, Demodulation, & Power Spectrum

Fourier Analysis 1

Prof. Joon Ho Cho
Department of Electrical Engineering, POSTECH



e Continuous-Time Fourier Transform (CTFT)

— Definition. Given a function x(¢) of time ¢t € R in seconds (sec), its
Fourier transform denoted by F{x(t)} is defined as

Flz(t)} £ / t)e 2T e,

where f € R is in Hertz (Hz).

— Note that F{z(t)}, if exists, is a function only of frequency f.




— Example. z(t) = 1 for |t| < T/2 and z(t) = 0 elsewhere. Then,
F{x(t)} exists and is given by

Fla(t)} = Tsine(fT).

— Definition. The sinc function denoted by sinc(z) is defined as
1, for & = U,

sine(z) 2 { L

——, clsewhere.




— Definition. Given a function X (f) of frequency f € R in Hz, its
inverse Fourier transform denoted by F~1{ X (f)} is defined as

Fuxaye [ " X(f)edf,

where t € R is 1n sec.

— Note that F~HX(f)}, if exists, is a function only of time ¢.




— Example. X(f) = 1 for |t| < 1/(2T) and X(f) = 0 elsewhere.
Then, F Y X (f)} exists and is given by

1 t

FUX(f)} = 7 sine (f) .




— Theorem. Suppose that F{z(t)} exists for a given continuous-time
(CT) signal, i.e.,

X(f) = / " s(t)e gy, (1)

—00
Then, under certain conditions, F 1{X(f)} exists and becomes
equal to x(t), i.e.,

oft) = | " X(f)edf. 2)




— Eq. (1) is called the analysis equation because it finds the coefficient
X (f) of &*7/t that is a component of (#).

— Eq. (2) is called the synthesis equation because it synthesizes x(t)
as a weighted integral of e/ for f € R.




—If X(f) = F{z(t)} and 2(t) = F~H{X(f)},
then z(t) and X (f) are a Fourier transform pair and
this relation is denoted by x(?) PN (L)

— Example. d(t) <25 1 because of the sifting property

/5t—t0 Hdt = glto).

— Example. &7t <25 5(f — f,)




e Properties of CTEF'T
— Suppose that z(t) N e (f). Then,

x(—t) als X (—f): Reverse in time corresponds to reverse in fre-
quency.

¥ (t) Jdux *(—f): Conjugation in time corresponds to conjuga-
tion and reverse in frequency.

r*(—t) L *(f): Conjugation and reverse in time corresponds
to conjugation in frequency.

— Example. z(t) = Ael?m/o!




e Properties of CTFEFT

— Suppose that x(t) gds % (f) and that z(t) is real-valued, i.e.,
zlt) =@ 7).
Then, the CTFT X (f) is conjugate symmetrical, i.e.,

X(f) = X*(=f),VS.

Thus, the magnitude | X (f)| is an even function, and

the phase £ X (f) is an odd function.




— Suppose that x(t) i (f) and
that z(¢) is real and even, i.e., z(t) = x*(t) = xz(—t).
Then, X (f) is real and even, i.e.,

X(f) = X*(f) = X(=1),Vf.

— Example. z(t) = sinc (%)




e Linearity of CTFT

— Suppose that x1(t) L X1(f) and x5(t) L Xo(f).
Then, (11123‘1(75) -+ CLQXQ(t) (i)' (11X1(f) =+ GLQXQ(f).

e Time delay corresponds to linear phase shift.

— Suppose that z(t) < X (f).
Then, z(t — to) < X (f)e 2/t




e Modulation corresponds to frequency shift.

— Suppose that z(t) <= X (f). Then, z(t)e™ ot «Zs X (f — fy).

— Example. Find the CTFT of z(t) = Re {b[n]sinc (F=2L) el?mfot ],
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