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e Review. The transmitted signal is well modeled by a real-valued
continuous-time (CT) bandpass random process. More-
over, the received signal contains a noise N(t) often modeled by a
real-valued CT bandpass random process called an additive
white Gaussian noise (AWGN).

—TD full /partial characterization of C'T random processes

* Kolmogorov’s extension theorem

x auto-correlation and auto-covariance functions

x cross-correlation and cross-covariance functions

* wide-sense stationarity and joint wide-sense stationarity

— FD partial characterization of C'T random processes

x PSD of a C'T random process
x xPSD of two CT random processes

e Preview.

— Relation between the auto-correlation function and the PSD

— Relation between the cross-correlation function and the xPSD



e (). Recall that the PSD of a CT random process X () is defined as
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Is there any alternative form with which we can easily compute the

PSD?

— Notice that the PSD is related only to the second-order moment of
X (t).

— The 2nd-order TD characterization is done by the auto-correlation
function defined as

Rxx(t+71,t) 2 E{X(t+7)X*(t)}.

— The question is to find the relation between Rxx(t + 7,t) and
Sxx(f):



e A. The PSD can be found from the auto-correlation function as

Sxx(f) = f{A[RXx(t ~+ T, t)]} :

—Sxx(f) = FLAE{X(t +7)X*()}]}
—The PSD is NOT affected by the complementary /pseudo auto-
correlation function Ry x(t + 7,t).

—A|Rxx(t+7,t)] is a function only of 7 and often denoted by
RXX (7’)
~Rxx(r) < Sxx(f)

e (Wiener-Khinchin Theorem) If X (¢) is WSS, then

Rxx(1) +2 Sxx(f),

1.e.,

Sxx(f) — }—{RX)((T)} = fjooo RX)((T)B_jQFfT dT
Rxx(’i’) = f_oooo Sxx(f)ejQWfT df.



— Example. Find the PSD of
ei2nfot 4 o—i2n fot

2
L 207~ fo)+ 507 + o).

X (t) = cos(2m fot) = , Vi

* X (t) is deterministic, so that no statistical average is required.
* Since Rxx(t + 7,t) is given by

Rxx(t+ 7,t) = cos 2w fo(t + 7) cos 27 fy(t)
= > {cos(2mfo(2t + 7)) + cos(2m for)}
R xx(7) is obtained as
ARxx(t+T,t)] = %COS(Qﬂ'foT).

Thus, 0 i
Sxx(f) = 15(]( — fo) + f(f + fo).



— (Generalization) The PSD of X(t) =) ,;
Sxx(f) = lail’6(f — fi).

el

* Fig. Graphs of X (f) and Sxx(f)

a;el?™ it is given by

x The PSD is NOT a full characterization of the random process.
Later, we will see that it is the case when X(t) is a real-valued
WSS Gaussian random process.

e (). Recall that the xPSD of two C'T random processes X (t) and Y (%)

is defined as XA(FY(F)
Sxy(f) 2 lim =2 A
XY(f) Agnoo 2\
[s there any alternative form with which we can easily compute the

xPSD?




e A. The xPSD can be found from the cross-correlation function as

Sxy(f) = F{A[ny(t o+ T t)]} :

— Sxr(f) = FAE(X(t + DY (01}

—The PSD is NOT affected by the complementary/pseudo cross-
correlation function Ryy(t + 7,1).

—A[Rxy(t+ 7,t)] is a function only of 7 and often denoted by
ny(T).

~Rxy (1) ¢ Sxy(f)

—If X(¢) and Y (¢) are jointly WSS, then

Ry (1) <2 Sxv(f),



e Proof.
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e Properties of Syx(f) and Sxy(f)

— Use either the definition or the theorem.
— (real, non-negative PSD) Sxx(f) > 0,Vf.

-X(t) & C%X(t)
Sxx(f) = @nf)*Sxx(f)

— (conjugate pair) Sxy(f) = Sy x(f),V/f.

X Re{SXy(f)} — RG{SYX(f)} and IIH{SX}/(]D)} = — Im{Syx(f)}.
—1If X(¢) and Y (t) are orthogonal, i.e., Rxy(t + 7,t) = 0,Vt, VT,
then Sxy(f) =0,V f. However, the converse is not true in general.



—If X(¢) and Y (¢) are jointly WSS, then

—If X(¢) and Y (¢) are real-valued, then
* (real, non-negative, symmetric PSD) Sxx(f) = Sxx(—f),Vf

* (conjugate symmetrical xPSD) Sxy (f) = S%y(—f), Vf



