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e Review. The received signal contains a noise N () often modeled by a
real-valued bandpass wide-sense stationary (WSS) ran-
dom process called an additive white Gaussian noise (AWGN).

—T'D characterization of in-phase and quadrature components of a
real-valued C'T bandpass WSS random process

— TD characterization of complex envelope of a real-valued C'T band-
pass WSS random process

e Preview. D characterization

—real-valued C'T' bandpass WSS random process
x* PSDs and xPSD of in-phase and quadrature components
— complex envelope of a real-valued C'T' bandpass WSS random pro-
cess
* ZEro-mean proper
x PSD of complex envelope

—TD and FD characterization of a real-valued C'T bandpass WSS
Gaussian random process



e Review. TD characterization of real-valued bandpass WSS ran-
dom process

— Let X () be written as
X (t) = X(t) cos(2m f.t) — X,(t) sin(27 fot) = Re{ X;(t)e/?™ <!},
— (mean) X(t), X.(t), Xs(t), and X;(t) are all zero-mean random

Processes.

(i) X.(t) and X,(t) are jointly WSS random processes with iden-
tical real-even auto-correlation function Ry x.(7) and real-
odd cross-correlation function Ry x.(7).

(ii) X;(t) is proper-complex WSS random process and has a conjugate-
symmetrical auto-correlation function

RX]X[(T) — QRX(:X(:(T) + QJRXSX((T>‘

(iii) X (¢) has auto-correlation function given by

Rxx(7) = Rx x,(7) cos(2m f.7) — Rx,x,.(T) sin(27 f,.7).



e PSD and xPSD of in-phase and quadrature components

— (From auto-correlation to PSD) real-even Ry, x.(T) = Rx,x,(7)
implies real-even non-negative Sy, x.(f) = Sx.x.(f) where

RX(,‘X(:(T) é SX(.‘X(:(f)'

— (From cross-correlation to xPSD) real-odd Rx x.(7) = Rx,x.(—7)
implies pure-imaginary odd Sx.x.(f) = Sx.x.(—f) where

Rx x.(T) & Sx,x.(f), Rx,x.(—T) & Sx.x,(f)-

In other words, it implies real-odd jSx x.(f) = jSx.x.(—f)
where

iRx.x.(1) & iSx.x.(f), jRx.x.(—7) & iSx.x.(f)-



— (From Sxx(f) to Sx,x,(f))
Sxx,(f) = LPF{4Sxx(f + fo) }-

— (From Sx,x,(f) to Sxx(f))
B SXle(f - fc) + SX1X1<_(f + f0>)

Sxx(f) = 7

is a non-negative even function.



— Recall that X;(t) = X.(t) + jX,(t).
— (From Sx x.(f), Sx.x.(f) to Sx;x,(f))

Sx,x,(f) = ... = (Sx.x.(f) + Sx,x,(f)) +i(Sx,x.(f) — Sx.x,(f))
= 2Sx.x.(f) +2jSx,x.(f)

is a real non-negative function.

— (From Sx,x,(f) to Sx.x.(f) and jSx,x.(f))

2SX(3X(;(f) _ SX1X1<f) +2SX1XI(—f>

is the even part of Sy, x,(f). Recall that Py, x, = Px.x,+Px, x, =

2PX(;.-X(;'
SXle<f) _ SXlxz(_f)
2

2)Sx.x.(f) =
is the odd part of Sx,x,(f).



— Recall that
RX)((T) = RXCX(;(T) COS(Q’]TfCT) — RXSXC(T) Sin(27rch),

where Ry x(7) can be viewed as a real-valued bandpass signal with
the in-phase component Ry, x, (7) and the quadrature component Rx, x,.(7).

= (From SX(;X(;.(f) and J.SX,S.XC(f) to SX)((f>)

Sxx(f)=...
— SXCX(’(f _ fc) +jSXsXc(f — fc)

2
SXCXC(_(]C 5 fc}) ‘l‘jSXsXc(_(f + f0)>
2

_I_

is a non-negative even function.

— (From Sxx(f) to Sx,x.(f) and jSx,x.(f))

SX(:X(:(f) = e
is twice the even part of .... Recall that Pyx = Px x..

1Sx.x.(f) = -
is twice the odd part of ....



e Definition. A real-valued C'T' random process X (¢) is Gaussian if,
VN € N and
\V/(tl, t?) T 7tN) € RNa

the random vector

X(tN)

is a real-valued Gaussian random vector.

e Lemma. The mean process px(t) = E{X(t)} and the auto-
correlation function Ryx(t + 7,t) £ E{X(t + 7)X(¢)} fully
characterize a real-valued (Gaussian random process.

— Proof. Define X* £ [X(t;) X(t2) ... X(tn)]". Then, its joint
characteristic function fully characterizes X and can be written as

T
.wT o WFCw
(I)X(tl)rX(tQ):"' :X<t1\7) (g) — E {e]_ &} = €Xp (Jgjﬁ o 9 > g




where the mean vector pu with [u]; = E[X(#;)] and the covariance
matrix C' with

[Cliy = E{(X(t:) — X(t)(X(t;) — X&)}
= Cxx(ti, tj) = Rxx(ti, tj) — px (i) px (t5)
can be found from the mean process px(t) and the auto-correlation
function Rxx(t + 7,1).
— This can be done for VN € N and V(¢1,t,--- ,ty) € RY.

— Therefore, by Kolmogorov’s extension theorem, the conclusion fol-
lows.

e Theorem. If a real-valued random process X(t) is Gaussian and

WSS, then it is SSS.

— Proof. By the definition of wide-sense stationarity, pux(t) = px, Vt
and Ry x(t+7,t) = Rxx (7). Define X' £ [X (1) X(t2) ... X(tn)]"
and XT = [X(tl = A) X(tQ o= A) " X(tN £ A)]l
Then, E{X} = E{Y'} = uly. Moreover, [Cxxli; = Cxx(t; —
t;) = [Cyylij = Cxx(ti — A — (t; — A)) = Rxx(ti — t;) — p*.



Thus, the joint characteristic functions of X and Y are identical
regardless of A.

— This can be done for VN € N and V(¢,to,--- ,tn) € RY.

— Therefore, by the definition of strict-sense stationarity, the conclu-
sion follows.

e Corollary. If a real-valued random process X (t) is WSS zero-mean
Gaussian, then it is fully characterized by its PSD.

— Proof. Since it is of zero-mean, the characteristic function is deter-
mined only by the auto-correlation function that is equivalent to
the PSD. Therefore, the conclusion follows from the theorem.

e Corollary. If a real-valued random process X (¢) is bandpass WSS
Gaussian, then it is fully characterized by its PSD.

— Since it is a bandpass WSS random process, the mean function is
zero. Therefore, the conclusion follows from the above corollary.



e (). What can we say about the in-phase and the quadrature compo-

nents of a real-valued bandpass WSS Gaussian random process
X(t)?

o A. X.(t) and X,(t) are jointly WSS identically distributed zero-mean
Gaussian random processes.

— X.(t) and X,(t) are jointly Gaussian because any collection of sam-
ples is a linear transform of samples from the Gaussian random pro-
cess.

— X.(t) and X(t) are zero-mean processes because ...

— X.(t) and X(¢) have identical real-even auto-correlation functions
and non-negative symmetrical PSDs because ...

— X.(t) and X(t) have real-odd cross-correlation function and pure
imaginary odd xPSD.

e Remarks



— If X () is a real-valued bandpass WSS Gaussian random pro-
cess with power Pyy = ¢2, then

(wlz, — eX .
Xo(t). Xo(\02 Y 2702 P 202

because ... Thus, for each ¢, we have i.i.d. zero-mean circularly

symmetric 2-D Gaussian random vectors [X.(t) X,(¢)].

— If sampled at t; # to, then X (t;) and X(t9) are still identically
distributed Gaussian random variables with mean zero and variance
o2, but not necessarily independent. Thus, f Xo(t1), Xs(to) (T3 ) 18 2-D
Gaussian but no longer circularly symmetric in general.

e (). What can we say about the complex envelope of a real-valued
bandpass WSS Gaussian random process X (t)?

o A. X;(t) is a WSS zero-mean proper-complex Gaussian random pro-
cess.
— X;(t) is a complex Gaussian random process because ...
— X;(t) is zero-mean WSS because ...
— X(t) is proper because ...



