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Abstract

This document rigorously defines the class of **second-order random processes** (X (¢)) by the
condition of finite second moment, E{| X (t)|?} < co. We demonstrate that this fundamental require-
ment is both necessary and sufficient to guarantee the existence and finiteness of the process’s essential
statistical descriptors: the **mean function®* px (t), the **autocorrelation function** Rxx (t1,t2),
and the **autocovariance function** Cxx(t1,t2). The finiteness of the autocorrelation function
is proven using the **Schwarz Inequality**. Furthermore, the document discusses the significance
of second-order processes as the foundation for defining and analyzing **Wide-Sense Stationary
(WSS)** processes, which are crucial for signal processing and communication theory.

1 Definition of a Second-Order Random Processes

A **random process** (or stochastic process) X (t) is said to be a **second-order random process** if
the expected value of the squared magnitude of X (¢) is finite for every time instant ¢ in its domain Z.

1.1 Formal Definition
The process X (t) is a second-order random process if:

E{|X(#)]*} <o forallteT (1)
where Z is the index set (or domain) of the process.

1.2 TImplications: Existence of Mean and Variance

The condition in Equation (1) ensures that the process has finite **power** at every time ¢. This

automatically implies that the **mean** and **variance** of X (t) are also finite:
e The **Mean** px(t) = E{X(¢)} is finite.
e The **Variance®* o% (t) = E{| X (t) — px (t)|?} is finite.

2 Key Statistical Functions

For a second-order random process X (t), the following statistical functions are well-defined and essential
for its analysis.

2.1 Mean Function

The mean function describes the average behavior of the process over time.

px(t) = E{X ()} (2)



2.2 Autocorrelation Function

The autocorrelation function measures the statistical dependence between the process values at two
different time instants, ¢; and t,.

Rxx(ty,ta) = E{X (t1) X" (t2)} 3)
where X*(t2) denotes the complex conjugate of X (t3). For real-valued processes, X*(t2) = X (t2).

2.3 Autocovariance Function

The autocovariance function measures the correlation between the process values at t; and to, after
removing the effect of the mean.

Cxx(t1,t2) = Cov[X(t1), X (t2)] = E{[X (t1) — pux (£2)][ X" (t2) — pix (t2)]} (4)
The autocorrelation and autocovariance functions are related by:
Cxx(ti,t2) = Rxx(t1,t2) — px (t)px (t2) ()

3 Existence of the Autocorrelation Function

The Autocorrelation Function Ry x(t1,t2) is defined as:

Rxx(t1,t2) = E{X(t1) X" (t2)} (6)

3.1 Proof of Finiteness using the Schwarz Inequality

To prove that Ry x (t1, t2) is finite, we use the Schwarz Inequality (or Cauchy—Schwarz inequality) for
random variables U and V:
*7 12
[E{UV*}° < E{JUPYE{|V|*} (7)
Let U = X (t1) and V = X(t2). Substituting these into the inequality yields:
|[Rxx (t1,12)]” = [E{X (1) X" (t2)}* < B{IX (41)PYE{| X (£2)*} (3)
Since X (t) is a second-order random process, the condition in (11) guarantees that:
o E{|X(t1)"} < o0
o E{|X(t2)]?} < o0
Therefore, the product on the right-hand side is finite:
E{|X (t1)PYE{X (t2)[} < o0 (9)

This implies that |Rx x (t1,t2)|? is finite, and consequently, the Autocorrelation Function Rxx (t1,2)
is finite and exists for all t1,t5 € T.

4 Existence of the Autocovariance Function

The Autocovariance Function Cxx(t1,t2) is related to the autocorrelation function and the mean
function pux (t) = E{X(¢)} by:

Cxx(t1,t2) = Rxx(t1,t2) — px (t1) px (2) (10)
The existence of C'x x(t1,t2) relies on the finiteness of the terms on the right-hand side of Equation
(10):
1. Finiteness of Ry x(t1,t2): As shown above, this is guaranteed by the second-order condition.
2. Finiteness of 1x(t): The second-order condition, E{|X (¢)[*} < oo, implies the finiteness of the

first moment, E{|X (¢)|} < oo (a result also stemming from the Schwarz Inequality). Since the first
moment is finite, the mean function px(t) is finite for all ¢.

Since Cxx(t1,t2) is the difference between two finite quantities, it must also be finite. Thus, the
Autocovariance Function Cxx(t1,t2) is finite and exists for all ¢1,t, € T



5 Significance

The class of second-order random processes is crucial in engineering and physics, especially in signal
processing and communication theory, because it is the prerequisite for defining and analyzing **Wide-
Sense Stationary (WSS)** processes and performing **linear filtering™* operations. A random process
X(t) is a second-order random process if the expected value of its squared magnitude is finite for
all time instants t € T

E{|IX(t)?} <oo forallteT (11)

This condition guarantees the existence and finiteness of the fundamental statistical functions: the
mean function px (t) and the autocorrelation function Rx x (t1,t2).

6 Wide-Sense Stationary (WSS) Process

The concept of Wide-Sense Stationary (WSS) is a specific and highly useful class of second-order random
processes. A second-order random process X (t) is said to be Wide-Sense Stationary (WSS) if it
satisfies two conditions related to its first and second moments:

6.1 WSS Conditions
A second-order process X (t) is WSS if and only if:

1. Constant Mean: The mean function is constant (independent of time ¢).

px(t) =E{X(t)} = px (a constant) (12)

2. Time-Invariant Autocorrelation: The autocorrelation function depends only on the time dif-
ference T = t; — t3, and not on the absolute time ¢; or ts.

Rxx(tl,tg) = RX)((T) = E{X(tl)X*(tl — T)} = E{X(tg + T)X*(tg)} (13)

6.2 Relationship to Second-Order Condition

WSS implies Second-Order: The definition of a WSS process inherently requires that the process
be a second-order process. This requirement is implicit in the ability to define the mean px (¢) and the
autocorrelation Rx x (t1,t2) in the first place.

Practical Significance: WSS processes are central to linear systems analysis because their power
spectral density (PSD) can be found via the Fourier Transform of Ry x(7) (Wiener-Khinchin theorem).
The stationarity allows time-domain averages to replace ensemble averages, simplifying practical analysis.

7 Conclusion
The definition of a second-order random process provides the necessary and sufficient condition (E{| X (¢)|?} <

o0) to ensure that its essential statistical measures, the mean, autocorrelation, and autocovariance func-
tions, are well-defined and finite, enabling rigorous mathematical analysis of the process.



