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can only be conveyed via amypfifude for the noncohcrcul memoryless K Smittesrand
fading channel, information can be carried by the pl s well when

the channel has memory.
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and ¢ noise has a positive-definite autocorrelation function, the
optimum transmitter and receiver waveforms lhat jointly minimize the

mean-squared error at the outpul of the linear regeiver-asg derived with lhe
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channel were studied, more general joint optimization with a mul-
tiple-input/multiple-output (MIMO) channel attracted a lot of interest.
It is worth noting that, unlike an SISO channel, there are two types
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coordination of transmitters, they were able to show that the MIMO
problem can be divided into separate SISO joint optimization prob-

lems. In [7] and [8], Golden et al. tackled the other type of MIMO sdb d— h

problems with noncoordinating transmitters. They successfully derived

the optimum zero-forcing solution for symmetrically cross-coupled (g _‘7 )
v .

two-user channels. However, it was shown that the optimum minimum
can-squared error (MMSE) solution is not analytically obtainable
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even with such a simple scenario.! Later in [9], Kumar and Roy further
investigated this problem for symmetrically cross-coupled N -user
channels, and again showed that a set of coupled, nonlinear equations
needs to be solved to obtain jointly optimum transmitter and receiver
wavelorms. A comprehensive treatment on this topic can be found in
[22].

In this correspondence, we consider a joint transmitter and receiver
optimization for an SISO system with an additive WSCS noise in
contrast to the previous works with additive WSS noises. Note that
cochannel interference, crosstalk, adjacent-cell interference, and
many other types of data-like interference of digital communication
systems are best modeled as WSCS noises rather than WSS noises. It
is assumed that the period of the cyclostationarity of the noisc is the
same as the inverse of the symbol transmission rate and that the noise
has a positive-definite autocorrelation function. The data sequence is
modeled as a proper-complex wide-sense stationary colored random
process and the channel is modeled as a linear time-invariant system
with a general frequency-selective impulse response. After a weighted
water-filling is performed to find the optimum transmission energy
allotment, the optimum transmitter and receiver waveforms that jointly
minimize the MSE at the output of a linear receiver are obtained
in terms of the vectorized Fourier transforms of waveforms and the
matrix-valued power spectral density of the cyclostationary noise.

The solution of this variational problem is applicable in designing the
optimum transmit filter when a new system employing a linear MMSE
receiver is overlaid on an existing system having a linear modulation
with the same symbol transmission rate. It is also applicable in can-
celling data-like jaumming signals. It is also worth noting that this joint
optimization is the locally optimum action taken by each pair of a trans-
milter and a receiver in a noncooperalive game, where each pair com-
petes with other pairs sharing the same frequency band to achieve a
better quality of service in a wireless ad hoc network. Note that in all
these cases, the interference is accurately modeled as a WSCS noise
with the aforementioned characteristic.

The rest of this correspondence is organized as follows. The signal
and system models are described in Section 1L The frequency-domain
expression of the MSE is derived in Section 11, and the jointly optimum
transmitter and receiver waveforms are derived in Section IV, Numer-
ical results are provided in Section V. Finally, concluding remarks are
offered in Section VL
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Fig. 1. System block diagram.

impulse response h(t) having bandwidth B (Hz). Without loss of
generality, we assume that the carrier frequency used for the complex
baseband representation is the center frequency of the channel. The
output of the channel is corrupted by a zero-mean proper-complex?
noise N (f}. Hence, the received signal can be written as

S b[klp(t = KT) + N(t) 2)

k=—nc

#(t) =

where p(t) a h(t) =0 s(t) is the response of the channel to the input
s(t) with ¢ denoting convolution.

It is assumed that the noise process is band-limited with the same
bandwidth B as the transmitted signal, positive definite, and having
the period of cyclostationarity T3 Related definitions are as follows.

Definition 1: |11, p. 7] A second-order proper-complex random
process NV (f) is band-limited with bandwidth B if it 1s unaffected by
passing it through an ideal low-pass filter with cutoff frequency B.

Definition 2: A second-order proper-complex random process N (t)
with bandwidth B and the autocorrelation function

raltos) SE{N(HN(s)}

is called positive definite if

f./-.n'{l')*r,\-(f.x]u‘(x]r”rl‘x>f| (3

for all nonzero w(t) € L2(B)4

Definition 3: A second-order random process N (t] is called WSCS
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transmitter and receiver wavetforms are derived in Section 1V, Numer-
ical results are provided in Section V. Finally, concluding remarks are
offered in Section VL

II. S1GNAL AND SYSTEM MODEL

The system block diagram in complex bascband is shown in Fig. 1,
where and in what follows the superscript * denotes complex conjuga-
tion. Modification of this signal and system models to the real-valued
baseband case is straightforward. The transmitter employs a linear
modulation scheme with a transmitter waveform s(f) and a symbol
transmission rate 1 /1" (symbols/s). The data sequence (b[k])). is mod-
eled as a discrete-time WSS random process with the auto-correlation
function

mlk] 2 E{b[k + 18]}

and the power spectral density

=3

.”[,f]-A- Z m[’_.]‘. LI (M

h=—co
The transmitted signal is passed through a strictly band-limited
channel, which is modeled as a lincar time-invariant system with the

This is because there exists no adequate mathematical tools for this type of
a complicated nonlinear functional optimization problem [7].
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The receiver consists of a lincar time-invariant filter with the im-
pulse response w(—*)" and a sampler with the sampling rate 1 /1" (sam-
ples/s). The decision statistic z[!] for the detection of the Ith symbol 1]
is defined as

FES w[—f)'{f}

= 3 blHa(I = )T) + i @

k=—oo

= / w(t —I1T) =(t)dt

d—ma

t=IT

where the waveform g(#) is defined as

q(t) é'ﬁl'.i(—”"'._‘:p[fJZ [ w(T) plt+ 7)dr (3)

for all nonzero w(t) € L2(B)#

Definition 3: A second-order random process N () is called WSCS
with mean zero and period T if

%P%%Wlt)#-

A
MSE biv  be] & 20

St ,N(L—))

A 2E(N(H} =0, Wt
and
vt s)=rn(t+ AT s+ k), forallt,s € RHand k € £.

The simplest example is the case where an additive white Gaussian
noise (AWGN) corrupts the channel output. Since the out-of-band
signal is irrelevant [12], only the in-band portion of the noise can
be regarded as N'(1). This band-limited white Gaussian noise is
certainly positive definite because [ [w(t)[*dt > 0 for all nonzero
wit) € ﬂ.z(ﬂ ) by definition. From this example, we see that the solu-
tionin [1]isaspecial case of what is considered in this correspondence.

“Roughly speaking, a WSS complex-valued random process N (1) satisfying
E{N()N (&)} = 0,1, s, is called proper. For details about proper-complex
random processes, see [10].

IFor the cases where the frequency band of B(1) being apparently contained
in the frequency band of N (1], we just need to redefine the frequency band of
(1) w fully include all relevant out-of-band signals that have nonzero spectral
correlation with the in-band signals,

AL B) s the setof all finite cenergy, band-limited signals with bandwidth

B el f | = AT
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Proof: By definition, the inverse discrete-time Fourier transform
of (1) is given by

4 5
mlk] = / ) M( el qr,

2

Since m[0] = E{|6[k]|*}, we obtain
1

E{b[H][?} = / 1 M(F)df.

Now, a simple change of variable leads to the conclusion. O

Tt is worth notine that the nower snectral densitv M F) is periodic
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where the waveform ¢(t) is defined as

g(t) & w(=t" cp(t) :f

—ca

o

w(T) plt+ 7)dr (3)
and the noise component n|l] is defined as
ni] 2 f wit —IT)" N(t)dt. (6)

aa

The noise variance can be written as

E{[»[0]]*} =E { (/’* u'(i‘]*_-\"(t)(ft) (/* u‘(s)x_-\"(e]d.e)*}

) / / w(t) ra(f s)w(s)dtds, (7
Hence, the condition (3) leads (o0 nonzero noise in the observation after

filtering.
The performance metric used in this correspondence is the MSE de-
fined as

= SE{|b[K] - =[k]} (8)
=E{|b[K][* = 2R(B[K]" =[K]) + |2[K]*}

=E{|b[x][*} (9a)

— ZR(E(BIA" 2[M]) (9b)

+ E{|2[k] = n[k]|*} (9¢)

+ E{|n [k} (9d)

where I denotes the real part, (Ya) is the relerence component, (9b) is
the cross-correlation component between the reference signal and the
output, (9¢) is the signal component, and (9d) is the noise component.

We are going to find the optimum transmitter and receiver waveforms
Sopt (1) and w e () that jointly minimize the MSE defined as above.
Similarto [1], the MSE can be made arbitrarily small by spending more
and more power in transmitting the signal. So, itis reasonable to impose
a constraint on the average power of the transmitted signal. Hence, the
problem is formally stated as

minimize
alt )y wif)

&
e 1 fZ g
subject to E{T[g’_ z_: blk]s(t — k1)

where A > 0 is the average transmitted power,

This problem is inherently a variational problem, where the MSE
is a complicated objective functional of two time functions s(t) and
w(t), In the next section, we convert this time-domain expression to a
frequency-domain expression term by term, to solve the problem in the
[requency domain.

Jf} =4 (10)

k

1. FREQUENCY-DOMAIN REPRESENTATION OF MSE
A. Reference Component (9a)

Proposition 1: The reference component (9a) in the MSE can be
rewritten as

) 7r
E{[b[0]]'} = [ TMIT)f. (i
ey

gy g — }. g g

Now, a simple change of variable leads to the conclusion. O

It is worth noting that the power spectral density M ( f) is periodic
with period | because it is the Fourier transform of a discrete-time
signal m[k]. Consequently, M{ fT) = M{(f = 1/T)T), ¥l € Z. We
will use this property in the next two subscctions.

B. Cross Term (95)

Belore we derive the expression for the cross term, we first define
the excess bandwidth and the vectorized Fourier transform. The excess
bandwidth is a parameter that is used to quantify the extra bandwidth,
over the Nyquist bandwidth, spent in pulse shaping. It will be seen that
the excess bandwidth determines the degrees of [reedom in our optimal
waveform design. The vectorized Fourier transform is a representation
as a vector-valued function of the ordinary Fourier transform that is a
scalar-valued function. This alternate expression of the Fourier trans-
form facilitates our optimal system design in the frequency domain.

Definition 4: The excess bandwidth 7 is defined by the relation
_1+4

2

where I3 and 1/T are, respectively, the bandwidth and the transmission
rate of the symbol waveform s(t).

BT (12)

Definition 5: The vectorized Fourier transform x( /) with sampling
period 1/T" of the time function (t) having bandwidth B is defined
as

X(=5+1)
X (=gl g

x(f) 2 (’. ) (13)
X(7+/f)

for f € [=1/(20).1/(21)) with L £ [3/2], where X (¢) is the
Fourier transform? of x(#) and ( is given by the relation (12).

As shown in Fig. 2, the vectorized Fourier transform requires the
sampling of an ordinary Fourier transform in the frequency domain,
Note that the sampling rate is T (samples/Hz) and that the argument f
serves as the offset of the uniform samples from the integer multiples of
1/ In the vectorization, the excess bandwidth determines the number
of samples to be taken. As will be later seen, the dimension 2L 4 1 is
an upper bound on the degrees of freedom in the waveform design.

Proposition 2: The cross term (9b) in the MSE can be rewritien as

" # e M .
—2R(E{b[k] '-{A-]lJ:/TJr—E.R(w{.r} (.ﬁf[‘fTprl}l)rff

(14)
where w( f) and p( f) are, respectively, the vectorized Fourier trans-
form of the receiver waveform w(t) and that of the channel response
pit) of the transmitter waveform.,

SThroughout this correspondenee, a capitalized frequency function represents
the Fourier transform of the corresponding time function.

Authorized licensed use limited to: POSTECH Library, Downloaded on September 03,2025 at 04:50:06 UTC from IEEE Xplore. Restrictions apply.
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E{b[0]]*} = [_jT.U(;T}Jj (1)

SThroughout this correspondence, a capitalized frequency function represents
the Fourier transform of the corresponding time function,
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Fig. 2. Frequency-domain sampling with offset f and period 1/7T to
construct the vectorized Fourier transform &{ f) of x{f) from the Fourier
transform X (£).

Proof: Using Parseval’s relation and the definition of M (f), we
obtain

E{[0]"[0]} = {b[U} /‘“ wi#)” (1) ch‘} (15a)

= rr:[&] /
J.— e

Z m[a][ WE) PE)e ™ e (15¢)

k=—2c

= [ W(E) PE)MET e, (15d)

=~}

() plt — kT )dt (15b)

By dividing the integration interval into length-1/T subintervals and
properly rearranging terms, we obtain

- #r u 3
E{B[0] ;[0]}:/ . wif) (.U(fTJp[f))dj (16)
o
where we used the periodicity of A(£T') with period 1/T". From (16),
the conclusion follows immediately, O

C. Signal Component (Y¢)

Proposition 3:
rewritten as

E{|:[0] - n[0]f'} = [ZT w(f)"

The signal component (9¢) in the MSE can be

M(fT -
(%pu‘lp[ﬂ”)wc.f:d},

695E (25-2) &
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cating the derivation of the solution but also
are ilccuralely modeled as signal: having pitcewisc smooth

all irequcm.y functions in this wm:spundcnu: are assumed pleu:
smoath.

D. Noise Component (9d)

An autocorrelation function of a cyclostationary random process is a
two-dimensional signal. In order to handle this signal in the frequency
domain, we need the Fourier transform and the inverse Fourier trans-
form defined for general (wo-dimensional signals.

Definition 6: The double Fourier transform of #{f. s) is defined as
R(£.E) 2 / ] r(t, s) e 2Tt ged s
oc oc
and the inverse transform as % M "\
r(ts) 2 / / R(E.£) P8 geag,
i pe_-
Notice that, unlike the conventional definition of the two-dimen-
sional Fourier transform, we correlate (£, 5) with ¢~ 278" %) jngtead
of e~ E!+E4) 10 abrain R(E, ).
By combining this definition and the definition of Fourier trans-

form pair for one-dimensional signals, we obtain the following lemma,
which is a simple extension of Parseval’s relation.

Lemma [:
1 et s)e(s)dtds (19a)

el 3
-/ ]

Proof: Substituting the inverse Fourier transforms of (/)" and

v(s) into (19a) and then using the definition of double Fourier trans-
form we ohtain (19h) 1

V() R(E OV IEVEdE. (19b)

24~ 1400 I| 0| X| 6
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Proposition 3: The signal component (Yc) in the MSE can be
rewritten as

1
E{|:[0] - n[0]f} = [7’" wrﬁ”(MTfﬂ
o

P(flp[f)H)w(f'de-
(7

2
} (18a)

3 a0l - R)T]') (18b)

I= o

Proaf: Note that
E{]=(0] = n[0][*}

=E{

i m[—k| (

k= ac

> -z ¥ [ ewe(c-7)

k=—20

.(,fzn[cw.{-.)r.-'f'df)

1 &= ™ LN ; :
Ty _/mrenm (a—]—.) METHE  (18d)

where the Poisson summation formula [21, p. 577] leads to (18c) with
(&) being the Fourier transform of ¢({) defined in (5). After dividing
the integration interval into length-1/7" subintervals and properly rear-
ranging the terms, we obtain (17).

)

> blje(-1T)

1= oo

I=—ce

(18¢c)

A sufficient condition on ¢(f) for the applicability of the Poisson
summation formula is the piecewise smoothness of (J(£).% Since the
piecewise smoothness of W (£), H(E), and 5(£) leads to the piecewise
smoothness of (2(£), we assume as such, This assumption is reasonable

OFor details, see [13, Proposition 1 and the related footnote].

_j J S I T T T E ATy 1T e [T

Proof: Substituting the inverse Fourier transforms of w(¢)" and
v( %) into (19a) and then using the definition of double Fourier trans-
form, we obtain (19b). O

By using Lemma 1, we can rewrite the noise component (7) as
E{[n[0]]"} = / / W) Ry (£.WI(EEdE  (20)

which we need to convert to a single integration with a finite integration
interval, in order to conform (o the frequency-domain expressions for
other components in the MSE.

We start by observing the following lemma from [ 15].

Lemma 2: |15, p. 242] If #(t, &) satisfies

rit,s) = v(t 4+ kI, s+ KT, vked (21a)
there exists +'#) (1), k € Z such that
ity = Y r - st ¥, (21b)

k= oo
Proof: Letr(t,7)=r(t,f —7),then #(, 7} is periodic in ¢ with
period 1", If we expand 7 (f, 7} using the Fourier series, we obtain (21b).
[

Remark 1: 1f r(t. s) satisfies v (£, 5) = r(t — 5. 0), every r'* (t —5)
vanishes except r''(# — ) = r(f — ) because

z 8= e = 0,5 = 1)

k= o0
o

= Z 'F'I.“”—H]

k=0

(il =80)=

for all # and s,

Authorized licensed use limited to: POSTECH Library. Downloaded on September 03,2025 at 04:50:06 UTC from |EEE Xplore. Restrictions apply.
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Note that the double Fourier transform of (. s) satisfying (21b) is
given as

RedH= > BW (5—%)6(5—5—%)

k=2

(22)

where H “"({) is the Fourier transform of i'[HET}. In this case, the

TEEE TRANSACTIONS ON INFORMATION THEORY, VOI.. 50, NO. 12, DECEMBER 2004

where the matrix-valued power spectral density R~ ( f) of the cyclo-

stationary noise N (1) is defined as
R (1)) 2 { RE U (f 4L, forfe-il<2L
’ ' 0. elsewhere

(28)

with k.1 =1,2,..., 2L + 1.
Proof: Using (26), we can rewrite (23) as

695E (25-2) == 1400 H|O| X| 7
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k=—roo

(22)

2 mer)rleer)

where R'*'(£) is the Fourier transform of r ) (7). In this case, the
double Fourier transform of r(t, s) satisfying (2] ) consists of impulse
fences on lines parallel to the £ = £ diagonal and separated by 1/T
[11]. Now, by applying this result to the double integration (20), we
obtain an intermediate result as

ety = [~ 3 we n‘“(&——) W (t—%)a‘&

pai T
o (23)
where R\ (), k € Z, are the Fourier transforms of r\’ (1), k € Z,
such that
ra(t. s) = Z -rf\f"[r - .9]9-""“% (24)
k=—m0
Remark 2: If N(t) is wide-sense *:tallnnary, ie, ry(t,s) =

ry(t — 5.0), then (23) becomes j:’l m )TV (€)|*d¢, which is
a well-known result from the filtering theory of random processes.
In other words, the double Fourier transform of the two-dimensional
autocorrelation function consists of a single impulse fence on the
line &€ = £, and the power spectral density (PSD) corresponds to the
magnitude of the fence.

The expression (23) can be further simplified when the WSCS
process NV (#) is band-limited, which is our casc. Recall Definition 1 of
a band-limited process. This definition implies that the autocorrelation
function rx (¢, ) is the same as the autocorrelation of the ideal
low-pass filtered version of V(). Hence, using Lemma 1, we obtain

E{N(H)N(s)"} =E{Lp|N()]Lp|N(s)]"} =
B pRE e Lionres .
ra(tos) = f / Ry (€ et 8 geag  (25)
J-pJ-B
where Lg[e(1)] denotes the response of the ideal low-pass filter with
bandwidth B to the input x(t). From the definition of the inverse

Fourier transform of Rx(£.€) combined with (25), we find that
Ralg, {} = 0 outside the square area defined as
{t&.&)llel < B.IE| < B)}.

Hence, the infinite sum (22) has at most 4L 4+ 1 nonzero terms as
2L i A A
2 Z‘: W e Flsfe_¢f_Z 2
BN(E€) ‘I_Z”R,\ (t ].) (t £ 1.) (26)

where !{\" '(£) has an additional restriction that it can be nonzero only

on a linite interval
k ke
B, -B- 1—) min (ﬂ. n- 1—)}

o

fork = —2L,—2L 4 1,...,2L, ie, R\ (£ = &) = 0 outside the
square area.

Proposition 4: The noise component in the MSE can be rewritten

695E (25-2)

[u,.\-tfm.,fgib__\- v

with k.1 =1,2,.... 2L + 1.
Proof: Using (26), we can rewrite (23) as

E{Jn [0|}—[ S we

g -

Hig= —l“(ﬁ— —J

After dividing the integration interval into length-1/T subintervals and
properly rearranging terms, we obtain (27). ]
E. MSE

Now, we present the final result of this section.

Theorem - The MSE (8) can be expressed as
1

-

T

TMFT) +w(H)* R(fHw(f)

—Q‘R(m(IJ”[MUTIP(I)!)JI (29)

where

R() £ Ry () + £ MUT)p(BN". (30)

Proof: By combining Propositions 1 to 4, we obtain (29). O

Since p(t) = h(t) o0 s(t), we can replace p(f) in (30) with
H{ [)s( [}, where #( f) is the vectorized Fourier transform of s(t) and
H(f)isa (2L + 1)-dimensional, diagonal, matrix-valued frequency

function defined as
L
(T + f)} (3D

for f € [~1/(20).1/(2T))

Hmédiag{fr (7%+;‘) ..... H
IV. OPTIMIZATION OF WAVEFORMS

In this section, we find the jointly optimum transmitter and receiver
waveforms using the objective functional (29) derived in the previous
section, In order to conform o the frequency-domain expression of the
objective functional, we rewrite the average power constraint in (10) as

efdd y
A= — dt
TJ)-%

=% um‘nsw'ﬂra

o0

Z h[f. (t—kT)

k==—oa

= [ MFT) 8 £)7 80 f)df. (32)

Our approach is to d1\r1dc the problem into a cascade of individual
receiver and transmitter optimizations as

minimize
alf)

) 7r
subject to /
.

minimize =
wi )

.U[f.f)

alfldf = A (33)
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for b = —2L,—2L 4 1,..., 2L, ie, R (€ = &) = 0 outside the “a “i:] .
Square ared. subject to f : %rr[,f Jif = A (33)
Proposition 4: The noise component in the MSE can be rewritten r
as where the energy density «( f) of 8( f) is defined as
et [ P ! a(F) = ()" 8(f) (34)
0 = N 27
{In[o]I"} _[_+wtf) v fHdf @ o § € [=1/(21),1/(21)).
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