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where the Hermitian transpose of the blocking matrix B(f)

is defined as
wl,(l(f)HHl(f)
wl,l(f)HHl(f)
wl,[\lnl\h*l-(f)HHl(f)
wico(f)* Hic(f)
B(f)* £ w1 (/) Hi(f) (27)

wK.I\Iul\[K—l'(f)HHK(f)
w_p(f)*

w1 ()

ap(f)* J
with the VFTs w;(f —L,—L+1,...,L, of the receive
waveforms of the virtual legacy receivers augmenting the
orthogonality constraint (21b).

IV. OPTIMAL SOLUTION AND ITS EXISTENCE

In this section, the optimal solution to Problem 2 with the
modified zero-interference constraint (26) is derived. Due to
the constraint (26), it is possible for the constraint set to
be empty, which makes the problem vacuous. So, a natural
question is when Problem 2 has an optimal solution. This
issue of the existence of the solution is also discussed.

A. Derivation of Optimal Solution

The optimization problem Problem 2 can be rewritten in a
double minimization form

mir:ifm)ize{:;x(ifn)/JT TM(fT) +w(f)*Rz(f)w(f)

2R (w( (M(TIR() ) df }.(28)
J
with the constraints (26) and (21c) being imposed not on the
inner minimization but only on the outer minimization. Since
the inner minimization reduces to finding the linear minimum
mean-squared error (LMMSE) receiver without any constraint,
fi s (111
s [11]
_ M{UT)Ry(f)" H(f)s(f)
L+ 2R s(N)HC()s())
where H(f) is the N'(f)-by-N(f) diagonal matrix defined
as

NfeF, (29

Winmse (f)

H(f) = diag(h(f)) (30)

and C(f) is the N(f)-by-N(f) matrix-valued frequency
function given by

Vol AN = T aV; % - IWEAES ¥ & M
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because Winmse(f) = 0,Vf € (Far)°.

Now, the outer minimization problem reduces to finding
s(f) that minimizes the MSE in (32) subject to the constraints
(26) and (21c). To proceed, we define the energy density
function a(f) of s(f) as [11]

a(f) £ s(f)*s(f) 33)

for f € F. Then, the constraint set can be partitioned into
subsets, each of which contains all feasible s(f) having the
same energy density function a(f). So, the outer minimization
problem can be rewritten in an equivalent double minimization
TM(fT) "

form
/f“ 1+ M g(pyne(f)s(f)

Problem 3:
subject to B(f)"s(f) =0, Vf € Fur,
s(f)"s(f) = a(f), Vf € Fur,

MUT) pyaf = a. (34)

min
s(f)

minimize
a(f)

subject to —
J -/.FAI T

This shows again that an arbitrary choice of the optimal
transmit waveform sey (/) will do for f € (Far)°.

To minimize the objective function of the inner optimizati
problem of Problem 3, we need to find sop (f)
the denominator of the integrand at each f € F),. Hep€e, the
inner optimization problem to find_s, i

subject to B(f)"s(f) =0,

s AVH

Sl FY — (£
S\ s\uU) —auy)s

ds 1o he solved for rr—Fhis—p
can be interpreted as an optimal beamforming problem that
must generate orthogonal beams to legacy receivers at each
frequency offset f.

In [i8] and [19], soiutions to some unusuai eigenvaiue prob-
lems are provided, where non-VFT version of Sub-Problem 1
is solved for real-valued vectors and matrices with a(f) being
unity and the matrix B(f) being of full rank. The following
proposition extends this solution to our case. To proceed,

b L
7

we Pg{f) an nal
projection (f) of B(f) as

Ps(f) 9 B(/) (B()*B()' B(H™,  (6a)
and

Pi(f) £ Iv(s) — Pp(f). (36b)

respectively, where Iy/(s) denotes the N( f)-by-N(f) identity
matrix and T denotes Moore-Penrose generalized inverse.

Proposition 1: The optimal solution e (f) to Sub-
Problem 1 is given by
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H(f) £ diag(h(f)) 30)
and C(f) is the N(f)-by-N(f) matrix-valued frequency
function given by

C(f) £ H(H"Ry ()T H(S).

With this solution (29), the MSE performance is given by
TM(fT)

/ﬂ, 1+ M(’;’r)

(€Y}

if, (32)
s(H"C(f)s(f)

respectively, where Iy(s) denotes the N'(f)-by-N'(f) identity
matrix and T denotes Moore-Penrose generalized inverse.

Proposition 1: The optimal solution Sou(f) to Sub-
Problem 1 is given by

Sopt(f) = Va(F)vmax ()P

for f € Far, where (f) can be chosen arbitrarily and vy (f)
is the normalized eigenvector corresponding to the largest
eigenvalue Anax(f) of Pg(f)C(f).

(37
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Proof: See Appendix B. [m]
As shown in the proof of Proposiiion 1, the max-
imum value of the objective function is given by

Amax (f)Sopt (£)8opt(f) = a(f)Mmax(f) for f € Far. Thus,
the outer minimization of Problem 3 to find the optimal energy
allotment aoy (f) for f € Fpr becomes
Sub-Problem 2:
minimize / %
o) Jry 14 MDD (Falf)

subject lo/ Ma(f)df =A.
Far

Now, the result in [11] can be used in obtaining the
following solution to Problem 2, since Sub-Problem 2 to find
the optimal energy allotment aqp (f) for f € Fy is the same
problem as the one in [11, Eq. (44)] only except that F is now
replaced by Fj; and that the orthogonality constraint (26) has
changed Apax(f) from the largest eigenvalue of C(f) to the
largest eigenvalue of Pg(f)C(f), so that Apax(f) can be
zero for some f. To proceed, we define the set

Frmae = {f € F 1 Amax(f) # 0},

as the support of Ayax(f).

Theorem 1: The VFTs sou(f) and wep(f) of the jointly
optimal transmit waveform so(¢) and the receive waveform
Wopi(t) as the solutions to Problem 2 are given, respectively,
by

(38)

(39)

_ op (F)vmax(£)e?), Vf € Far,
son(f) = { arbit:ary, Vfe (]l'l;[)‘ “0
and
wop(f) = M<fT)RN(f)ilH(f)s""‘(f), YfEF, @4

1 MUD N (o (f)

where the optimal energy allotment aoy (f) is given by

- T - T
PN MU (1) |\ MUT) A ()’
(42)

for f € Far N Fy

aopt(f ) =

with vy > 0 being the unique solution

[
+

/ v — T MUT) o,
|\ MO M) |\ T (D =
(43)
and [2]* £ max(z,0) denoting the positive part of z, and

aope(f) =0 for f € Far N (Fau)®-
Proof: See Appendix C. [m}

The solution found in Theorem 1 leads to the jointly
minimized MSE &, given by

-

B. A Necessary apd m Condition for Existence of

Sotution N

The final questio| _}{zz%fwered is what is the nefessa

and sufficient conditign for the existence of a non-trivi

timal solution such that eon < E{|B[1][*} = [ TM(fT)df.
In this subsection, we show that the existence of a non-trivial
optimal solution can be determined solely by the orthogonality
constraint (26). To proceed, we prove the following lemma.
Note that the result is not trivial because C(f) is positive
semi-definite in general.

Lemma 2:
Dlim _a cacy
rplj)=v (49)
Proof: See Appendix D. m]

Theorem 2: A non-trivial optimal solution exists if and only
if (iff) the length of the set

{f € Fr : Dim(null space of B(f)™) > 0} (46)

is greater than zero, where Dim(-) denotes the dimension of a
subspace.
Proof: See Appendix E. ]
The above result provides a simple way to perform admis-
sion control without performing eigen-decomposition of the
matrix Pg(f)C(f) but just using the matrix B(f) that can
be obtained once the frequency responses and the sampling
timings of the legacy and the virtual legacy receivers are
identified.

V. NUMERICAL RESULTS

In this section, we provide numerical results that demon-
strate the effectiveness of our solution in designing overlay
systems. The Monte-Carlo integration results as well as the bit
error rate (BER) estimates based on the conditional Gaussian
approximation (See [20] and references therein.) of the overall
interference are provided. Throughout this section, the legacy
and the overlay systems employ linear modulation with QPSK
symbols. The legacy transmitters have square-root raised co-
sine transmit waveforms with roll-off factor v € [0, 1]. For
simplicity, all the channels to the legacy receivers are chosen
to be frequency flat, and the legacy receivers employ matched
filters followed by symbol rate samplers.

The first results are to compare the performance of the
proposed overlay system with that of the overlay system
utilizing guard bands only. There are four legacy systems with
~ = 0.2, and the length of each guard band is 0.2/7. The
overlay systems with 1/7" = 1/T are to be designed. For
illustrative purpose, the channels to the overlay Rx are chosen
to be two-path frequency selective channels with impulse
responses hi(t) = 0.9¢3%5(t — Tn/8) + 0.45(t — 15Tn/16).
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and [2]* £ max(z,0) denoting the positive part of z, and
aop(f) =0 for f € Fr 0 (Firu)’
Proof: See Appendix C. [m}
The solution found in Theorem 1 leads to the jointly
minimized MSE e,y given by

- / TM(fT)
T Sr 1+ MO (Faon(f)

Note that (42) and (43) show that aoy(f) is a monotone non-
decreasing function of the average transmit power A > 0.
Thus, (44) shows that the minimized MSE is a monotone non-
increasing function of A, which justifies the use of the equality
constraint P = A instead of the inequality constraint P < A
in the formulation of Problem 1.

df. (44)

~ = 0.2, and the length of each guard band is 0.2/7%. The
overlay systems with 1/7 = 1/T; are to be designed. For
illustrative purpose, the channels to the overlay Rx are chosen
to be two-path frequency selective channels with impulse
responses hy () = 0.9¢158(t — Tp/8) + 0.45(t — 15T,/16),
ha(t) = 0.5e7F5(t — Tp/2) + 0.8675(t — 5Tp/11), ha(t) =
0.7675(t — To/4) + 0.9 35 5(t — To/5), ha(t) = 0.3¢1 56
3(t — To/2) + 0.65(t — Ty/8),and h(t) = 0.761%5(t — Tp/4)
+0.9¢175(t — 197,/80). Fig. 3-(a) shows the PSDs of the
legacy and the overlay signals observed at the overlay Rx.
The symbol timing offset between the 2nd and the 3rd legacy
transmitters is 0.47}, and the received signals are, respectively,
6,0,2, and 4 [dB] stronger than the overlay signal, where the
legacy systems are numbered from left to right. The overlay
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Fig. 3. Comparison of the overlay system that utilizes guard bands onl rade-off between the average BER and the symbol rate when

with the proposed scheme. (a) PSDs of the legacy and overlay signals. (b)
Average BER versus Fj,/No for various transmit bands: (—-) guard bands
only, (=) proposed.

system has E,/No = 10 [dB] and By = [—1.5/T0,1.5/To),
and B = [—3/T0,3/To). Note that, even though the PSD of
the overlay signal overlaps with those of the legacy signals,
the overlay signal does not induce any interference at the
legacy receivers. Fig. 3-(b) shows the BER performance of the
overlay systems. The receive band is the same as Fig. 3-(a).
It can be seen that the performance of the proposed overlay
system is significantly better and improves as the length of
the transmit band increases, while that of the overlay system
that utilizes only the guard bands improves very little.

The next results are to show the trade-off between the BER
and the symbol rate of the overlay system. We consider an

F 0 spectrum hole. (a) PSDs of the user signals when v = 0.22 and
l/T = 1/(4Tp). (b) BER versus roll-off factor of the waveform of the legacy
Tx.

and the overlay signals are frequency-shifted, amplified, and
retransmitted by a single relay, the bent-pipe satellite, and the
terminals can demodulate either the legacy signal, the overlay
signal, or both. The LOS channels from the satellite to the
receivers are assumed flat and of the same gain. Under this
assumption, multiple receivers can be regarded as a pair of
co-located legacy and overlay receivers. As the propagation
delays from the overlay and the legacy transmitters to a
receiver are identical, it turns out that the optimal solution
not only makes the overlay signal orthogonal to the legacy
receiver but also makes the overlay receiver to completely
null out the legacy signal.

As shown in Fie. 4-(h). a better BER nerformance can
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the transmit band increases, while that of the overlay system
that utilizes only the guard bands improves very little.

The next results are to show the trade-off between the BER
and the symbol rate of the overlay system. We consider an
extreme case, where the entire frequency band is occupied
by the legacy signal, so that no frequency band free of the
legacy signal is available to the overlay system. As shown in
Fig. 4-(a), there is one legacy system with the symbol rate
of 1/Ty [Hz] and E},/Ny = 10 [dB]. The symbol rate 1/7°
of the overlay Tx is chosen to be a fraction of 1/7p, and
Br = Br = [-(1+1)/(2Tv), (1 +7)/(2T0)] [Hz]. A sce-
nario of upgrading a fixed communication link by overlaying
another system is considered, where the legacy and the overlay
transmitters are located in the same place. If the possible
nonlinearity of the satellite amplifier is ignored, this scenario
is applicable to satellite broadcasting to multiple terminals
over line-of-sight (LOS) channels. The legacy and the overlay
transmitters are co-located in a terrestrial station, the legacy

receiver are identical, it turns out that the optimal solution
not only makes the overlay signal orthogonal to the legacy
receiver but also makes the overlay receiver to completely
null out the legacy signal.

As shown in Fig. 4-(b), a better BER performance can
be achieved by reducing the transmission rate of the overlay
system. For example, at v = 0.25, the overlay systems with
1/T = 1/(4Tp) and 1/(8Tp) can achieve the AWGN bound
though those with 1/7° = 1/T; and 1/(2Tp) cannot. This
is because, though the legacy signal physically occupies the
entire bandwidth of length (1 +~)/(2T,) [Hz], it effectively
occupies only 1/(27}) [Hz] of the total bandwidth and leaves
the legacy-free bandwidth of ~/(27;) [Hz] for the overlay
system to shape the transmit pulse. Since (1 + 3)/(27T) =
~/(2T5), with 3 being the excess bandwidth of the overlay
system, if 1/7 is chosen to result in 3 > 0, i.e.,

To
20 0
T =7 (47)
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Ey/No =12 dB
s

---1/T =1/(Ty) [Hz]
1/T =1/(2T) He] -7

- YT =1/(4Ty) [Hz]

——1/T =1/(8Ty) [Hz

SINR (dB)

PN o Ey/No=0dB

-4
=05 -04 -03 -02 -0.1 0 0.1 02 03 04 05
timing estimation error [T} sec|

Fig. 5. SINR of the legacy system vs. estimation error in the timing of the
legacy receiver for the scenario considered in Fig. 4 with y = 0.22.

then the bandwidth ~/(27,) becomes greater than or equal to
the Nyquist bandwidth 1/(27") for the overlay system to have
no self-interference. Therefore, whatever small value v has, the
BER performance of the overlay system as low as the AWGN
bound is always achievable by reducing the transmission rate,
as far as 7 is positive.

Fig. 5 illustrates the robustness of the proposed overlay
system under the estimation error in the timing of the legacy
receiver for the scenario considered in Fig. 4. Under such
mismatch, the interference from the overlay system is not
perfectly canceled at the output of the legacy receiver. Sixteen
combinations of parameters with £;,/Ny = 0, 4,8, and 12 dB
and T = Ty, 2Ty, 4Ty, and 8T are considered, and the SINR
of the legacy system is shown as a function of the amount
of the mismatch. Fig. 5 combined with Fig. 4 shows that
a slower transmission of the overlay data symbols improves
not only the BER performance of the overlay system by
effectively increasing the bandwidth but also the robustness of
the proposed overlay scheme under mismatch by reducing the
interference power. For example, under 10% estimation error
and Ej, /Ny less than or equal to 12 dB, the SINR degradation

overlay scheme significantly improves the spectral efficiency
without requiring any modification of the system parameters
of the legacy systems.

APPENDIX
A. Proof of Lemma 1
Proof: Define py(t) £ s(t) ® hy(t). Then, using the
Poisson summation formula [21, p. 589] and the definition
of M(f) in (1), the left side of (9¢) can be rewritten as

i m[—l”]{ i <IT+]\[5\[A>

e T )’
ax (lT+ o ! T) } (48a)
L [T Y gerti
=7 3 [ o (¢ g) e aren
(48b)

1= S
-7 [ Merwiere i) pye

S (- L) e, (e L

=00
(48¢)

which is a periodic function of I with period My Mj.. Thus, it is
enough to have (48c) equal to zero for [ = 0,1,..., MoM;, —
1. Then, using the relation py(f) = hi(f) © s(f) and the
definition of Hy.(f) in (20), (48c) can be rewritten as

/ l\\/MfT)(wkm o ek.,(n)“pk(f)\%f 9)
= / = VM T)ywii(f)* (Hi(f | df,  (49b)

which must be zero Yk € K,VI € {0,1,...,MoM; — 1}.
A measurable function f(z) equals zero almost everywhere
in an interval I iff [, |f(x)|*dz = 0. Moreover, the Fourier
transform does not distinguish signals that equal almost ev-
erywhere. Therefore, (49b) is equivalent to (18). [m]
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not only the BER performance of the overlay system by A measurable function f(z) equals zero almost everywhere
effectively increasing the bandwidth but also the robustness of i an interval I iff fl |£(x)[2dz: = 0. Moreover, the Fourier

the proposed overlay scheme under mismatch by reducing the  ransform does not distinguish signals that equal almost ev-

interference power. For example, under 10% estimation error erywhere. Therefore, (49b) is equivalent to (18). o
and Ej, /Ny less than or equal to 12 dB, the SINR degradation
is around maximum 4 dB for 7" = T}, but it is less than 1.5
dB for T = 4T} and T = 8Tp. B. Proof of Proposition 1
Proof: Let B(f)™ be a matrix that consists of the basis
VI. CONCLUSIONS vectors of the row space of B(f)™. Then, the orthogonality

In this paper, we have considered the design of an overlay c‘onflrain! can bf’ re“fritten as B(f)"s(f) = 0. Now, define
system in a WSCS legacy signal. The optimal transmit and ~ the Lagrangian function as
cheive \f/z{veforms of the overlay system are derivefi that L(s(f).Nf), () 2 s(f)HC’(f)s(f)
jointly minimize the MSE at the output of the linear receiver of N
the overlay system, subject to zero interference at the output —A(f)(s(f)“s(f) - “(f)) +2R (S(f)HB(f)H(f)) (50)
samples of the legacy receivers. Using the VFT technique,
the optimal continuous-time band-limited solution and the
necessary and sufficient condition for the existence of the
optimal solution are derived in the frequency domain. The
notion of virtual legacy receivers is introduced to allow non- 0=C(f)s(f) = ANf)s(f) + B(f)”(j) (5la)
identical transmit an.d recelve. bands, and lhe rate red_ucl}on of _ B(f)HC(f)s(f) + B(f)HB(f)u(f)‘ (51b)
the overlay system is taken into account in the derivation of A
the solution to allow trade-off between the transmission rate  where we pre-multiply B(f)* to (51a) and use the orthog-
and the performance. It is shown that the proposed orthogonal onality constraint to obtain (51b), which leads to pu(f) =
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by introducing the real- and the complex-valued Lagrange
multipliers A\(f) and p( f), respectively. By taking the gradient
with respect to s(f) and setting it to zero, we have
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—(B(f)"B(f)) "' B(/)*C(f)s(f). Substituting this back E. Proof of Theorem 2
to (51a), we have Proof: From (44), we can see that a non-trivial optimal
n solution exists iff the length of the set Fy; N Fy,,,. is greater
P ()C(f)s(f) = Mf)s(f), (52)  than zero and aop(f) is not a zero function on this set. It is
R . R . clear that aoy(f) cannot be a zero function on the set, other-
where P (f) = Iy sy — B(f)(B(f)HB(f)) B(f)" is  wise the power constraint (34) with A > 0 is violated. Thus,
the projection matrix, which can be alternately written as a non-trivial optimal solution exists iff the length of the set
(36b). This necessary condition is satisfied by all eigenvector-  F,,NF), is greater than zero. By the definition of Ayax(f)
eigenvalue pairs of Pz (f)C(f). Let v(f) be an eigenvector. in Proposition 1, Amax(f) > 0 iff P& (f)C(f)Pg(f) # 0,
Then, by pre-multiplying Py (f) to (52) and using Pz (f)* = which is equivalent to Pg(f) # 0 by Lemma 2. Moreover,
P(f), we have Pg(f)v(f) = w(f). This implies that, P (f) # 0 iff Dim(null space of B(f)*) # 0 by (36b).
to maximize v(f)*C(f)v(f). we just need to maximize Thus, the set Fys N Fa,.. is equal to (46). Therefore, the

v(/IPE(NC(FIo(f) = Amax(Fv(f)*v(f), subject to  conclusion follows. o
the power constraint (35¢). Therefore, the conclusion follows.
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