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Fig. 5. (a) Conversion of the MIMO channel to an equivalent MIMO channel
with Vector-valued white noise. (b) Equivalent parallel MIMO channel with
vector-valued white noise.

can be rewritten as log, det{Iy, sy + I'(f)Rx (/)L (f)*}.
where

Ry () 2 V(N Rx(HV (), (1)

and the constraint (31b) can be rewritten as [, tr{ R (f)}df
= P with a positive semi-definite matrix-valued function
R4 ([) as the decision parameter. This implies that we now
have a MIMO proper-complex Gaussian noise channel with
input X (¢), channel .Z~1{I'(f)}, output Y (£), and average
power constraint P. Therefore, from the water filling for
parallel Gaussian channels, we have (38) and (40). Also by
(41), we have (39). n

We call this water filling procedure described in Theorem 2
the cyclic water filling (CWF) because the resultant optimal
input signal to the SISO channel is SOCS in general, which
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Thus, Xop(t) is SOCS with cycle period 7. In addition,
Xope(t) is Gaussian as shown in Theorem 2. Moreover, by
Proposition 3, any optimal solution to (31) with K > 1 is
also an optimal solution to the problem with K = 1, which
means the cycle period of an optimal solution Xop(t) is To.
Therefore, the conclusion follows.

Note that this theorem does not claim that the optimal
input signal Xop(#) cannot be second-order stationary. It can
be second-order stationary, because a second-order stationary
process is also an SOCS process for any cycle period 7" > 0.
Note also that the optimal input is in general improper-
complex. However, as it is shown in [24] and can be seen
easily, the optimal input is always proper-complex if the SOCS
complex Gaussian noise is proper.

V. DISCUSSIONS AND NUMERICAL RESULTS

In this section, we provide discussions and numerical re-
sults. First, we outline the proof that the worst-case inter-
ference is Gaussian given the second-order properties of the
SOCS interference. By taking the Nyquist-rate samples from
the output of the equivalent MIMO channel in Fig. 5 with a
vector-valued white noise, the problem can be converted to
a mutual information game over a discrete-time memoryless
channel [22], [23]. If By is an integer multiple of 1/(275),
then the result in [22, Lemma 1] is directly applicable to the
sampled output of the equivalent channel in Fig. 5-(a) to show
the Gaussianity of the worst-case interference. Otherwise, the
result in [23] combined with the independence bound and
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parallel Gaussian channels, we have (38) and (40). Also by
(41), we have (39). u

We call this water filling procedure described in Theorem 2
the cyclic water filling (CWF) because the resultant optimal
input signal to the SISO channel is SOCS in general, which
is proved in the following theorem.

Theorem 3: The optimal input to the SOCS Gaussian noise
channel is an SOCS Gaussian random process with the same
cycle period as the noise.

Proof: Let X op(t) be the Ith entry of the optimal input
Xopi(t) to the equivalent MIMO channel. Then, as (19), the
optimal input Xy () to the SISO channel can be written as

L
Xl = - { K™ + (X am()14)"} . 42)
=1

Now, the auto-correlation function rx ep(t, s) £ BE{Xop(t)
Xopi(8)*} of Xopi(t) can be written as

L L
X0t 8) = Z Z {[Tx,opx(l = 5)]z,rr6j%(/”'_f’”)
I=10U=1
+ ([rx ope(t — 8)|Lat,40)" a’jZW(/xL*/u“)} (43a)
= rx ot + T, 5+ T),Vt, Vs, (43b)

where we used the fact that, by (15b), fi7' and f;'1" are
always integers for all / and I, and that the optimal input
Xop(t) has a vanishing complementary auto-correlation func-
tion. Similarly, the complementary auto-correlation function
7x,0pt(t 8) 2 E{ Xope(t) Xopt(5)} of Xope(t) can be written as

L L
Fxom(t,s) =D > {[Tx,ap((ﬁ = 8|y L w2 it tis)

I=1V=1
+ ([rx ot = 9a)” eI} a4a)
= Fx,op(t + T, s + T), V¢, Vs. (44b)
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channel [22], [23]. If By is an integer multiple of 1/(27p),
then the result in [22, Lemma 1] is directly applicable to the
sampled output of the equivalent channel in Fig. 5-(a) to show
the Gaussianity of the worst-case interference. Otherwise, the
result in [23] combined with the independence bound and
the water-filling argument [21] can be applied to each output
branch of the equivalent channel in Fig. 5-(b).

Second, we discuss how to handle the cases with an
improper-complex SOCS noise having a non-zero offset be-
tween the center frequency of symmetry and the center fre-
quency of the communication channel. So far, it is assumed
that they are the same. Unlike a proper-complex SOCS noise,
an improper-complex SOCS noise exhibits non-zero spectral
correlation not only between the components that are integer
multiples of the symbol rate 1/7" apart but also between two
components that are equally distant from the center frequency.
Thus, a real bandpass noise that is down-convertible to an
improper-complex SOCS random process no longer results in
an SOCS complex envelope if a different center frequency is
chosen for the down-conversion. Suppose that there is a non-
zero offset between these two center frequencies. Then, to
make the output of the p-FRESH vectorizer a proper-complex
vector-WSS random process, we need to choose the center
frequency of symmetry as the origin in complex baseband. If
we choose B to include the entire communication channel as
before, then the interval f € [—13, B) may include a frequency
band that is not a part of the communication channel. So, we
need to set the channel response H(f) and the interference
component in the 2-D PSDs Ry (f, ') and Ry (f, f') to zero
outside the communication channel, before performing the
CWE

Next, we discuss how to handle the cases with unequal
frequency bands for signal transmission and reception. Sup-
pose that the frequency bands for signal transmission and
reception are overlapping but not identical. Then, we need
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to re-define the frequency band for transmission as described
in [20, Section III-B] and set the channel response I7(f) to
zero outside this transmit band, before performing the CWF
or possibly the modified CWF discussed above.

Next, we provide numerical results that demonstrate the
effectiveness of the CWF in exploiting the cyclostationarity
of the noise. For simplicity, it is assumed that the interference
Np(t) is modeled as (9), where the data sequences (¢1[n]),
and (cz[n])n are independent, each data seq consists
of independent and identically distributed zero-mean real
Gaussian random variables with variance n? for i = 1,2,
and the transmit pulses satisfy the relation py(t) = p(t) and
pa2(t) = p(t — A). In what follows, the variance o7 and the
offset A are chosen as ag‘ = 0 for DSB, SSB, and VSB PAMs,
0% = 0% and A = 0 for QAM, and 0% = 03 but A = 1j/2 for
SQPSK. Let p(f) and p(f) be the responses of the p-FRESH
vectorizer to the inputs p(t) and jp(t — A). Then, it can be
shown that the PSD matrix Ry, (f) of N;(t) is given by

(72 (72
Byi(f) = e + ZRNBWND™,  45)

under this assumption. Note that A = 0 does not imply
p(f) = jp(f) in general, because the p-FRESH vectorizer
is not a linear but a linear-conjugate linear operator. It can
be also shown that Nj(t) is proper-complex if and only if
Ry, (f) is a block diagonal matrix in which each block is
(No(£)/2)-by-(Np(f)/2) for all f € F*.

A root raised-cosine (RRC) pulse with roll-off factor 3 €
[0, 1] is used as p(t) except the SSB and the VSB modulations,
where its filtered version is used instead. In addition to the
bandwidth assumption (12a), F(f) is assumed to be unity on
the frequency band [— By, By), where the bandwidth By and
the roll-off factor 3 are related to the cycle period Tp as

Bty =117, o)
ie., Ni(t) as well as N 4(t) fully occupies the entire frequency

band of interest. Under this flat channel assumption, it turns
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Fig. 6. Comparison of the CWF and the OWF with SIR = 0 dB when a
proper-complex Gaussian interference is generated by using QAM. The same
performance is observed when an improper-complex Gaussian interference is
generated by using SQPSK.

a fraction 1/(W1p) = 1/(1 + ) of the frequency band and
leaves (3/(1 + ) unoccupied, as evidenced by the pre-log
coefficients in (47). Fig. 6 shows the spectral efficiency C/W
as functions of the signal-to-noise ratio (SNR) P/(NoW) for
various roll-off factors. The signal-to-interference ratio (SIR)
P/Py is fixed at 0 dB. Note that the CWF that exploits
the spectral correlation in the cyclostationary interference
significantly outperforms the OWF except the case with § = 0,
where Nj(t) degenerates to a proper-complex white Gaussian
noise without any spectral correlation. It can be also shown
that the improper-complex interference generated by using
SQPSK results in the same capacity as (47). This is because,
though the PSD matrix changes, its eigenvalue distribution
does not change.

The second results are to compare the performance of the
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ule rou-01l 1aclor O are relaea o wme Cycle peroa Lo as
Bylo = l%ﬂ, (46)
ie., Ni(t) as well as N 4(t) fully occupies the entire frequency
band of interest. Under this flat channel assumption, it turns
out that a result obtained by using the RRC pulse with roll-
off factor J is the same as that obtained by using any square
root Nyquist pulse with excess bandwidth . This is because,
though the PSD matrix Ry, (f) in (45) changes, its eigenvalue
distribution does not change. For convenience, the passband
bandwidth W £ 2B is used throughout this section.

The first results are to compare the performance of the CWF
with that of the ordinary water filling (OWF), which ignores
the spectral correlation in the cyclostationary noise N (t). The
interference is generated by using QAM, thus proper-complex,
and leads to the power P;. Then, it can be shown that the
capacity of this SOCS proper-complex Gaussian noise channel
is given by

; o gpy)
min(P, P;) + “fﬂ:/;]—ﬁ

wp
C= log, W
1+8 Nﬂﬁ%
w P—BP] "
+——logy [ 14— — | [bps], 47
T35 o8 Mol 1 7 [bps] @7

for 0 < 8 < 1. This is because, though N;(t) physically
occupies the entire frequency band, it occupies in effect only

................. S wpeves s
that the improper-complex interference generated by using
SQPSK results in the same capacity as (47). This is because,
though the PSD matrix changes, its eigenvalue distribution
does not change.

The second results are to compare the performance of the
CWEF with that of the OWF, when the interference is generated
by using DSB PAM, thus improper-complex. Since Nj(t)
exists only in the real part, the OWF separately processes
the real and the imaginary parts. Then, it can be shown that
the capacity of this SOCS improper-complex Gaussian noise
channel is given by

W1 +28)
T 2498
min(P, (1 +28)Py) + L0201 0425)
xlog, {1+ N 28]
2¥28
T P=(uann
+ PFeT; logy | 1+ Nozzﬂ e [bps], (48)

for 0 < B < 1. This is because N;(t) occupies in effect
only a fraction 1/(2 + 23) of the frequency band and leaves
(1 +28)/(2 + 26) unoccupied, as evidenced by the pre-log
coefficients in (48). Similar to Fig. 6, Fig. 7 shows the spectral
efficiency versus SNR with the SIR fixed at 0 dB. Note again
that the CWF significantly outperforms the OWF except the
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Fig. 7. Comparison of the CWF and the OWF with SIR = 0 dB when an
improper-complex Gaussian interference is generated by using DSB or SSB
PAM.

case with 3 = 0, where N;(t) degenerates to a real white
Gaussian noise with only impropriety to be exploited. In this
case, the capacity formula (48) reduces to that for a parallel
Gaussian noise channel with two sub-channels having the
same bandwidth W/2 but different noise power NoW/2 and
NoW /24 Py, respectively. This result perfectly agrees with the
intuition for independently processed real and imaginary parts.
It can be also shown that the improper-complex interference
generated by using SSB PAM results in the same capacity as
(48) and, consequently, the same spectral efficiency as Fig. 7,
when the channel includes the negative frequency band that
is not occupied by Ny(t). This is because both the DSB and
the SSB PAMs utilize only half the frequency band. It is also
the case with the improper-complex interference generated by
using VSB PAM. To the contrary, when the channel does not
includes the negative frequency band, the improper-complex
interference generated by using SSB PAM results in half the
channel capacity of (47) and, consequently, the same spectral
efficiency as Fig. 6.

The final results are to compare the performance of the
CWF with that of the OWF, when a strong interference is
present in the channel. Fig. 8 shows the spectral efficiency of
the channels considered in Figs. 6 and 7 versus SNR, now
with # = 0.25 and SIR = 0 and —20 dB. When N;(t) is

Fig. 8. Comparison of the CWF and the OWF when 8 = 0.25 and SIR
=0 and —20 dB.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we have derived the capacity of an SOCS
complex Gaussian noise channel. By using the p-FRESH
vectorization of the input, the impulse response, and the
output of the channel, the SISO channel is converted into an
equivalent MIMO channel and its capacity is derived in the
frequency domain. A geometric procedure called the CWF
is proposed to construct an optimal input distribution that
achieves the capacity. It is shown that the CWF significantly
outperforms the OWF that ignores the spectral correlation
of the SOCS noise. This result can be applied to various
interference types of PAM, QAM, and their variants including
the WCDMA short-code and IEEE 802.11 DS/SS signals,
which have massive spectral redundancies.

Although the CWF achieves the capacity, the knowledge
on the center frequency of the SOCS noise is required when
the complex noise is improper. Thus, extensions to the cases
with an uncertainty in the center frequency or with a channel
impairment in the form of phase jittering are interesting future
research directions. Deriving the capacity and the capacity-
achieving schemes for a channel with a non-Gaussian noise or
with multiple spectrally overlapping improper-complex SOCS
interferences having different center frequencies is another
future work that warrants further investigation. Particularly,
in the latter case, the use of the spectral correlation density
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The final results are to compare the performance of the
CWF with that of the OWF, when a strong interference is
present in the channel. Fig. 8 shows the spectral efficiency of
the channels considered in Figs. 6 and 7 versus SNR, now
with # = 0.25 and SIR = 0 and —20 dB. When N;(t) is
generated by DSB PAM, the CWF suffers no performance
degradation. This is because the CWF at SIR = 0 dB
orthogonalizes the channel input to the interference, so that
the enhanced interference level at any SIR < 0 dB does
not affect the performance at all. To the contrary, the OWF
suffers performance degradation because, though most of the
information transmission is through the imaginary part, it
observes severe noise enhancement in the real part. When
Ni(t) is generated by QAM, the CWF suffers much mild
performance degradation than the OWE. This is because,
though severe noise enhancement is observed in all frequency
components, the CWF can exploit the spectral correlation to
suppress the interference

o -

research directions. Deriving the capacity and the capacity-
achieving schemes for a channel with a non-Gaussian noise or
with multiple spectrally overlapping improper-complex SOCS
interferences having different center frequencies is another
future work that warrants further investigation. Particularly,
in the latter case, the use of the spectral correlation density
function [4, Ch. 1] or its variant will be necessary to charac-
terize the interferences in the cycle frequency and the spectral
frequency domains. It is also an interesting future research to
derive practical signal processing structures that provide the
same properizing and stationarizing operation as the p-FRESH
vectorizer.
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APPENDIX

A. Proof of Lemma 1

Proof: Tt is straightforward to show (21a) by using
py (t) = 0,Vt. To show (21b) and (21c), similar to (13a) and
(13b), let {R(k)( )kez and {Rslk)(f)}kez be the functions
such that Ry (f, f') = 352 RS (f—k/T)5(f — f'—k/T)
and By (£,1) = zkz,m RO —k/1)o(7 — 17— /)
Then, the cross-correlation between Yj(t) and Yy (s) for
1,I" < L is given by

B B
BV = [ [ 6= et my )
G = fuyte BRI =I03agdf’ (49a)
= /+ Ry (f, f’)ej'lﬂ(ft—/’k)B—j27r(fn—fu<)dfdf' (49b)
-

= [ RO+ e, (490)
.

where Parseval’s relation is used twice in (49a) and the identity
— fir = (I—1")/T is used in (49c). In the same way, we
have

B{Yi(6)Yir(s)"}
Jre RS (f 4 fu_p)e? 10=gf, for 1< L < V',
=19 [r+ R" T el T g for I < I <
ifizy. R" D(=f = fu_p) eI =gf, for 1,1 > L.
(50)
Thus, the cross-correlation E{Y;(£)Y}(s)*} becomes a func-
tion only of ¢ — s, VI, VI'.

On the other hand, the complementary cross-correlation
between Y;(t) and Yj:(s) for 1,1/ < L is given by

B B
i) = [ [ el - pent-hy(g-1)
-BJ-B
G(f' — fu)d?" I =I)sqpaf’ (S1a)
- / Ry (f, —f)ePmU =0t e2m ~1dsdpdf’ - (51b)
i Jry
=0. (51c)
This is because the impulse fences of Ry (f,—f') on f =
- - m/T do mnot cross the integration area (f,f’) €
F' % Fif . In the same way, we have E{Y;(t)Yy (s)} = 0 for
other cases of [,1’. Thus, the complementary cross-correlation

E{Yi(t)Yr(s)} becomes zero, VI,VI'. Therefore, the conclu-
sion follows. u

B. Proof of Lemma 2

Proof: The Hermitian symmetry follows straightfor-
wardly fram the alement_wica Fonrier trancfarm of (1) —

LTI filter output sampled at ¢ = 0 is given by

e{lacer-vonf’}
2L 2L

*;lzl/ / ) [ry (7, 7 lpaw () drdr! - (52a)
2L 2L

=X / (D) Ry (Dl Av (1)df (s2b)
=1 =1

= [}, st By (natryar >o. 520

where a(f) is the 2L-by-1 vector of the element-wise Fourier
transform of [a; (£), az(t), ..., azr,(t)]7. Since a;(t) is arbitrary
for all 1, (52¢) implies a(f)”Ry( Na(f) = 0,Ya(f),Vf e
F*. Therefore, the conclusion follows.
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B. Proof of Lemma 2

Proof: The Hermitian symmetry follows straightfor-

wardly from the element-wise Fourier transform of ry (1) =
E{Y@®)Y (t — )"} = E{Y (¢t — )Y () *}* = ry(-T)".
Now, consider filtering the p-FRESH vectorizer output Y (t)
by using the LTI filter with impulse response A(—t)% £
diag{a;(—t)*, a2(=1)*, ..., az,(~t)"}. Then, the power of the
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