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Note that a half-Nyquist zone is just the right-half_af the ’3 ( E\b)t 2

corresponding Nyquist zone. Also note that L is chosen
the number of length-1/(27") intervals that can fully cover
the one-sided frequency band f € [0, B) of interest. —
First, we define an LCL-TV operator that converts a scalar-
valued signal to a vector-valued one.
Definition 5: Given a reference pair (B,1/T"
Y (t), the properizing FREquency SHift (p-FRE.
is defined as a single-input multiple-output (SI
system, whose output Y (¢) is given by

qnd an input
) vectorizer
0) LCL-TV

Y(t)2

Yar,(t)

where the Ith entry Y;(t), for [ = 1,2,...,2L, is g
o [ (Y(&)e 2™ty x g(t), fori <L,

Yit) = { éY(t)*e’jz"ﬁ*’-‘) xg(t), forl>1L,
with g(t) being the impulse response of the ideal brickwall
filter having the half-Nyquist zone F+ as the support, i.e., the
Fourier transform G(f) £ #{g(t)} is given by

1, VfeF*
an={g "

0, elsewhere.

A
iven byzq_

(16b)

an

Fig. 2-(a) shows how a p-FRESH vectorizer works in the
time domain, where a scalar-valued signal Y (t) is converted to
a 2L-by-1 vector-valued signal Y (¢). The p-FRESH vectorizer
modulates Y (t) and its complex conjugate Y (t)* each with L
different carriers, of which frequencies are integer multiples
of the reference rate 1/7, and filters to form Y (¢), of which
entries are all strictly band-limited to the half-Nyquist zone
F,

Fig. 2-(b) shows how a p-FRESH vectorizer works in the
frequency domain when a deterministic signal s(t) with L =
2 is converted to a vector-valued signal s(t). Let s(f) be
the element-wise Fourier transform of s(¢). Then, to generate
the Ith entry [s(f)]; of s(f), the p-FRESH vectorizer left-
shifts the Fourier transform S(f) of s(t) by fi for | < L,
while S(—f)* by fi—y, for I > L, and leaves only the signal
component in FF.

Note that, given a signal, different reference pairs result
in different p-FRESH vectorizations in general. It can be
seen that, given an arbitrary signal with bandwidth By, no
information is lost during the vectorization as long as the
reference bandwidth B satisfies

By < B, (18)

regardless of the reference rate 1/7". Note also that the p-
FRESH vectorizer processes both Y'(¢) and Y (¢)*, like linear-

linear [33] or, equivalently, widely linear filters [34]
that are devised to process improper-complex random signals.
The major difference is that, as it can be easily seen from
Fig. 2-(b), the p-FRESH vectorizer filters out half the signal
components in Y(t) and Y (t)* to completely remove the
redundancy during the vectorization.

3The abbreviation FRESH appears first in [30], where the cyclic Wiener
filtering that is a generalization of the Wiener filtering for cyclostationary
random processes is proposed.

\

YL(t)

Yi41(t)

Yi42(t)

Yar(t)

% (s = 5 = PG
Ly A P

. .
1 2T .
#(Dls = SC1 1 107G | s

L e SN
[s(N]a = S(=f + f2)*G(f) va
;

o a1

®)

Fig. 2. (a) p-FRESH vectorization viewed in the time domain. (b) p-FRESH
vectorization Viewed in the frequency domain for a deterministic signal s(t)
with L= 2.

Second, we define an LCL-TV operator that converts a
vector-valued signal to a scalar-valued one.

Definition 6: The p-FRESH scalarization of a 2L-by-1
vector-valued signal X (t) with reference pair (B,1/T) is
defined as

L

X(t) & Z {Xl(t)gjzwm + (XL“(t)ejzn!u.)y} )
=1

(19)

Fig. 3 shows how a p-FRESH scalarizer works in the time
domain, where a 2L-by-1 vector-valued random process X (t)
is converted to a scalar-valued random process X (t). In the
frequency domain, the p-FRESH scalarizer right-shifts the /th
input element X;(t) of X (t) by fi, while the complex conju-
gate of the (L + I)th element by — f;, both for [ = 1,2, ..., L,
to construct the output X ().

If the input to the p-FRESH scalarizer is the p-FRESH
vectorized version of an SOCS random process with a ref-
erence bandwidth B > B, and an arbitrary reference rate
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Fig. 3. p-FRESH scalarization Viewed in the time domain.

1/T, then the p-FRESH scalarizer with the same reference
pair as the vectorizer just performs the inverse operation
of the p-FRESH vectorization. In this sense, a p-FRESH
vectorization of the SOCS process may not be more than
one of many possible representations that convert a scalar-
valued signal or random process to an equivalent vector-valued
one. However, the following lemma shows that an appropriate
choice of the reference rate 1/7 is crucial to capture the
correlation structure in an SOCS process. In what follows,
we define superscripts 7 and * as the transposition and the
Hermitian transposition, respectively, and 027, and 027,27, as
the 2L-by-1 all-zero vector and the 2L-by-2L all-zero matrix,

If the reference rate 1/7" of a p-FRESH vector-
n such that a zero-mean SOCS random process
mpu[ Y (t) with cycle period Tj is also SOCS with cycle
period 7', then the output Y'(¢) always becomes a proper-
complex zero-mean vector-WSS process, i.e., if

T=KT; (20
for some positive integer K, then
(21a)

ry(t,s) 2 E{Y ()Y (s)"} = ry(t — s),Vt,Vs,and (21b)

VW yv(t:s) L E{Y (1)Y| (21c)

where 7y (1) £ ry(7,0) is a 2L-by-2L matrix-valued func-
tion.
Proof: See Appendix A. __ ]
As far as the auto-correlation function ry(t,s) is con-
cerned, this lemma applying the p-FRESH vectorizer to an
SOCS input with an arbitrary K is a mere extension of the
result in [9], where the HSR is applied to a WSCS input with
K = 1. However, it additionally shows that, regardless of
the propriety of the SOCS input, the complementary auto-
correlation function 7y (t,s) always vanishes, which is not

(I\JgS py (t) 2 E{Y (1)} = 057, V1,
—

()T} = Oapx2r, V1, Vs,

Xa(t)
Y
X :
|
®e | e &—-x0
I —
Xp41(t) T
|
|
|
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he case with the HSR unless the input is proper-complex.*
Let Ry (f) 2 #{ry(r)} be the 2L-by-2L element-wise
‘ourier transform of the auto-correlation matrix, i.e., Ry (f)
s the PSD matrix of the p-FRESH vectorizer output Y (t).
‘rom Lemma 1, it can be seen that a p-FRESH vectorizer
ith 7" = KTp not only generates a sufficient statistic that
allows a perfect reconstruction of the SOCS input Y'(t) but
also tactically aligns its frequency components in such a
way that the vector-valued output Y (¢) has no correlation
among different frequency and no pl y
correlation at all on f € F*. The next lemma points out one
important property of the PSD matrix Ry (f) of Y (t).
Lemma 2: Given a reference pair (B, 1/T’), the PSD matrix
Ry (f) of the p-FRESH vectorizer output Y (¢) of an SOCS
random process Y (t) with cycle period 7" is a Hermitian-
symmetric positive semi-definite matrix for all f € F*.
Proof: See Appendix B. u
This property is used in the frequency-domain re-
formulation of the problem, as shown in the next section. The
following proposition shows how the p-FRESH vectorization
of the channel output can be rewritten in terms of the p-
FRESH vectorization of the channel input and that of the
channel impulse response.
Proposition 1: The p-FRESH vectorization Y (t) of the
channel output Y (¢) can be rewritten as

Y () = diag{h(t)} * X (t) + N(t), (22)

where Y (t), h(t), X(t), and N(t) are the p-FRESH vec-
torizations of Y'(t), h(t), X (t), and N(t), respectively, and
diag{h(t)} denotes the diagonal matrix having the Ith diago-
nal entry equal to the /th entry of h(t).

Proof: By the definition (16b), the Ith entry [Y(t)]; =
Yi(t) of Y'(t) can be rewritten, for [ < L, as

y,m 2 (Y()e )« g(1)
= (ko) = X(0) + N(©)e270) x g(2)

= (/ W)X (t —T)dT - e’jz"m) *g(t) + Ni(t) (23c)

(23a)
(23b)

- / R P Xt — T)dr 4 Ni(r)
= [R@®]* [X Ol + [N O],

where (23d) follows since the convolution with g(t) acts only
on signals parameterized by ¢, and (23e) follows since g(t) is
the impulse response of the ideal brickwall filter. Similarly, it
can be shown that (23e) also holds for / > L. Therefore, we
have (22). L

This implies that, by placing a p-FRESH scalarizer and a
p-FRESH vectorizer, respectively, at the input and the output
of the SISO channel as shown in Fig. 4-(a), the SISO channel
depicted in Fig. 1 can be converted to an equivalent MIMO
channel shown in Fig. 4-(b). This equivalent MIMO channel
is simpler than general MIMO channels, in that the channel
matrix is always square and diagonal. However, the additive
proper-complex Gaussian noise IN(t) is in general colored.

(23d)
(23e)

“As it will be discussed in the second paragraph of Section V; the selection
of the center frequency is very important in down-converting a real bandpass
random process to make it SOCS.
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[p-FRESH

X@® scalarizer

X(t) Y(t)
s ﬁm—””

N(t)
@

= X (t) diag{h(t)} ?—

ATO

Y (t)
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(c) The degree of freedom Nj,(f) at f is defined as the
length of an effective Fourier transform of the p-FRESH
vectorizer output.

When we design a band-limited signal s(t) or a band-
limited SOCS random process X (t), such a removal of the
entries in s(f) or Rx (f) is necessary because every entry is
not always a free variable unless I, = 2B7". From (25a) and
(25b), it can be seen that N, (f) is given by
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N(t)
@

= X(t) diag{h(t)} T— Y (1)

N(t)
(b)

Fig. 4. (a) Conversion of a SISO channel to an equivalent MIMO channel
by using a p-FRESH scalarizer and a p-FRESH vectorizer. (b) Equivalent
MIMO channel with vector-valued colored noise.

Since the capacity of MIMO additive proper-complex white
Gaussian noise channels is well known [25], we consider
whitening the vector-WSS noise IN(t) of the equivalent
MIMO channel as shown in the next section.

IV. CyCLIC WATER FILLING AND CAPACITY OF SOCS
GAUSSIAN NOISE CHANNEL
In this section, the probiem is re-formuiated in the frequency
domain and then the channel capacity is derived. Throughout
the section, it is assumed that

B=Byand T'= KTy (24)

for some positive integer K, unless otherwise specified. Thus,
the p-FRESH vectorization of Y(t) becomes a sufficient
statistic and the SOCS noise becomes a vector-WSS process.

A. Noise Whitening and Problem Re-Formulation

To find a whitening filter, we need the following notions
of effective Fourier transform of the p-FRESH vectorizer
output, effective PSD matrix, degree of freedom, and effective
element-wise inverse Fourier transform.

Definition 7: Suppose that a reference pair (B,1/T) is
given for a p-FRESH vectorizer and that L 2 [2BT7] is
defined as before
(a) The effective Fourier transform of the p-FRESH vec-

torizer output of a deterministic signal s(t) is defined
as a variable-length vector-valued function of f that is
obtained by removing the Lth and the 2Lth entries of
s(f) 2 #{s(1)} for
L-1
B sl<3r 21'
when L is odd, and the 1st and the ( L+1)lh entries for

(25a)

L
0<f<gp—B (25b)
when L is even.

(b) The effective PSD matrix of the p-FRESH vectorizer
output of an SOCS random process X (t) with cycle
period 7" is defined as a variable-size matrix-valued
function of f that is obtained by removing the Lth and
the 2Lth rows and columns of Rx (f) £ #{rx ()} for
f satisfying the condition (25a) when L is odd, while the
1st and the (L+1)th rows and columns for f satisfying
the condition (25b) when L is even.

vevwnizer vutput.

When we design a band-limited signal s(t) or a band-
limited SOCS random process X (t), such a removal of the
entries in s(f) or Rx (f) is necessary because every entry is
not always a free variable unless I, = 2B7'. From (25a) and
(25b), it can be seen that N,(f) is given by

N(f)é{ 2L, for £ € [0.B ~(L=1)/C1)), 56

2L — 2, otherwise
when L is odd, while

Ny 2 {2L 2, for f € [0,L/(2T) - B),

2L olherw1se

when L is even. Thus, an effective Fourier transform of the
p-FRESH vectorizer output becomes an N,(f)-by-1 vector
and an effective PSD matrix becomes an N, (f)-by-Np(f)
matrix at each f € F*. For simplicity, we do not introduce
new notations for the effective Fourier transforms and PSD
matrices.

Definition 8: Given a reference pnr (B 1 /T) lhe element-

A S (0
Wit ise Fourier transform of ann Np(f)-by-N,(f)

valued function of f € F* is defined as a 2L-by-2L matrix-
valued function of ¢ obtained as follows: First, construct a 2L-
by-2L matrix-valued function W (f) of f as if the Np(f)-by-
Nj,(f) matrix-valued function is the effective PSD matrix of
W (f). Second, construct a 2L-by-2L matrix-valued function
W (t) of t by applying the inverse Fourier transform to every
entry of W (f).

Note that, by definition, the Lth and the 2Lth row and
column of W (f) have all zero entries for f satisfying the
condition (25a), while the 1st and the (L + 1)th row and
column have all zero entries for f satisfying the condition
(25b).

Proposition 2: Let W (t) be the element-wise inverse
Fourier transform of the inverse squarg/foot of the effective
PSD matrix of N(t),

(26b)

M= 7" , @7

Then, the 2L-by-2L MIMO L
W (t) whitens the noise N ().
Proof: Define the output of the MIMO LTI system as

N(t) 2 W(t) * N(t). (28)
Then, its auto-correlation matrix N(T) can be written as
r(T) ZE{N{t)N(t - 1)*} (292)
- / - / " Wty (7 — 1+ )W (s)"deds. 29%)
Thus, the PSD matrix Ry (f) is given by
Ry(f) = #{ry() : i (30a)
=Rn(f) 2RN(f)BRN(f)"2 = In,(p), (30b)

where we used the fact that R (f) % exists for all f € F*
because the PSD matrix Ry, (f) of the interference Nj(t)
is positive semi-definite Vf € F* by Lemma 2 and the
PSD matrix Ry, (f) of the ambient noise N (t) is a scaled

system with impulse response
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identity matrix Vf € F*. Therefore, the conclusion follows.
||
This MIMO whitening filter plays a crucial role in formulat-
ing and solving the optimization problem to find the channel
capacity in the frequency domain. In what follows, all the
functions of f € F* are effective ones, unless otherwise
specified.
Theorem 1: The optimization problem to find the capacity
of an SOCS Gaussian noise channel is given by

maximize / log, det {IN,,(f) <+ f{(f)RX (f)f[(f)”}df
Rx () Jr+
(31a)

subject lo/ w{Rx(f)}df = P, (31b)

wl\ere tr{-} denote the trace, the PSD matrix Rx (f) of X (t)
itiva cami dafinita AL (£ ko AL () snateiv fae all £~

have independence among N (1), for k = 1,2,...K. It
is well known that the capacity of parallel Gaussian chan-
nels with independent noise components can be achieved
by using independent channel codes [21]. Thus, the optimal
input PSD matrix Rx (f) becomes a block diagonal matrix.
If we multiply complex exponential functions to Y'*), for
k= 1,2,.., K, such that Y®) is shifted in the frequency
domain to the interval f € [(k —1)/(2KT)), k/(2KTp)), the
mutual information to be maximized becomes

Z / log,gdu{IN,,</)+H( )Rx<f>H<f)”}df,

Tty

_(36)
which is identical to (31a) with K = 1, where N,,(f), H(f).
and Rx (f) are all defined for K = 1. Since the optimization
problems have the same objective functions and constraints,
the conclusion follows. ]
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(31a)

subject lo/ u{Rx (f)}df = P, (31b)
7+

where tr{-} denote the trace, the PSD matrix Rx (f) of X ()
is a positive semi-definite Nj(f)-by-N,,(f) matrix for all f €
F*, and the noise equivalent channel H(f) at f € F* is
defined as N .,

H(f) = Rn(f)"2H(f), (32)

where
H(f) # diag{h(/)}. (33)

Proof: If we place the whitening filter W (t) defined by
(27) at the output of the p-FRESH vectorizer in Fig. 4-(a), then
the observation model (22) can be converted equivalently to

Y(t) = H(t)* X(t) + N(t), (34)

where N (t) is defined in (28), and Y (t) and H (t) are defined
as Y(t) £ W(t) = Y(t) and H(t) & W(t) = diag{h(t)},
respectively. Thus, the MIMO channel shown in Fig. 4-
(a) is equivalent to that in Fig. 5-(a). Since the additive
Gaussian noise N (t) is white as shown in Proposition 2,
the optimization problem to find the capacity of the SOCS
Gaussian noise channel can be formulated in exactly the same
way as that of a MIMO channel with a proper-complex white
Gaussian noise [26], where the proper-complex Gaussianity
of the channel input is necessary to achieve the capacity.
Therefore, the conclusion follows. | |

Before we move to the next subsection where the solution
to (31) is derived, we examine whether a different choice of
K may result in a different value of the channel capacity or
not.

Proposition 3: For any positive integer K, the problem
described in (31) is equivalent to that with K = 1.

Proof: Suppose that Y (t) is the output of the p-FRESH
vectorizer when the input is Y (t) and 7" = KTy for some
K > 1. By pre-multiplying a permutation matrix, the elements
of Y(t) can be rearranged as
YO (t)
Y@(t)

Y(t) 2 3 (35)

Y1)

where the /th entry of Y'(¥)(¢), for k = 1,2, ..., K, is defined
as [Y®)(6)]; 2 Yi_1)k4(t). If the permuted vector-valued
noise N(t) and its elements N®(2), for k = 1,2,..., K,
are similarly defined, then, by Lemma I with K = 1, we

=gl - [ )
(36
which is identical to (31a) with K = 1, where N,,(f), H(f).
and Rx (f) are all defined for K = 1. Since the optimization
problems have the same objective functions and constraints,
the conclusion follows. ]

B. Optimal Solution and Its Property

In this subsection, the optimal solution to (31) is derived
and its property is investigated. For this, consider the singular
value decomposition

H(f)=UNL NV (HH (37

of the NV, (f)-by-N (f) noise equivalent channel matrix H (f)
for each f € F*, where U(f) and V/(f) are unitary matrices,
and I'(f) is a diagonal matrix having the singular values
Yu(f), for n = L2=TN,(f), as the diagona

Theorem 27 Let Ry .. (f) be an Ny (f)-by-
nal matrj€ whose nth diagonal entry is given by

) diago-

(38a)

(R gDl 2 [~ ]

‘where \.\ is the unique solution to

>

n=1

Vot — —=5| df =P 38b

o = 2 If (38b)
with [2]* £ (2-+|z|)/2 denoting the positive part of 2.° Then,
the optimal solution to (31) is given by

Rxow() = V(DB (HVIOR, (39

and, consequent] capacity of the SOCS Gaussian noise

channel is givg

Csocs = og, (1+ [ (F) Vg — 11)df.  (40)
—
Proof: By linearly pre-coding the signal X (£) as X (t) 2
FYV(f)*} » X(t) and transforming the whitened ob-
servation Y'(t) as Y (t) 2 Z-HU(f)"} » Y (t), we ob-
tain Y(t) = Z-YI(f)} * X(t) + N(t), where N(t) 2
F-YU(f)"} * N(t). Thus, the MIMO channel shown in
Fig. 5-(a) is equivalent to that in Fig. 5-(b). Because the
proper-complex noise process IN(t) is white and U(f) is
unitary, the noise process N (t) is also proper-complex and
white. Thus, the integrand of the objective function in (31a)

3 ng (f) = 0 for some no, then [Rg o (Hlng,ng = 0 and mo is
excluded from the summation in (38b).
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= X(t) F-YT(f)} efa—. Y (t)
N(t)
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Fig. 5. (a) Conversion of the MIMO channel to an equivalent MIMO channel
with vector-valued white noise. (b) Equivalent parallel MIMO channel with
vector-valued white noise.

can be rewritten as log, det{Iy; sy + I'(f)Rx (f)I(f)*}.
where

Ry (/) 2V(H*Rx(HV (), (41)

and the constraint (31b) can be rewritten as [, tr{ R (f)}df
= P with a positive semi-definite matrix-valued function
Rx(f) as the decision parameter. This implies that we now
have a MIMO proper-complex Gaussian noise channel with
input X (1), channel .Z='{I'(f)}, output Y (¢), and average
power constraint P. Therefore, from the water filling for
parallel Gaussian channels, we have (38) and (40). Also by
(41), we have (39). [ ]

We call this water filling procedure described in Theorem 2
the cyclic water filling (CWF) because the resultant optimal
input signal to the SISO channel is SOCS in general, which
is proved in the following theorem.

Theorem 3: The optimal input to the SOCS Gaussian noise
channel is an SOCS Gaussian random process with the same
cycle period as the noise.

Proof: Let Xi opi(t) be the Ith entry of the optimal input
Xopi(t) to the equivalent MIMO channel. Then, as (19), the
optimal input Xyy(t) to the SISO channel can be written as

L

Xop(t) = > { Ko™ 4 (X1} 42)
=1

Now, the auto-correlation function 7 op(t, 5) £ E{ Xop(t)
Xope(s)*} of Xope(t) can be written as

L L
rxonlts$) = 30 3 {rxomlt — 9)lypelm s

I=11'=1
+ (xom(t = aspr) e PRI @30
=rxopt(t + 1,8+ T),Vt,Vs, (43b)

where we used the fact that, by (15b), fi7' and f;'1' are
always integers for all / and I, and that the optimal input
Xopt(t) has a vanishing complementary auto-correlation func-
tion. Similarly, the complementary auto-correlation function
7x opt(£, 8) 2 E{ Xope(t) Xope(5) } of Xope(t) can be written as
T L
Pxen(tys) = 30 0 { (rx amlt = 9y gure 0=
I=10=1
+ ([ omlt = i) 2D} 4da)
= Txopt(t + 1,5 +1),Vt,Vs. (44b)
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Thus, Xop(t) is SOCS with cycle period 7. In addition,
Xope(t) is Gaussian as shown in Theorem 2. Moreover, by
Proposition 3, any optimal solution to (31) with K > 1 is
also an optimal solution to the problem with K = 1, which
means the cycle period of an optimal solution Xop(t) is To.
Therefore, the conclusion follows. [ ]

Note that this theorem does not claim that the optimal
input signal Xop(#) cannot be second-order stationary. It can
be second-order stationary, because a second-order stationary
process is also an SOCS process for any cycle period 7" > 0.
Note also that the optimal input is in general improper-
complex. However, as it is shown in [24] and can be seen
easily, the optimal input is always proper-complex if the SOCS
complex Gaussian noise is proper.

V. DISCUSSIONS AND NUMERICAL RESULTS

In this section, we provide discussions and numerical re-
sults. First, we outline the proof that the worst-case inter-
ference is Gaussian given the second-order properties of the
SOCS interference. By taking the Nyquist-rate samples from
the output of the equivalent MIMO channel in Fig. 5 with a
vector-valued white noise, the problem can be converted to
a mutual information game over a discrete-time memoryless
channel [22], [23]. If By is an integer multiple of 1/(21p),
then the result in [22, Lemma 1] is directly applicable to the
sampled output of the equivalent channel in Fig. 5-(a) to show
the Gaussianity of the worst-case interference. Otherwise, the
result in [23] combined with the independence bound and
the water-filling argument [21] can be applied to each output
branch of the equivalent channel in Fig. 5-(b).

Second, we discuss how to handle the cases with an
improper-complex SOCS noise having a non-zero offset be-
tween the center frequency of symmetry and the center fre-
quency of the communication channel. So far, it is assumed
that they are the same. Unlike a proper-complex SOCS noise,
an improper-complex SOCS noise exhibits non-zero spectral
correlation not only between the components that are integer
multiples of the symbol rate 1/7" apart but also between two
components that are equally distant from the center frequency.
Thus, a real bandp noise that is di tible to an
improper-complex SOCS random process no longer results in
an SOCS complex envelope if a different center frequency is
chosen for the down-conversion. Suppose that there is a non-
zero offset between these two center frequencies. Then, to
make the output of the p-FRESH vectorizer a proper-complex
vector-WSS random process, we need to choose the center
frequency of symmetry as the origin in complex baseband. If
we choose B to include the entire communication channel as
before, then the interval f € [—B, B) may include a frequency
band that is not a part of the communication channel. So, we
need to set the channel response H(f) and the interference
component in the 2-D PSDs Ry /(f, f’) and Rn(f, f’) to zero
outside the communication channel, before performing the
CWE

Next, we discuss how to handle the cases with unequal
frequency bands for signal transmission and reception. Sup-
pose that the frequency bands for signal transmission and
reception are overlapping but not identical. Then, we need
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Next, we discuss how to handle the cases with unequal
frequency bands for signal transmission and reception. Sup-
pose that the frequency bands for signal transmission and
reception are overlapping but not identical. Then, we need

Authorized licensed use limited to: POSTECH Library. Downloaded on September 15,2025 at 03:23:29 UTC from IEEE Xplore. Restrictions apply.

HAN and CHO: CAPACITY OF SECOND-ORDER CYCLOSTATIONARY COMPLEX GAUSSIAN NOISE CHANNELS

to re-define the frequency band for transmission as described
in [20, Section III-B] and set the channel response I(f) to
zero outside this transmit band, before performing the CWF
or possibly the modified CWF discussed above

Next, we provide numerical results that demonstrate the
effectiveness of the CWF in exploiting the cyclostationarity
of the noise. For simplicity, it is assumed that the interference
Ni(t) is modeled as (9), where the data sequences (cy[n]),
and (cz[n]), are ind each data consists
of independent and identically distributed zero-mean real
Gaussian random variables with variance (73 for i = 1,2,
and the transmit pulses satisfy the relation py(t) = p(t) and
p2(t) = p(t — A). In what follows, the variance o7 and the
offset A are chosen as (r% = 0 for DSB, SSB, and VSB PAMs,
0% = 0% and A = 0 for QAM, and 0% = 03 but A = Tpp/2 for
SQPSK. Let p(f) and p(f) be the responses of the p-FRESH
vectorizer to the inputs p(t) and jp(t — A). Then, it can be
shown that the PSD matrix Ry, (f) of Ny(t) is given by

2
Ry (1) = ()" + Zo(Dp(*,

under this assumption. Note that A = 0 does not imply
P(f) = jp(f) in general, because the p-FRESH vectorizer
is not a linear but a linear-conjugate linear operator. It can
be also shown that Nj(t) is proper-complex if and only if
Ry, (f) is a block diagonal matrix in which each block is
(NL()/2)-by-(N;(f)/2) for all f € F+.

A root raised-cosine (RRC) pulse with roll-off factor 8 €
[0, 1] is used as p(t) except the SSB and the VSB modulations,
where its filtered version is used instead. In addition to the
bandwidth assumption (12a), H([) is assumed to be unity on
the frequency band [—Bo, By), where the bandwidth By and
the roll-off factor 3 are related to the cycle period 7p as

ie., Ni(t) as well as N 4(t) fully occupies the entire frequency
band of interest. Under this flat channel assumption, it turns
out that a result obtained by using the RRC pulse with roll-
off factor 3 is the same as that obtained by using any square
root Nyquist pulse with excess bandwidth 3. This is because,
though the PSD matrix Ry, (f) in (45) changes, its eigenvalue
distribution does not change. For convenience, the passband
bandwidth W £ 2B, is used throughout this section.

The first results are to compare the performance of the CWF
with that of the ordinary water filling (OWF), which ignores
the spectral correlation in the cyclostationary noise N (t). The
interference is generated by using QAM, thus proper-complex,
and leads to the power P;. Then, it can be shown that the
capacity of this SOCS proper-complex Gaussian noise channel
is given by

2
g @3)

(46)

o w§ ) min(P, BPp) + u_ﬁ:} '8
U = ——log, — =
1+ N(,ﬁ%
W P—pPi]*
+ = logy | 1+ —2— | [bps], 47
T35 o8 Mol 1 7 [bps], (47)

for 0 < B < 1. This is because, though Nj(t) physically
the entire f1 'y band, it ies in effect only

9
N

IS

spectral efficiency [bps/Hz]
w

0 15 20 25 30
SNR [dB]

Fig. 6. Comparison of the CWF and the OWF with SIR = 0 dB when a
proper-complex Gaussian interference is generated by using QAM. The same
performance is observed when an improper-complex Gaussian interference is
generated by using SQPSK.

a fraction 1/(W1Tp) = 1/(1+ ) of the frequency band and
leaves 3/(1 + ) unoccupied, as evidenced by the pre-log
coefficients in (47). Fig. 6 shows the spectral efficiency C/W
as functions of the signal-to-noise ratio (SNR) P/(NoW) for
various roll-off factors. The signal-to-interference ratio (SIR)
P/Py is fixed at 0 dB. Note that the CWF that exploits
the spectral correlation in the cyclostationary interference
significantly outperforms the OWF except the case with 5 = 0,
where N;(t) degenerates to a proper-complex white Gaussian
noise without any spectral correlation. It can be also shown
that the improper-complex interference generated by using
SQPSK results in the same capacity as (47). This is because,
though the PSD matrix changes, its eigenvalue distribution
does not change.

The second results are to compare the performance of the
CWEF with that of the OWF, when the interference is generated
by using DSB PAM, thus improper-complex. Since Nj(t)
exists only in the real part, the OWF separately processes
the real and the imaginary parts. Then, it can be shown that
the capacity of this SOCS improper-complex Gaussian noise
channel is given by

o= Wa+2p)
T 2498
min(P, (1 +26)Py) + L=0+2000 1 (0426) fa+26)
xlogy | 1+ (P, ( B8)Pr) 2+28

W(1+28)
No5ras—
P—(1428) P!
2+28
No%zﬁ +Pr

+ 3 KVQﬁ logy | 1+ [bps], (48)
for 0 < B < 1. This is because N;(t) occupies in effect
only a fraction 1/(2 + 23) of the frequency band and leaves
(1+28)/(2 + 26) unoccupied, as evidenced by the pre-log
coefficients in (48). Similar to Fig. 6, Fig. 7 shows the spectral
efficiency versus SNR with the SIR fixed at 0 dB. Note again

that the CWF significantly outperforms the OWF except the
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Fig. 7. Comparison of the CWF and the OWF with SIR = 0 dB when an
improper-complex Gaussian interference is generated by using DSB or SSB
PAM.

case with 3 = 0, where N;(t) degenerates to a real white
Gaussian noise with only impropriety to be exploited. In this
case, the capacity formula (48) reduces to that for a parallel
Gaussian noise channel with two sub-channels having the
same bandwidth W/2 but different noise power NoW/2 and
NoW /24 Py, respectively. This result perfectly agrees with the
intuition for ind 1y p d real and i inary parts.
It can be also shown that the improper-complex interference
generated by using SSB PAM results in the same capacity as
(48) and, consequently, the same spectral efficiency as Fig. 7,
when the channel includes the negative frequency band that
is not occupied by N;(t). This is because both the DSB and
the SSB PAMs utilize only half the frequency band. It is also
the case with the improper-complex interference generated by
using VSB PAM. To the contrary, when the channel does not
includes the negative frequency band, the improper-complex
interference generated by using SSB PAM results in half the
channel capacity of (47) and, consequently, the same spectral
efficiency as Fig. 6.

The final results are to compare the performance of the
CWF with that of the OWF, when a strong interference is
present in the channel. Fig. 8 shows the spectral efficiency of
the channels considered in Figs. 6 and 7 versus SNR, now
with # = 0.25 and SIR = 0 and —20 dB. When N;(t) is
generated by DSB PAM, the CWF suffers no performance
degradation. This is because the CWF at SIR = 0 dB
orthogonalizes the channel input to the interference, so that
the enhanced interference level at any SIR < 0 dB does
not affect the performance at all. To the contrary, the OWF
suffers performance degradation because, though most of the
information transmission is through the imaginary part, it
observes severe noise enhancement in the real part. When
Ny(t) is generated by QAM, the CWF suffers much mild
performance degradation than the OWE. This is because,
though severe noise enhancement is observed in all frequency
components, the CWF can exploit the spectral correlation to
suppress the interference.

10
SNR [dB]

Fig. 8. Comparison of the CWF and the OWF when 8 = 0.25 and SIR
=0 and —20 dB.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we have derived the capacity of an SOCS
complex Gaussian noise channel. By using the p-FRESH
vectorization of the input, the impulse response, and the
output of the channel, the SISO channel is converted into an
equivalent MIMO channel and its capacity is derived in the
frequency domain. A geometric procedure called the CWF
is proposed to construct an optimal input distribution that
achieves the capacity. It is shown that the CWF significantly
outperforms the OWF that ignores the spectral correlation
of the SOCS noise. This result can be applied to various
interference types of PAM, QAM, and their variants including
the WCDMA short-code and IEEE 802.11 DS/SS signals,
which have massive spectral redundancies.

Although the CWF achieves the capacity, the knowledge
on the center frequency of the SOCS noise is required when
the complex noise is improper. Thus, extensions to the cases
with an uncertainty in the center frequency or with a channel
impairment in the form of phase jittering are interesting future
research directions. Deriving the capacity and the capacity-
achieving schemes for a channel with a non-Gaussian noise or
with multiple spectrally overlapping improper-complex SOCS
interferences having different center frequencies is another
future work that warrants further investigation. Particularly,
in the latter case, the use of the spectral correlation density
function [4, Ch. 1] or its variant will be necessary to charac-
terize the interferences in the cycle frequency and the spectral
frequency domains. It is also an interesting future research to
derive practical signal processing structures that provide the
same properizing and stationarizing operation as the p-FRESH
vectorizer.
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I

2 *
A. Proof of Lemma 1 E{}|A(7t)u Y (0o } K (,-’j: X .
Proof: Tt is straightforward to show (21a) by using oL 21 ' y

0o oo
py (t) = 0,Vt. To show (21b) ax}d (21c), similar to (13a) and ~ _ / / a(7)* ry (7, 7 pap (7')drdr’ (52a)
(13b), let {R(yk)(f)}kgz and {Rg/k)(f)}kgz be the functions ;,,2 —o00 J—00 ' !

such that Ry (f, [') = 532 oo B (F—k/T)S(f—J'~k/T) 21, 21 - X)KHL) V’f’
and Ry ([, f') = o2 BE(f — k/T)S(f — f' — k/T). = ZZ/ A [Ry (N Av(£)df (52b)

Then, the cross-correlation between Y;(t) and Yy (s) for =1 =1V T

LU'< Lis given by = [ et By(Natna >0, ¢ [T Twonmey - Guolae . RP
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(13b), let {RY”(f)}rez and {RY’(f)}rez be the functions
such that Ry (1, f') = Y372 _ o, By (f—k/T)3(f —f'=k/T)
and Ry (f.1') = Y3 RY)(f — K/T)S(f — f' — k/T).
Then, the cross-correlation between Yj(t) and Yy (s) for
1, < L is given by -

B B )
BVt = [ [ 6= e mimy )
G(f' — fu)te U I rdf’ (49a)  for

pEp—
I=1l=1 J=00J—co

2L 2L

=33 /f A1) Ry (A () (520)

I=1V=1
[, a0 Ry (natnar o, 20
where a(f) is the 2L-by-1 vector of the element-wise Fourier

transform of [a; (£), az(t), ..., azr,(t)]7. Since a;(t) is arbitrary
all £, (52¢) implies a(f)* Ry (f)a(f) > 0,Va(f),Vf €

+ :
_ / / Ry, f’)ejz”(”‘/"‘)e‘jh(f"'ft"‘)dfdf’ (49b) . Therefore, the conclusion follows. [ |
FHIry
¢ ”’ 5 — REFERENCES
£ e j2m f(t—.
= /f ‘ Ry + fi)e™=20df, (49¢) 11} W C. Y. Lee, Wireless & Cellular Telecommunicaions, 3rd edition.

where Parseval’s relation is used twice in (49a) and the identity 2
Jfi— fr = (—1)/T is used in (49¢). In the same way, we  [3]
have “
(5]
E{Yi(t)Yr (s)*}

S I}gilurm(f + fir—p)e2 S df, for I < L < UV,

it . 161
= []_I Rs —I+L)(7f7f‘,),612nf(n—.s)df) for I < L <1,
Jre BY (= = fuo1)"eBT 9, for 1,1/ > L. m
(50)
81

Thus, the cross-correlation E{Y;(t)Y}(s)*} becomes a func-
tion only of ¢ — s, VI, V.

On the other hand, the complementary cross-correlation
between Y;(t) and Yy (s) for I,I' < L is given by 9]

B B
E{Yi(t)Yi(s)} = / / G(f = f)e?"U=I Ry (f,—f')  10]
-BJ-B
G(f = fu)el? I I0sgpaf’ (S1a) gy
:/ / Ry (f,=f)elmI=tel2r U =Sdsdpdf! (51b)
T
=0. (51c)

This is because the impulse fences of Ry (f,—f")on f=
—f" — m/T do not cross the integration area (f,f’) € [14]
F' x Fif . In the same way, we have E{Y;(t)Yi(s)} = 0 for
other cases of /,!". Thus, the complementary cross-correlation (15
E{Y;(t)Yr(s)} becomes zero, VI,VI'. Therefore, the conclu-

sion follows. [ ] 6]

B. Proof of Lemma 2 a7

Proof: The Hermitian symmetry follows straightfor- [18]
wardly from the element-wise Fourier transform of ry (7) = 1)
E{Y®)Y (t — )"} = E{Y (t — )Y (t)¥}" = ry(-7)*.
Now, consider filtering the p-FRESH vectorizer output Y'(t)
by using the LTI filter with impulse response A(—t)* £
diag{ay(—t)*, az(—t)*, ..., azL(—t)*}. Then, the power of the
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Processing of Improper-Complex Second-Order
Cyclostationary Random Processes

Jeongho Yeo and Joon Ho Cho, Member, IEEE

Abstrac/—ln this paper, “IL block proccssmg of a dw:rue-
time (DT) p der

(SOCS) random process consldered In particular, it is of
interest to find a preprocessing operation that enables the adop-
tion of conventional signal processing techniques and algorithms
developed for the ﬁllermg of proper-complex signals and that
leads to efficient ptimal postprocessing.
An invertible linear-conjugate linear (LCL) operator named
the DT frequency shift (FRESH) properizer is first proposed.
It is shown that the DT FRESH properizer converts a DT
improper-complex SOCS random process input to an equivalent
DT proper-complex SOCS random process output by uti
information only about the cycle period of the input. An invertible
LCL block processing operator named the asymptotic FRESH
properizer is then proposed that mimics the operation of the DT
FRESH properizer but processes a finite number of consecutive
samples of a DT improper-complex SOCS random process. It is
shown that the output of the asymptotic FRESH properizer is
not proper but asymptotically proper and that its frequency-
domain covariance matrix converges to a highly structured
block matrix with dlagonal blocks as the block size tends to
infinity. Two rep! and d ion problems
are presented to demonstrate that asymptotically optimal low-
complexity postprocessors can be easily designed by exploiting
these asymptotic second-order properties of the output of the
asymptotic FRESH properizer.

’\l

signal becomes improper in the presence o, MW&
between its in-phase and quadrature components [5]. ¥n ofder
ued

to fully capture the statistical properties of a compl%

signal, including all the second-order statistics, the filtering of >

augmented signals has been proposed. This so-called widel y
linear (WL) filtering processes either the signal

Por

W\‘"Fer

pn

et pUoperizel~

its complex conjugate or the real part of the signal augmemcx [_&)

by the imaginary part [5], [6], where the former is referred t
as the linear-conjugate linear (LCL) filtering [7].

On the other hand, many digitally modulated signals are
well modeled by wide-sense cyclostationary (WSCS) random
processes [8], [9], whose complex envelopes possess peri-
odicity in all variables of the mean and the auto- comrma
functions. In [10], it is shown that a WSCS random ptoc:
can be represented by an equivalent WSS vector rdrd(f
process. In [11], to efficiently extract the correlation eructEZr
of a WSCS random process in the time and the frequency’
domains, the translation series representation (TSR) and \the
harmonic series representation (HSR) are proposed, whjch
are base on linear periodically time-varying (PTV) proceps-
ings. Such second-order structure of a proper-complex WSCS
random process has long been exploited in the design of maj

Index Terms—A analysis,
improper-complex random process, properization, second-order
cyclostationarity.

1. INTRODUCTION

T IS well known that the complex envelope of a real-valued

bandpass wide-sense stationary (WSS) random process is
proper, i.e., its complementary auto-covariance (a.K.a. the
pseudo-covariance) function vanishes [1]. However, there are
a lot of important improper-complex random processes that do
not have vanishing complementary auto-covariance functions
[2]-[4]. For example, the complex envelope of a real-valued
bandpass nonstationary signal is not necessarily proper and
even the complex envelope of a real-valued bandpass WSS
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cC ications and signal processing systems includin,
ence detectors [12], [13], estimators [14]-[16], and optinfal
transceivers [17]-[19] under various criteria.

The complex envelopes of the majority of digitally modl-
ulated signals are proper and WSCS. However, as well
documented in [5], there still remain many other digi-
tally modulated signals such as pulse amplitude modula-
tion (PAM), offset quaternary phase-shift keying (OQPSK),
and Gaussian minimum  shift keying (GMSK), that are
not only improper-complex WSCS but also second-order
cyclostationary (SOCS) [20], i.e., the complementary auto-
covariance function is also periodic in all its variables with the
same period as the mean and the auto-covariance functions.
To exploit both cyclostationarity and impropriety, the LCL
FREquency Shift (FRESH) filter has been proposed in [21]
that combines signal augmentation and linear PTV processing.

Recently, another LCL PTV operator called the properizing
FRESH (p-FRESH) vectorizer is proposed in [20] and [22]
by non-trivially extending the HSR. The p-FRESH vectorizer
converts an improper-complex SOCS scalar random process to
an equivalent proper-complex WSS vector random process by
exploiting the frequency-domain correlation and complemen-
tary correlation structures that are rigorously examined in [3].
By successfully deriving the capacity of an SOCS Gaussian

0018-9448 © 2014 IEEE. Personal use is permitted, but repuhl|ul|on/mlmnhulmn requires IEEE permission.
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noise channel, it is shown that the optimal channel input
is improper-complex SOCS in general when the interfering
signal is improper-complex SOCS. It is also well demonstrated
that such properization provides the advantage of enabling
the adoption of the conventional signal processing techniques
and algorithms that utilize only the correlation but not the
complementary correlation structure. These results warrant
further research in communications and signal processing on
the efficient construction and processing of improper-complex
SOCS random processes.

In this paper, we consider the block processing of a
complex-valued random vector that is obtained by taking
a finite, but a very large, number of consecutive samples
from a discrete-time (DT) improper-complex SOCS random
process. To proceed, the p-FRESH vectorization developed
for continuous-time (CT) SOCS random processes is first
extended to DT improper-complex SOCS random processes.
Instead of straightforwardly modifying the CT p-FRESH
vectorizer that properizes as well as vectorizes the input
CT improper-complex SOCS random process, an invertible
LCL operator is proposed in this paper that does not vec-
torize but only properizes the input DT improper-complex
SOCS random process. Thus, unlike the p-FRESH vectorizer,
this LCL operator named the DT FRESH properizer gen-
erates a scalar-valued random process. Specifically, the DT
FRESH properizer transforms a DT improper-complex SOCS
scalar random process into an equivalent proper-complex
SOCS scalar random process with the cycle period that is
twice the cycle period of the input process. Similar to the
p-FRESH vectorizer, the DT FRESH properizer also enables
the adoption of the conventional signal processing techniques
and algorithms that are already developed for the filtering of
proper-complex random processes.

To make this idea of pre-processing by properization better
suited for digital signal processing, an invertible LCL block
processing operator is then proposed that mimics the operation
of the DT FRESH properizer. Although the augmentation of
the improper-complex random vector by its complex conjugate
can generate a sufficient statistic [5], it is not only a redundant
information of twice the length of the original observation vec-
tor but also improper. Thus, the augmenting pre-processor does
not allow the direct application of the conventional techniques
and algorithms dedicated to the block processing of proper-
complex random vectors. Motivated by how the DT FRESH
properizer works in the frequency domain, the pre-processor
proposed in this paper utilizes the centered discrete Fourier
transform (DFT) and the information only about the cycle
period of the DT improper-complex SOCS random process
in order to convert a finite number of consecutive samples of
the random process to an equivalent random vector. Unlike
the simple augmentation of the improper-complex random
vector by its complex conjugate, the output of this LCL block
processing operator is not redundant in that it has the same
length as its input. Unlike the output of the DT FRESH proper-
izer, the output of this LCL block processing operator is not
proper but approximately proper for sufficiently large block
size. Thus, the pre-processor is named the asymptotic FRESH
properizer. Specifically, the asymptotic FRESH properizer

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 7, JULY 2014

makes the sequence of the complementary covariance matrices
of the output asymptotically equivalent [23] to the sequence
of all-zero matrices.

In [24], it is shown that the complex-valued random vector
consisting of a finite number of consecutive samples of a
DT proper-complex SOCS random process has its frequency-
domain covariance matrix that approaches a block matrix with
diagonal blocks as the number of samples increases. This is
because the periodicity in the second-order statistics of the
DT SOCS random process naturally leads to a sequence of
block Toeplitz covariance matrices as the number of sam-
ples increases, the sequence of block Toeplitz matrices is
asymptotically equivalent to a sequence of block circulant
matrices, and a block circulant matrix becomes a block matrix
with diagonal blocks when pre- and post-multiplied by DFT
and inverse DFT matrices, respectively. Since the asymptotic
FRESH properizer mimics the DT FRESH properizer and the
DT FRESH properizer outputs a DT proper-complex SOCS
random process, it naturally becomes of interest to examine
the asymptotic property of the frequency-domain covariance
matrix of the asymptotic FRESH properizer output. It turns
out that the output of the asymptotic FRESH properizer has
the same property discovered in [24].

Such properties of the covariance and the complementary
covariance matrices may be used in designing, under vari-
ous optimality criteria, low-complexity post-processors that
follow the asymptotic FRESH properizer. In particular, a post-
processor can be developed that approximates the output of the
asymptotic FRESH properizer by a proper-complex random
vector having the block matrix with diagonal blocks that
is asymptotically equivalent to the exact frequency-domain
covariance matrix as its frequency-domain covariance matrix.
Of course, this technique makes the post-processor suboptimal
that performs most of the main operations in the frequency
domain. As the two asymptotic properties strongly suggest,
however, if the block size is large enough, then the perfor-
mance degradation may be negligible. It is already shown
in [24] that this is the case for the asymptotic property only of
the covariance matrix, where a suboptimal frequency-domain
equalizer is proposed that approximates the frequency-domain
covariance matrix of a proper-complex SOCS interference
by an asymptotically equivalent block matrix with diagonal
blocks. It turns out that this equalizer not only achieves
si ly lower computational complexity than the exact
linear minimum mean-square error (LMMSE) equalizer by
exploiting the block structure of the frequency-domain covari-
ance matrix, but also is asymptotically optimal in the sense
that its average mean-squared error (MSE) approaches that
of the LMMSE equalizer as the number of samples tends to
infinity.

To demonstrate that asymptotic optimality and low com-
plexity can be simultaneously achievable by employing the
asymptotic FRESH properizer, we consider two representative
estimation and detection problems. A conventional technique
for the estimation and the detection of CT real-valued random
processes with finite-time observation is to use the Karhunen-
Logve (KL) expansion of the observation [25]. In [26], the
estimation and the detection of CT improper-complex random
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processes with finite-time observation are considered, and
the KL expansion of the augmented observation is proposed.
Similarly, the estimation and the detection of DT improper-
complex random processes with finite-time observation can be
approached by representing the augmented observation vector
with a linear combination of the eigenvectors of its correlation
matrix. However, as shown in [24] for the equalization in a
proper-complex SOCS random process, such a straightforward
approach without exploiting the cyclostationarity results in a
high computational complexity in general for a large sample
size.

First, for a DT improper-complex SOCS random signal in
additive proper-complex white noise, a low-complexity signal
estimator is proposed that is a linear function of the output
of the asymptotic FRESH properizer. It is shown that the
average MSE performance of the estimator approaches that of
the widely linear minimum mean-squared error (WLMMSE)
estimator as the number of samples tends to infinity. Second,
for a DT improper-complex SOCS Gaussian random signal
in additive proper-complex white Gaussian noise, a low-
complexity signal presence detector is proposed whose test
statistic is a quadratic function of the output of the asymptotic
FRESH properizer. It is shown that the test statistic converges
to the exact likelihood ratio test (LRT) statistic that is a
quadratic function of the augmented observation vector with
probability one (w.p. 1) as the number of samples tends to
infinity. Note that in both cases the asymptotic FRESH proper-
izer as the pre-processor utilizes only the information about
the cycle period. Thus, the adoption of adaptive estimation
and detection algorithms may be possible that are developed
for the processing of proper-complex random vectors. This
advantage of employing the asymptotic FRESH properizer
may be taken in other communications and signal processing
problems involving the block processing of DT improper-
complex SOCS random processes.

As mentioned earlier, the LCL-type augmentation of the
signal mainly used in this paper is not the only way to
WL filtering. We provide a brief discussion on how the
proposed WL block processing can be realized by an alter-
native WL block processing that utilizes the real part of the
signal augmented by the imaginary part. In particular, the
same estimation and detection problems are examined now
this real-valued signal representation of the complex
signal. The optimal estimator and detector and their computa-
tional complexities are derived. It is shown that the all real-
valued augmented signal after being properly permuted has a
similar asymptotic property in the frequency domain to the
LCL-type augmented signal. It is also shown that the redun-
dancy in the augmented signal can be removed as it is done
in the asymptotic FRESH properization. By exploiting these
properties, we propose asymptotically optimal estimator and
detector whose computational complexities are the same as
those adopting the asymptotic FRESH properizer as the pre-
processor. However, this alternative approach to the block
processing of DT improper-complex SOCS random processes
may not directly adopt the conventional signal processing
techniques and algorithms that are already developed for
the filtering of proper-complex random processes. Moreover,

4085

the WL processing using complex-valued representation of the
signal provides more matk and imp
tional advantage, as pointed out in [4], [5, Ch. 1], and [6].

The rest of this paper is organized as follows. In Section II,
definitions and lemmas related to SOCS random processes
are provided and the DT FRESH properizer is proposed.
In Section III, the asymptotic FRESH properizer is proposed
and the second-order properties of its output are analyzed.
In Sections IV and V, the application of the asymptotic FRESH
properizer is considered to exemplary estimation and detection
problems, respectively. In Section VI, an alternative WL block
processing is discussed that utilizes the real part of the signal

1by the i 'y part. Finally, cc ing remarks
are offered in Section VIIL.

Throughout this paper, the operator E{-} denotes the expec-
tation, the operator Z{x[n]} £ 3% __ x[n]e %"/ denotes
the discrete-time Fourier transform (DTFT) of an absolutely
summable sequence (x[n]),, and the function d(-) denotes
the Dirac delta function. The sets Z and N are the sets
of all integers and of all positive integers, respectively. The
operator x denotes the Cartesian product between two sets.
The superscripts *, T and ™ denote the complex conjugation,
the transpose, and the Hermitian transpose, respectively. The
operator * denotes the convolution.! The operators ® and
® denote the Hadamard product and the Kronecker product,
respectively. The matrices 1y, Iy, Oy, and Oy y denote
the N-by-N all-one matrix, the N-by-N identity matrix, the
N-by-N all-zero matrix, and the M-by-N all-zero matrix,
respectively. The matrix Py denotes the N-by-N backward
identity matrix whose (m,n)th entry is given by 1 for m +
n = N + 1, and 0 otherwise. The operator [A]n, and
tr(A) denote the (m,n)th entry and the trace of a matrix
A, respectively. The operator [x], denotes the nth entry of
a vector x. To describe the computational complexity, we will
use the big-O notation O(g(N)) defined as f(N) = O(g(N))
if and only if there exist a positive constant M and a real
number Ny such that | f(N)| < M[g(N)|, YN > Ny.

II. DT FRESH PROPERIZER

In this section, the notion of DT second-order cyclosta-
tionarity is introduced and an LCL PTV operator is proposed
that converts a DT improper-complex SOCS random process
into an equivalent DT proper-complex SOCS random process.
In [20], the notion of CT second-order cyclostationarity is
introduced and an LCL PTV operator named p-FRESH vec-
torizer is proposed that converts an input CT SOCS random
process to an equivalent CT proper-complex WSS vector
random process. In [27], another LCL PTV operator named CT
FRESH properizer is proposed that converts a CT improper-
complex SOCS random process into an equivalent CT proper-
complex SOCS random process. In this section, the notion
of second-order cyclostationarity is extended to DT processes
and the DT counterpart of the CT FRESH properizer is also
proposed. Note that, unlike the p-FRESH vectorizer, the CT
and the DT FRESH properizers do not vectorize but only

IThere should be no confusion from the superscript * that denotes the
complex conjugation.
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properize the input improper-complex SOCS random process.
Similar to the CT FRESH properizer, the DT FRESH proper-
izer as a pre-processor enables the adoption of the conventional
signal processing techniques and algorithms that utilize only
the correlation but not the complementary correlation structure
of the signal.

A. DT SOCS Random Processes

In this subsection, definitions and lemmas related to the DT
SOCS random processes are provided.

Definition 1: Given a DT complex-valued random process
X[n] with a finite power, i.e., E(|X[n]|2) < 00, Vn, the mean,
the auto-correlation, and the complementary auto-correlation
functions of X[n] are defined, respectively, as

£ E(X[n]), (1a)
2 E{X[n]X[m]*}, and (1b)
E(X[n]X[m]}. (1c)

The aui nce and the complementary auto-
covariance funcuons can be defined straightforwardly.
Throughout this paper, all DT complex-valued random

proce«eﬁ are assumed to be of finite power. i.e., |rx[n, m]| <
E(|X[nl\ } < o, Vn[/vrﬂ//’u_‘b

ition 2: Th Spectral-corretati et Rx (f, f)
and the(complementary spectral correlation function B (f, ')
of a DT complex= andom process X[n] are defined as

Rx(f, /N2 D Y

00 n=—00

Rx(,fhe >

1=—00 n=—0

RE(fn-f'm) (o)

and

pr(fakfm (o)

respectively, if they exist.

The spectral correlation function has also bees referred l
as bifrequency spectral correlation function [28],
spectrum [29], generalized spectrum [30], and Lr;ve bifre

quency spectrum [31]. Similarly, the complementayy spectral
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Definition 4: [33, Sec. 1I-B] A DT complex-valued ran-
dom process X[n] is second-order stationary (SOS) if, Vm, Vn,

—_—

uxln] = ux[0], (3a)
rx[n,m] = rxln —m,0], and (3b)
Fx[n,m] = Fx[n —m,0]. (3¢)

Definition complex-valued random process X [n]
is SOCS with cycle period M € N if, Vn, Vm,

uxlnl = pxln+ M], (4a)
rxln,m] =rx[n+ M,m + M], and (4b)
(4c)

‘We are mainly interested in the DT SOCS random processes
in this paper. Note that a DT SOS random process can be
viewed as a special DT SOCS random process with cycle
period 1. Note also that the above definition of a DT SOCS
random process is a straightforward extension of the definition
of a CT SOCS random process in [20]. For the ease of
comparison with the results in [20], we use the time indexes
m and n in the orders appearing in Definitions 1-5.

In the following lemmas, the implications of the second-
order cyclostationarity are provided in the time and the fre-
quency domains, respectively.

Lemma 1: For a DT SOCS random pmcess X[n] wuh
cycle period M € N, there exist (rx][n])k —o and (7 S(")[n])
such that

rxln, m] = Z Ol — mpePeinM, (5a)
and
M-1
Fxln,ml =" #n — mle=kn/M, (5b)

ey

Proof:  Since r)’([n 2 rx[n,n —17 is periodic in
n with period M and is finite, there exist the DT Fourier
series coefficients (r;()[l]),’:" 0' for each [ such that rX[n 1=
zk70' r;k)[l]ejz"""/M, By replacing [ with n — m, we
obtain (5a). Similarly, we obtain (5b). Therefore, the conclu-
sion follows. [m]

Lemma 2: For a DT SOCS random process X[n] with
cycle period M € N, the spectral correlation function and

correlation function has also been referred to as
tary Lo¢ve spectrum [32].

Since the spectral correlation function and the complemen-
mry speclral correlation functmn are the DT doub Fourier

period 1. The set of all DT complex-valued random proctsges
can be partitioned into two subsets by using the followi
definition.

Definition 3: [1, Definition 2] A DT complex-valued
random process X[n] is proper if its complementary auto-
correlation function vanishes, i.e., Fx[n, m] = 0,Vn,Vm, and
is improper otherwise.

Two types of stationarity can be defined as follows by using

the second-order moments of a DT complex-valued rangom
process. ’ @' e‘)ﬂ"'
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—

Authorized licensex

123
T T

YEO AND CHO: ASYMPTOTIC FREQUENCY-SHIFT PROPERIZER

& 7 {ga[n]}

Y 1. Frequency response of the FD-RSW filter with rdfereng
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the cc 'y spectral correlation function are given,

respectively, by

oo M-1 %
Re(f =3 % R‘x”(f a(f -f-
I=—cs k=0 — S
(
and
Rx(f 1) = Z h3 R‘”( )+ r=5-1)-
o0 k=0 g
(ob)

where RO () 2 Z(rPn)) and RO (1) 2 ZFPM)).
Proof: 1t is straightforward by applying the definitions

(2a) and (2b) in Definition 2, respectively, to (5a) and (5b) in

Lemma 1. (]
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7. 1. Frequency response of the FD-RSW filter with r

1/M.

Note from (6) that Rx(f, f’) and Rx(f, f’) consist of
1/M-spaced impulse fences along the lines f = f’ and along
the lines f = —f’ &+ k/M,Vk € Z, respectively. The above
lemmas are the extensions of the results in [11] and [20] for
CT WSCS and SOCS random processes.

B. DT FRESH Properizer

In this subsection, an LCL PTV operator is proposed that
always outputs an equivalent DT proper-complex random
process regardless of the propriety of the input DT SOCS
random process, under the assumption that the parameter
called the reference frequency of the operator satisfies a certain
condition. In what follows, all SOCS random processes are DT
processes unless otherwise specified.

To proceed, the following frequency-selective filter is
defined that has half of the entire frequency band as its
stopband.

Definition 6: Given a reference frequency 1/M, a linear
time-invariant system with impulse response gy [n] is called
the frequency-domain raised square wave (FD-RSW) filter if
its frequency response Gy (f) = .F{gmlnl} is given by

0, for — 5 <f<0,

7
1, for 0= f <5, S

Gu() & [

and satisfying Gy (f) 2 Gy (f + 1/M).

Fig. 1 shows the frequency response of the FD-RSW filt
with reference frequency 1/M, which alternately passes llj
frequency components of the input signal in every othef
interval of bandwidth 1/(2M). Hereafter, Gy denotes th
support of this FD-RSW filter. By using the impulse respons¢
guln] of the FD-RSW filter with reference frequency 1/
we can define an LCL PTV filter as follows.

Definition 7: Given a reference frequency 1/M and ar
input X[n], the DT FRESH properizer is defined as a single
input single-output LCL PTV system, whose output is given b

Yin] £ X{n] * guln] + (X(n]* + galn) e PTG (8

Fig. 2 shows how the DT FRESH properizer works in the
time domain, where X[n] is the input, Y [n] is the output, and
Xi[n] and X;[n] are, respectively, the first and the second
terms on the right side of (8). Note that, unlike the upper
branch where X[n] is processed by the FD-RSW filter to
generate X[n], X[n]* is processed in the lower branch by the
FD-RSW filter and multiplied by a complex-exponential func-
tion e=27%/CM) {6 generate X,[n]. Even though —1/(2M) is
chosen as the frequency of the complex-exponential function,
any (2k +1)/(2M) for k € Z can be chosen. The reason why

PR Sy Xaln)

gum(n) Xl

e—i2mn/(2M)

|
!
| (onl |
I
I
|

Fig. 2. DT FRESH properizer with referenc®
time domain.

this is so becomes clear once the DT FRESH properization is
viewed in the frequency domain.

The following lemma makes this invertibility argument
more precise.

Lemma 3: The DT FRESH properizer with reference fre-
quency 1/M is identical to its inverse mapping, i.e.,

X[n] = YInl* gulnl + (¥ [n]* % gulnD)e 2=/CM_ (9)

where Y[n] is the output of the DT FRESH properizer with
reference frequency 1/M when its input is X[n].
Proof:  Straightforward by substituting (8) into the right

side of (9). [m}

Note that, at this point, the DT FRESH properizer may
not be more than one of many possible invertible operators.
The reason why this operator is named the properizer will
become clear once the second-order property of the output
is analyzed as follows when its input is a zero-mean SOCS
random process. In [27], similar property of band-limited CT
SOCS random processes and its proof can be found. Thus, we
omit the detailed proof of the following theorem, which can
be straightfor ly obtained by substituting CT parameters
i i arameters.
€ input X[n] to the DT FRESH properizer
Th reference frequency 1/M is a zero-mean SOCS random
process with cycle period M, then the output Y [n] becomes a
zero-mean proper-complex SOCS random process with cycle
period 2M, i.e., the mean, the auto-correlation, and the com-
plementary auto-correlation functions of ¥ [n] satisfy

pylnl 2 E(Y[n]} =0, (10a)
ryln,m) £ E{Y[n]Y[m)}=ry[n+2M, m+2M], and (10b)
Fyln,m] £ E{Y[n]Y[m]} =0, (10c)

Vm, ¥n, respectively.

Proof: See the proof of [27, Proposition 1]. O
It is already shown that the amount of the Trequency shift in
the second term of (8) can be any (2k +1)/(2M), for k € Z,
to satisfy the invertibility of the DT FRESH properizer. It can
be also shown that Theorem 1 holds for any frequency shift
(2k+1)/(2M), for k € 7. Moreover, since any integer multiple
of M is also a cycle period of an SOCS random process with
cycle period M, the random process can be FRESH properized
by using any reference frequency 1/(kM),Vk € N. Thus, it is
not unique to FRESH properize an SOCS random process.

This theorem shows that the DT FRESH properizer in
general doubles the cycle period at the cost of the propriety
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of the output. However, it does not double the cycle period if
the input is already proper.

Corollary 1: 1f the input X[n] to the DT FRESH proper-
izer with reference frequency 1/M is a zero-mean proper-
complex SOCS random process with cycle period M, then
the output Y[n] is a zero-mean proper-complex SOCS random
process with cycle period M.

Proof: See the proof of [27, Corollary 1]. Due to the same
reason as Theorem 1, we again omit the detailed proof. [

Theorem 1 also has the following consequence.

Corollary 2: An optimal linear processing of the output of
the DT FRESH properizer always leads to the same result as
the optimal widely linear processing of the input of the DT
FRESH properizer does.

Proof: Let X[n] and Y[n] be the input and the output
of the DT FRESH properizer with relation (7) and (3).
Because the DT FRESH properization is invertible as shown
in Lemma 3, the performance of an optimal processing of
X[n] always equal to that of the processing of Y [n] under the
same optimality criterion [25, pp. 289-290]. Thus, an optimal
widely linear processing of X[n] is equivalent to the widely
linear processing of ¥ [n] under the same criterion. Therefore,
the conclusion follows by the propriety of Y[n] shown in
Theorem 1. O

It is noteworthy that Theorem 1 does not imply that any
FRESH properizer can properize an improper SOCS random
process with cycle period M.

Corollary 3: If kM = koM’ for integers k; and k»
where k is not divisible by k2, then the output of the DT
FRESH properizer with reference frequency 1/M’ becomes
an improper-complex SOCS random process with cycle period
2k M.

Proof: It can be straightforwardly shown by using the
CT version proof of [27, Th. 1], where we just need to
replace the reference frequency of the FRESH properizer
by ka/(kiM). ul

In theory, the DT FRESH properizer is enough to deal with
improper-complex SOCS random processes by using conven-
tional linear processing techniques and algorithms. However,
the FD-RSW filter is not realizable in practice due (o its shape
in the frequency domain.

III. ASYMPTOTIC FRESH PROPERIZER

In this section, the block processing of an SOCS random
process is considered. Motivated by how the DT FRESH
properizer works in the frequency domain, an LCL block
operator is proposed that converts a finite number of consec-
utive samples of an SOCS random process to an equivalent
random vector. Unlike the DT FRESH properizer proposed in
the previous section, this invertible operator does not directly
make the complementary covariance matrix of the output
vector vanish. Instead, it is shown that the LCL operator
makes the complementary covariance matrix of the output
vector approach all-zero matrix as the number of samples tends
to infinity. This is why it is named the asymptotic FRESH
properizer.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 7, JULY 2014

A. Asymptotic FRESH Properizer and Its Inverse Operator
Let x be the length-M N vector obtained by taking the M N
consecutive samples of a DT signal, where and in what follows
it is assumed that N is a positive even number. Motivated by
the DT FRESH properizer, we introduce in this subsection an
LCL block operator and its inverse.
To proceed, some definitions are provided.

Definition 8: The centered DFT matrix Wy is defined as
an (MN)-by-(MN) matrix whose (m, n)th entry, for m,n €
{1,..., MN}, is given by
1

s

e—jZI(’"—"MN)("—’TMN)/(MN], (11)

[WmNImn
where cpyy 2 (MN +1)/2.

It is well known that the matrix-vector multiplication with a
centered DFT matrix can be implemented with low computa-
tional complexity [34], as the multiplication with an ordinary
DFT matrix is efficiently implemented by using the fast
Fourier transform algorithm.

Definition 9: Given M and an even number N, the (M N)-
by-(MN) matrix G,y is defined as

o o
Gun2Iye| N2 SN2 (12)
Onp Inp
Similar to the FD-RSW pulse, the matrix Gy, will be
called the raised square wave (RSW) matrix because, when
pre-multiplied to a column vector or a matrix, it turns the
((m—1)N+n)throw, form=1,...,Mandn=1,...,N/2,
into all zeros, i.e., it alternately nulls every other band of N/2
consecutive rows.
Definition 10: Given M and an even number N, the
(MN)-by-(MN) matrix Sy n is defined as
Sun 2 OMN-N/2.N/2 Iyn-np2 a3
Inp ON/2L.MN-NJ2

Note that the matrix S, n, when pre-multiplied to a column
vector or a matrix, circularly shifts the rows by N/2, which
corresponds to multiplying e~27%/@M) in the second term of
the right side of (8). Now, we are ready to introduce an LCL
operator that is the block-processing counterpart to the DT
FRESH propertizer.

Definition 11: Given M and an even number N, the LCL
operator f with input x and output y = f(x), both of length
MN, is called the asymptotic FRESH properizer if

F@) 2 Wy (GunWunx + SunGunWunx®). (14)

Note that the input x is pre-multiplied by the centered
DFT matrix Wy and the RSW matrix Gy, n, while the
complex conjugate x* is multiplied additionally by the circular
shift matrix Sy n to generate the frequency-domain output
Wuny.

Fig. 3 shows Wynx, GunWynx, and Sy n
Gy NWynx*, when the Ith entry of the Wyyx is
denoted by x;. Note that, similar to the DT FRESH
properization, the locations of all possible non-zero rows of
Gy NWynx and Sy nGy v Wynx* do not overlap, which
makes Wy contain all the entries of Wy yx without any
distortion. Note also that the amount of the circular shift of
Su,NGm,nWyunx* by any kN for k € 7 generates the signal
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TMN-N/241 TMN-N/2+1

L 2w L awv L o
(a) (b) (©)
Fig. 3. llustration that showshow the asymptotic FRESYI properizer
works in the frequency domaigua Wiy NE ] L (© Su.N
Gy NWpNx*. (T
that contains the sa NWynx*

properizer with paraiyeters M and N, the inpyt x of the
asymptotic FRESH p i

(15a)
21y (Isb)
Proof: By substituting (14) into the right side of
(15a), we have W\ G \Wynx+ Wi\ Gun SunGu,n
Wunx* + Wi PunGunSty nGun Wiyx* + Wity
PunGuNSTy ySunGunWiyx. The second and the
third terms vanish since Gy NSy NGuN = Oyn and
GM,NSEVNGM,N = Oy, respectively. Thus, the right side
of (15a) becomes Wity (G x + PunGly y PuN)W Mnx.
Moreover, it can be easily shown that G%M‘N = GynN
and Gy,y +PunGu,NnPun = Iun, because Pyy =
Py ® Py by the properties of the Kronecker product. There-
fore, the conclusion follows. m]
Note that, at this point, the asymptotic FRESH properizer
may not be more than one of many possible invertible oper-
ators. The reason why this operator is named the asymptotic
properizer will become clear once the second-order property of
the output is analyzed in the next subsection when its input is
a finite number of consecutive samples of a zero-mean SOCS
random process.

B. Second-Order Properties of Output of
Asymptotic FRESH Properizer

ffeqted vector defined as

(16)

4089

where and in what follows it is assumed that x consists of a
finite number of consecutive samples of a zero-mean SOCS
random process X[n] with cycle period M € N. Then, the
output y = f(x) in (14) of the asymptotic FRESH properizer
can be rewritten as

y= W%NGM,NWMNE
H o«
£ Wiin3.

(17a)
(17b)

where the (MN)-bX-(ZMN) matrix GM.N and the 2MN)-
by-(2M N) matrix W yy are given by

Gy 2 [Gun SunGun] (182)
and
= Wun Oun
Wyy 2 s 18b,
MN [OMN Wann (18b)

respectively, and y is the centered DFT of y. Thus, the
covariance matrix Ry 4 E(yyH) and the complementary
covariance matrix Ry = E(ny) of y are given by

P SH o H
Ry = WiyGunWunReW iy Gy yWmn (192)
and

o = e T T
Ry = Wiy GunWunReW Gy v Wiy, (19b)

respectively, where Ry S E(EEH) and i(; £ E(EET) denote
the covariance and the complementary covariance matrices of
the augmented vector X, respectively.

Throughout this paper, we call

Ry 2 E(5537) = Wun Ry Wiky

(20a)
and

R

L E(557) = Wun R, W,y (20b)

the frequency-domain covariance and the frequency-domain
complementary covariance matrices, respectively.

To analyze the asymptotic second-order properties of y, we
briefly review definitions and related lemmas for asymptotic
equivalence between two sequences of matrices.

Definition 12 [23]: Let (Ag)x and (Bjy)x be two seq-
uences of Ni-by-Nj matrices with Ny — oo as k — oo. Then,
(Ap)x and (By)y are asymptotically equivalent and denoted
by Ax ~ By if 1) the strong norms of Ay and By are
uniformly bounded, i.e., there exists a constant ¢ such that
lAkll, 1Bkl < ¢ < oo, Vk, and 2) the weak norm of Ay — By
vanishes asymptotically, i.e., limg_ o0 |[Ax — Bi| = 0, where
the strong norm [|A|| and the weak norm |A| of an Ni-by-Ng
matrix A are defined as [|A]| £ maxx#;,/x""AHAx/xﬁx
and |A| 2 Wltr(AAH)/Nk, respectively.

Lemma 5: 1f two sequences (A ) and (By)x of Ni-by-Ni
matrices are asymptotically equivalent and if the strong norms
of Ng-by-Ny matrices C and Dy are uniformly bounded, then
CrAxDy ~ Ci B Dy.

Proof: Since Cy ~ Cy and Dy ~ Dy, it is straightforward
to show the conclusion by applying [23, Th. 1-(3)] twice. O

Lemma 6: 1f Ay ~ By and Cy ~ Dy, then (Ag + Cg) ~
(Bi + Dp).

Proof: By applying the triangle inequality, it is straight-
forward to show that the strong norms of Ay + Cy and
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By + Dy are uniformly bounded and that the weak norm of
Ay + C¢ — By — Dy vanishes asymptotically. Therefore, the
conclusion follows. [}

For brevity, in what follows, two square matrices Ag and By
of the same size will be said to be asymptotically equivalent
if Ay ~ By. Now, we introduce our definition of asymptotic
propriety.

Definition 13: A sequence (y;)r of length-Ni complex-
valued random vectors is asymptotically proper if the comple-
mentary covariance matrix of y; is asymptotically equivalent
to the Ng-by-Ni all-zero matrix.

For brevity, a random vector y, will be said to be asymp-
totically proper if the sequence (y;)x is asymptotically proper.
Before showing that the output y of the asymptotic FRESH
properizer is asymptotically proper, the second-order proper-
ties of the augmented vector ¥ are examined as follows.

Proposition 1: 1f the random vector x is obtained by taking
the M N consecutive samples from a zero-mean SOCS random
process with cycle period M, then the covariance matrix
Rz and the complementary covariance matrix Rg of the
augmented vector ¥ defined in (16) satisfy

WynRe Wity ~ @ @12
and
WunReWhy ~ @, @1b)
respectively, where the (2M N)-by-(2M N) matrices & and £
are given by
£ (WynRe W i) © (Lo ® In) @20
and

@2 (WunReWiyy) © (Lan ® Py), (22b)

respectively.
Proof: By definition, the left sides of (21a) and (21b) can
be rewritten, respectively, as

Wun R Wi [Wyn R Wiy

- = H
WMNR,;WMN:[

M SN 230)
and
g WunRWhy WunR Wiy
WunR: Wy = s .
MNSS I:WMNR;WZ/;N Wun R Wiy

(23b)

Since both R, and R, are (M N)-by-(MN) block Toeplitz
matrices with block size M-by-M, each submatrix on the right
side of (23a) is asymptotically equivalent to the Hadamard
product of (1 ® Iy) and the submatrix itself as shown in
[24, Proposition 1]. Thus, by using the fact that A ~ B
if each submatrix of A is asymptotically equivalent to the
corresponding submatrix of B [24, Lemma 5], we obtain (21a).
Similar to (21a), it can be shown by using the property
WgN = WﬁNPMN of the centered DFT matrix that each
submatrix on the right side of (23b) is asymptotically equiv-
alent to Hadamard product of (1y ® Py) and the subma-
trix itself. Thus, we obtain (21b). Therefore, the conclusion
follows. O

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 7, JULY 2014
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Fig. 4. Magnitudes of exemplary (2) W v R Wy for N = 50, (b) € for
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Fig. 5. Magnitudes of exemplary (2) W v R Wiy for N = 50, (b) € for
N =50, (¢c) WynRzW gy for N = 500, and (d) € for N = 500, when
M=2.

Figs. 4 and 5 show the entry-by-entry magnitudes of
the exemplary frequency-domain covariance and complemen-
tary covariance matrices. To generate a zero-mean improper-
complex SOCS random process, equally-likely BPSK symbols
are linearly modulated with the square-root raised cosine
(SRRC) pulse having roll-off factor 0.5 and transmitted at the
symbol rate of 1/T; [symbols/sec]. After the BPSK signal
passes through the frequency selective channel with impulse
response h(t) = 0.22e/%/35(t — 5Ty) + 0.44€l™/25(t — 3Ty) +
0.87¢l%/°3(t —Ty), the SOCS random process X[n] is obtained
by 2-times over-sampling the received signal, i.e., the sampling
rate is 2/ Ty [samples/sec]. Thus, the zero-mean SOCS random
process X[n] has the cycle period 2. As shown in (21a), it
can be seen in Fig. 4 that WMNR;WMN approaches 2 as
N increases. Similarly, as shown in (21b), it can be seen in
Fig. 5 that W_VMNI_?;V-VMN approaches © as N increases.

Now, the asymptotic second-order properties of the output y
of the asymptotic FRESH properizer are examined as follows.
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2 2M
blm‘:ka blocks|

(@) ()

k..

Fig. 6. Dlustrations that show how to construct () Ry and (b) R from
Wan R Wity ~ @ and Wy R Wigy ~ S, respectively. Thick diagonal
and anti-diagonal lines represent all possible non-zero entries of @ and @,
respectively.

Theorem 2: If the input x to the asymptotic FRESH
properizer with parameters M and N is obtained by taking the
MN consecutive samples from an SOCS random process with
cycle period M, then the covariance and the complementary
covariance matrices of the output y of the asymptotic FRES
properizer satisfy

Ry~ WH EWyy (24a)
and
Ry~ Opv, (24b)
where an (M N)-by-(M N) matrix X is given by
T2 GynRGy (250)
=R; 0 (lam ® Inp2). (25b)

Proof: By dpplymo Lemmas 5 and 6 to (19a) and (21a),
we obtain Rj ~ Gu, NQG;;N Smcc Gu, NSZGZ N can
be rewrmen as (GM NWunRs WMNGM N)O(GM Ny ®
IN)GM'N) by the definition (22a), we obtain R; ~ X
from G, (law @ IN)G py y=low @ I 2. Similarly, Ry ~
GuNWunR: Wiy Gy ) O (Gun(lam ® PN)Gan,N) by
(19b), (21b), and (22b). Thus, we obtain 1'15, ~ Oyn from
Gun(om ® PN)EL,N = O yn. Therefore, the conclusion
follows by Lemma 5. m}

By Definition 13 and the above theorem, the output y of the
asymptotic FRESH properizer is indeed asymptotically proper.
Fig. 6-(a) illustrates how the frequency-domain covariance
matrix Rj of the output y of the Asymplollc FRESH proper-
izer is Lonsuucled from WMNR,,WMN The thick diagonal
lines in each block of size N-by-N represent all possible
non-zero enlnea of @ that is asymptotically equivalent to
Wun Rz WMN Then, Rj that is asymptotically equivalent
to X is obtained by collecung the shaded sub-blocks of size
(N/2)-by-(N/2). Fig. 6-(b) illustrates how the frequency-
domain complementary covariance matrix R of the output
Y of the .w;/_mptouc FRESH properizer is comlruclcd from
WMNR, W - The thick anti-diagonal lines in each block of
size N-by-N represent all possible non-zero entries of € that
is asymptotically equivalent to Wy Rz WMN. Then, I'(y that
is asymptotically equivalent to O yy is obtained by collecting
the shaded sub-blocks of size (N/2)-by-(N/2).

It is already shown that the amount of the circular shift of
Gu,nWynx* in (12) can be any N(2k +1)/2, for k € Z, to
satisfy the invertibility of the asymptotic FRESH properizer.
It can be also shown that Theorem 2 holds for every circular
shift by N(2k 4 1)/2, for k € Z. Moreover, since Ry and Ry
that are (M N)-by-(MN) block Toeplitz matrices with block
size M-by-M can be viewed as block Toeplitz matrices with
block size (IM)-by-(IM), VI € N, the sampled vector x can
be asymptotically properized by using any parameters /M and
N/, for all I € N such that N/I is even. Thus, similar to
the DT FRESH properizer, it is not unique to asymptotically
properize a finite number of consecutive samples of a zero-
mean SOCS random process with cycle period M.

In the following two sections, two representative estimation
and detection problems are presented to demonstrate that
low-complexity asymptotically optimal post-processors can be
easily designed by exploiting the asymptotic second-order
properties of the output of the asymptotic FRESH properizer.

APPLICATION a:w RESH PROPERIZER

GNAL ESTIMATION PROBLEM

e

In this section, given a finite number of consecutive samples
of a zero-mean improper-complex SOCS random process
in additive proper-complex white noise, the minimum me
squared error estimation of the random process is consi
when only the second-order statistics of the observation
are provided. It is well known [5] that an optimal e}
tor is the WLMMSE estimator that linearly processq
observation vector augmented by its complex conjugate.
optimality of the use of the augmented vector still holds
if the output of the asymptotic FRESH properizer is processed,
because the output as an equivalent observation vector is still
improper. Instead, motivated by Theorem 2, we propose to
use the LMMSE estimator that processes the output of the
asymptotic FRESH properizer as if the signal component is
a proper-complex random vector with its frequency-domain
covariance matrix being equal to the masked version of the
exact frequency-domain covariance matrix. It turns out that
this suboptimal linear estimator is asymptotically optimal in
the sense that the difference of its average MSE performance
from that of the WLMMSE estimator having higher computa-
tional complexity converges to zero as the number of samples
tends to infinity.

A. Asymptotically Optimal Low-Complexity Estimator
Let r be the length-M N observation vector modeled by

r=x+v, (26)

where x is the desired signal to be estimated that consists
of the MN consecutive samples of a zero-mean improper-
complex SOCS random process with cycle period M € N,
and v is the additive proper-complex white noise vector.
Given the observation model (26) with the first- and iecond—
order moments E{x} = Opy, E{xx™} = R,, E{xx7} = R,,
E{v}) = Oyn, E{vo"} = ¢2Iyy, and E{vv?} = Oyn

Authorized licensed use limited to: POSTECH Library. Downloaded on October 27,2025 at 04:23:20 UTC from IEEE Xplore. Restrictions apply.

695E (25-2) &= 1400 T|O| X| 19

ph@«wﬂ» e
D\g:\fw‘nv- (‘W?LZY RV



of x and v, the WLMMSE estimation problem can be
formulated as

minimize &™)
Xwl
subject o xwi = Fir + Far*, @27
where the average MSE ¢®) is defined as
1
e & Bl — xwl). @8)

In the following lemma, the optimal solution to the above
estimation problem is provided along with its average MSE
performance. It is well known [5] that the optimal estimator
that minimizes the average MSE without the wide linearity
constraint becomes this WLMMSE estimator if the desired
signal vector and the additive noise vector are both Gaussian.

Lemma 7: The WLMMSE estimator xopt of x as the
solution to the optimization problem (27) is given by

Xopt = Fioptr + Faopr* (29)
where
Fiop 2 (Re — R@:)m, — RGR;V RN B0a)
and
Foop 2 (R — R@x)(R: - @if (30b)

with R, 2 E(rrH) = aZIMN + Ry. Moreover, the average

MSE ;:f,;") 2 B{flx — xopll*}/(MN) is given by

N 1
o = 3w (Eh)

Proof: See [5, Sec. 5.4] and the references therein. O

Apparently, the WLMMSE estimator in (29) requires the
computation of two matrices Fop and Fop to be pre-
multiplied to r and r*, respectively. In this brute-force
approach, as it can be seen from (30a) and (30b), the major
burden in computing these matrices comes from the mul-
tiplications and the inversions of (M N)-by-(M N) matrices,
which require O(M>N?) complex-valued scalar multiplica-
tions. Instead, we may take an alternative approach to reduce
the computational complexity. Similar to ¥ in (16), let 7 be
the augmented observation vector of r. Then, it can be shown
[5, Result 5.3] that xqp given by (29) is identical to the upper
MN elements of the LMMSE estimate

R: (HZIZMN + Ri) '
of X, where Ry denotes the covariance matrix of x. Now,
the following lemma enables us to reduce the complexity in
computing xopt to O(M3N?).

Lemma 8: The covariance matrix R of X can be con-
verted into a (2M N)-by-(2M N) block Toeplitz matrix with
block size (2M)-by-(2M) by performing row and column
permutations.

Proof: Let Ep yn be the M N)-by-(2M N) matrix that
permutes the rows of the post-multiplied matrix in such a
way that the (MN(m — 1) + n)th row of the post-multiplied
matrix becomes the (2(n — 1) + m)th row, for m = 1,2 and
1,2,...,MN. Since x consists of MN consecutive
samples of a zero-mean SOCS random process X[n] with

tr(Ry — FiopRx — Fz.optk_:)-

(32)

n =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 7, JULY 2014

cycle period M, if this invertible operator is used to rearrange
the order of the augmented vector ¥ defined in (16), then we
have

T
Eoun® = [l 61} [xh 615 -+ el Eelign ] - 33)

Note that this is nothing but the vector consisting of 2M N
consecutive samples of the random process X [n] defined by
using X[n] as X[2n] £ X[n] and X[2n + 1] 2 X[n]*
for all n. It can be straightforwardly shown that X[n] is
a zero-mean SOCS random process with cycle period 2M,
which implies that rg[n, m] e E(Y[n])?[m]*) =rgln+2M,
m + 2M], Vm, V¥n. Therefore, the conclusion follows. O

The above lemma combined with the computationally effi-
cient inversion technique in [35] for a block Toeplitz matrix
enables us to perform the inversion of (6212 y + Rx) in (32)
now only with O(M3N?) complex-valued scalar multipli-
cations. Also, the matrix-vector multiplications (D'ZIZMN +
Rz)"'F and Rz{(c2lomn + Rz)™'7} in (32) require only
O(M?N?) complex-valued scalar multiplications. Therefore,
the overall computational complexity of the WLMMSE esti-
mator is O(M>N?).

The WLMMSE estimator can be realized also in the
frequency domain. Note, however, that the computational
complexity does not decrease. Of course, the frequency-
domain conversion of the observation vector requires only
O(MN log(MN)) of computational complexity when the fast
Fourier transform (FFT) is used. It can be shown that the
brute-force approach based on (29) to the frequency-domain
estimation requires the overall computational complexity of
O(M?N?). Instead, we may take an alternative approach based
on (32), where the LMMSE estimate of WMNA? is given by

2 oM N S N Tz
WunRz Wy y (UZIZMN + Wun Rz WMN) Wynr.
(34)

However, it involves the inversion of a matrix that is not
highly structured, which leads to the overall computational
complexity of the frequency-domain approach using Wy 7
no better than the time-domain approach using 7.

An alternative observation model that is equivalent to the
original one in (26) can be obtained by applying the asymptotic
FRESH properization to r as

s=y+w,

where s = f(r), y = f(x), and w = f(v). Since the
equivalent observation vector s is not proper in general, the
linear processing of s and s* is still needed for the second-
order optimal estimation of x. Instead, we propose to use a
suboptimal linear estimator as follows, which is a function
only of s.

Definition 14: The proposed estimate x, of x is defined
by

(35)

xp=f7'Fps), (36)
where F is given by
p EWHENE@ Iy + )7 W, 37
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Note from (36) and (37) that E(c2I yn + Z)~ ' Wyns is
the estimate of Wyny = Wy f(x) and, consequently, that
Fps is the estimate of y = f(x). Let Yp L Fps. Then, the
estimate x, of x = f7'(y) is obtained as (36) by applying
the inverse operation f o Y,

It can be immediately seen that F is chosen to make
yp the LMMSE estimate of y when the covariance and
the complementary covariance matrices of y are set equal
to W:}N):WMN and Opyy appearing in (24a) and (24b),
respectively. This idea of using the asymptotically equivalent
matrices is motivated by Theorem 2, which naturally leads to
the asymptotic optimality of the proposed estimator as shown
in what follows.

First, the invariance of the Euclidean norm under the
asymptotic FRESH properization is shown.

Lemma 9: The input x and the output y = f(x) of the
asymptotic FRESH properizer have the same Euclidean norm,

Le, llx = Iyl
Proof: Since the centered DFT matrix Wy is unitary,
we have [lx|| = [|[Wynx|. Let y; and y; denote the /th entries

A¥ and Wynx, respecuvely Then, we have HWMqu2
Yy = 2 1w = Nyl by Definition 11 of f(x)

in (14) which is illustrated in Fig. 3. Therefore, the conclusion
follows. [}

Second, the average MSE of the proposed estimator is
derived.

Lemma 10: The average MSE E;N] 2 E{|lx -
Xp I12}/(MN) of the proposed estimator is given by

& —Lzr(zf):(aleNJrz)-'z). (38)

Proof: The linearity of the asymptotic FRESH properizer
leads to y — y, = f(x — xp). Then, by Lemma 9, the
average MSE performance can be written as a;,N) =E{lly -
}’,y“z)/(MN), Since Wy is unitary and y, = Fps, it can
be shown that we have

1

N) 2 -1 2 -1

s; )_—MNlr(Rj.—ZZ(n‘ Iun+Z) ' Ry+E(c* Iyn +X)
x (UZIMN+Rjr)(«’721MN+E)7IE)- (39)

It c‘m be also shown that if A £ A O (lay ® Inp2) and
B2 BO(12M®IN/2) for (MN) by- (MN) matrices A and B
then tr(A) = [r(A) and tr(AB) = tr(AB). Thus, the right side
of (39) is invariant under replacing Ry with © = R;©(1lay ®
In)2) in (25b). Therefore, (39) can be simplified (o (38). O

Now, the asymptotic optimality of the proposed estimator
is provided.

Theorem 3: The average MSE of the proposed estimator
approaches that of the WLMMSE estimator as the number of
samples tends to infinity in the sense that

11m (40)
Proof: 1Itis shown in [5, Sec. 5.4] that the average MSE

0 o) =o.

(()pl) in (31) of the WLMMSE estimator can be simplified as
§20_ Rz — Re(c2Ioyn + Re) 'Rz}, (41)
font = SN 5 % 2MN & &}

4093

Now, we define ﬁ 2 W;,‘NSZWMN and introduce
G = 2—M GGy PN Ot RGN
- we—ewu o) 'e 42b
T (@ Iamn + )7 2}, (42b)

which is obtained by replacing R in (41) with € and by using
the fact that WMN is unitary. Note that WMN R;WMN ~ Qas
shown in (21a). This introduction of .fgf,l‘) is motivated by the
result in [24, Th. 1], where a suboptimal estimator is proposed
for the estimation of a proper-complex cyclostationary random
signal and its average MSE is shown to approach that of the
LMMSE estimator as the number of samples tends to infinity.
Since Ry is a covariance matrix, it is positive semidefinite,
which implies that all the eigenvalues of (UZIZMN + Rz)~ 1
in (41) are upper bounded by 1/52. Note that € and @ are also
positive semidefinite because (Iay ® I n2) in (22a) is poxmve
semidefinite. Similarly, all the eigenvalues of (0‘212MN+SZ) 1
in (42a) are also upper bounded by 1/a2. Thus, the strong
nomms [|(a2Faun + Re)~'Il and (> Toun + )"l are
uniformly upper bounded by 1/¢2 for any matrix size. Recall
that if Ax ~ By and |A;'[, [IB;'|l < ¢ < oo, Vk, for a
positive constant ¢, then A, ' ~ B [23, Th. 1-(4)]. Thus, we
have (62Imn + Rz)™" ~ (62Ioyn + €)=, Recall also that
if two sequences (Ax)x and (Bg)r of Ng-by-Ni matrices are
asymptotically equivalent then limy_, o0 tr(Ax — Bi)/Np = 0
[23, Corollary 1]. Thus, combined with Lemmas 5 and 6,
we have lim,«;_,og(.vvpl N)) =0. Therefore, in order to
show (40), it now suffices to show z( )

Let Eap N be the (2M N)-by- (2MN) matrix lh,.\l permutes
the rows of the post-multiplied matrix in such a way that
the (N(m — 1) + n)th row of the post-multiplied matrix
becomes the 2M (n — 1) + m)th row for m = 1,2,...,2M
and n = 1,2,...,N, ie., the rows having indexes
(N(m — 1) + n), for m = 1,2,...,2M, are grouped for
each n. Then, E2M,NSZEZ'M‘N is a (2M N)-by-(2M N) block
diagonal matrix with block size (2M)-by-(2M), because £
is a (2MN)-by-(2MN) block matrix with diagonal blocks
of block size N-by-N. Similarly, the (M N)-by-(M N) matrix
Eapm N2 is defined. Let E; and E; be the (MN) by-(MN)
matrix lhal are defined as E| £ Pyn(Inp® EZM)LZM N2
and Ey & Unp ® EzM)EZM NJ2, tespectively, where the
(2M)-by-(2M) matrix Eopm permutes the rows of the post-
multiplied matrix in such a way that the (2m)th row becomes
the mth row and that the (2m — 1)th row becomes the
(M + m)th row for m = 1,2,..., M. Then, the definition
% 2 Gy nRG y y in (25a) leads to

E\Z*ET
Oun

— 3

43)

0
EaunRED, v = [ My ]

E2XE] |

Since Eoy,n, E1, and E; are all permutation matrices, LL;\,,‘)
in (42a) can be rewritten as Z\(’P‘) = tr{Z* — T*(o2lomn +

)~ 'z*+): Z(o 2y + 2)"'£}/(2MN), which leads
’(N) = rp M) because % is Hermitian symmetric. Therefore,
the concluﬂlon follows. O

The proposed estimator requires the pre-processing of
r to obtain s, the computation and the multiplication of
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Fig. 7. Computational complexities of the WLMMSE and the proposed
estimators.

Fp, and the inverse operation on y, to obtain x,. As it
can be seen from (14) and (15), the major burden in the
asymptotic FRESH properization and its inverse operation
comes from the multiplications of the (M N)-by-(MN) cen-
tered DFT matrix. This can be efficiently implemented with
only O(MN log(MN)) complex-valued scalar multiplications
by using, e.g., the fast algorithm in [34]. As it can be
seen from (37), the major burden in computing F), comes
from the inversion of (O'ZIZMN + X). The inversion of an
(MN)-by-(MN) block matrix with diagonal blocks of size
N-by-N requires O(M?>N) complex-valued scalar multiplica-
tions [24]. Thus, this inversion of (621, y + X) has the same
order O(M?N) of computational complexity because X is an
(MN)-by-(MN) block matrix with diagonal blocks of size
(N/2)-by-(N/2).

Since we consider the block processing where M is a fixed
small number and N is much larger than M, the overall
complexities of the WLMMSE and the proposed estimators
as functions only of N can be rewritten now as O(N?) and
O(N log N), respectively. Thus, the computational complexity
of the proposed estimator is much lower than that of the
WLMMSE estimator. Though not major, an additional com-
plexity reduction comes from the fact that the proposed esti-
mator is linear that requires the computation and multiplication
of one matrix F instead of two matrices F1 op and F2 opt,
all with MN(> 1) columns.

B. Numerical Results

In this subsection, numerical results are provided that show
the computational efficiency and the asymptotic optimality of
the proposed estimator.

The first result is to compare the complexity of the proposed
estimator with that of the WLMMSE estimator. Fig. 7 shows
that the number of complex-valued multiplications needed in
computing the WLMMSE and the proposed estimators for
cycle periods M = 1, 2, and 4. Recall that the computational
complexities of the WLMMSE and the proposed estimators

200 300

Fig. 8. Average MSEs of the LMMSE, the WLMMSE and the propose

estimators.

are O(N?) and O(Nlog N) for a fixed integer M, respec-
tively. It can be seen from Fig. 7 that the computational
complexity of the proposed estimator is much lower than that
of the WLMMSE estimator. As predicted, the approximation
motivated by Theorem 2 leads to this significant complexity
reduction.

The second result is to show the asymptotic optimality
of the proposed estimator. We consider the case where an
improper-complex SOCS random process is obtained by uni-
formly sampling a CT zero-mean improper-complex SOCS
random process. The CT random process is, e.g., a Gaussian
jamming signal, generated by using two independent real-
valued symbol sequences with the SRRC pulse having roll-off
factor 0.22 and symbol rate 1/ 7. Throughout the simulations,
the data symbols are uncorrelated zero-mean Gaussian random
variables with in-phase symbol variance being four-times the
quadrature symbol variance. The frequency-selective channel
is modeled by a tapped-delay line with impulse response
h(t) = ZZ:] ayd(t — x/2), where the tap delay z;’s are
i.i.d. uniform random variables on {0, Ty, 27y, ..., 1575} and
the tap coefficient a;’s are independent proper-complex zero-
mean Gaussian random variables with variance E{|ax|?} =
¢ ™®/GT). The overall channel is then normalized to meet
the signal to noise ratio used in the numerical result. The
channel output is sampled at 2-times the symbol rate of
the OQPSK symbols, which results in the DT zero-mean
improper-complex SOCS random process with cycle period
M = 2. Thus, the entries of x in (26) are the M N consecutive
samples of the random process. Fig. 8 shows that the average
MSEs of the WLMMSE and the proposed estimators versus
N for symbol energy per noise density Eg/No = 0, 5,
and 10 [dB], where the theoretical results are evaluated by
(31) and (38) while the simulated results are obtained from
10° Monte-Carlo runs. It can be seen that, as shown in
Theorem 3, the average MSE of the proposed estimator
approaches that of the WLMMSE estimator as N increases.
It can be also seen that the LMMSE estimator has higher
average MSE than the proposed and the WLMMSE estimators.
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V. APPLICATION OF ASYMPTOTIC FRESH PROPERIZER
TO SIGNAL PRESENCE DETECTION PROBLEM
e e e —

In this section, again given a finite number of consecutive
samples, now the signal presence detection of a zero-mean
improper-complex SOCS Gaussian random process is consid-
ered in additive proper-complex white Gaussian noise. It is
well known [36] that the likelihood ratio is a sufficient statistic
for all binary hypothesis tests under any optimality criterion.
In [5], it is shown that the exact LRT statistic can be written as
a quadratic function of the augmented observation vector when
the improper-complex random process is Gaussian. Similar to
the estimation problem in the previous section, this optimality
of the use of the augmented vector still holds even if the output
of the asymptotic FRESH properizer as an equivalent obser-
vation vector is processed. Again motivated by Theorem 2,
we propose to use this equivalent observation vector of half
the length of the augmented vector as if the signal component
is a proper-complex random vector with its frequency-domain
covariance matrix being equal to the masked version of the
exact frequency-domain covariance matrix. It turns out that
this suboptimal test statistic is asymptotically optimal in the
sense that its difference from the exact LRT statistic having
higher computational complexity converges to zero w.p. 1 as
the number of samples tends to infinity.

A. Asymptotically Optimal Low-Complexity Detector

Let r be the length-M N observation vector modeled by
Ho :

versus

Hi: r=x+v,

r=v

(44)

where Ho and H; are the null and the alternative hypotheses,
respectively. The desired signal x to be detected consists of the
MN consecutive samples of a zero-mean improper-complex
SOCS Gaussian random process with cycle period M € N,
and v is the additive proper-complex white Gaussian noise
vector.

Throughout this section, the definitions and the notations
of the second-order statistics of x, v, and r follow those in
the previous section except that under the null hypothesis the
second-order statistic of r does not contain the desired signal
component. Similar to (16), the augmented observation vector
is denoted by 7. Then, the LRT statistic of the observation
vector r is provided as follows.

Lemma 11: Given the observation model (44), the LRT
statistic is given by

(N) _

| B
Lkr—zMN’HRi"

45)

where Rz 2 6 2Iyy — (aZIZMN + Rg)",

Proof: It is straightforward by using the probability
density function (PDF) of the augmented improper-complex
Gaussian random vector [37]. For details, see [5, Sec. 7.4]. O

Note that, since the length-M N observation vector r is
improper and Gaussian, the LRT sta i
quadratic form of the length-2M N augmented observation

vector 7. Under any optimality criterion such as the Neyman-
Pearson, the Bayesian, and the minimax criteria, the optimal
detector computes T,fﬁ'l) compares it with an optimal thresh-
old #, and then declares H; if TI([’;I% > 5 and Hy otherwise.

The computation of Tﬁg% requires the matrix inversion of
(62Iun + Rg), which is the (2M N)-by-(2MN) covari-
ance matrix of the augmented observation vector 7 under
‘H1, and the matrix-vector multiplication. The major burden
in computing T,igq)- comes from the matrix inversion and
it requires O(M>N?) compl alued scalar
when Lemma 8 is used. The matrix-vector multiplication
requires only O(M2N?) complex-valued scalar multiplica-
tions. Thus, the overall computational complexity of the
LRT statistic is O(M3N?). Due to the same reason as
the frequency-domain WLMMSE estimation in Section IV-A,
the frequency-domain approach using Wy n7 is no better
in computational complexity than the time-domain approach
using 7.

An alternative observation model that is equivalent to the
original one in (44) can be obtained by applying the asymptotic
FRESH properization to r as

ion:

Ho: s=w
versus
Hi: s=y+w, (46)

where s = f(r), y = f(x), and w = f(v). Since the
equivalent observation vector s is not proper in general, the
augmentation of s and s* is still needed to compute the exact
LRT statistic of s. Instead, we propose to use a suboptimal
LRT statistic as follows, which is a quadratic function only
of 5.

Definition 15: Given the observation model (46), the pro-
posed test statistic of s is defined by

Wi ﬁxﬂwmzwws, 47)
where £ 2 6 2Iyy — (2 Tun +2)7".

It can be immediately seen that TP(N) can be viewed
as the exact LRT statistic of s when the covariance and
the complementary covariance matrices of y are set equal
to WirnEWyy and Oyy appearing in (24a) and (24b),
respectively. Similar to the estimation problem in the previ-
ous section, this idea of using the asymptotically equivalent
matrices is again motivated by Theorem 2, which naturally
leads to the asymptotic equivalence of the LRT stal
in (45) and the proposed test statistic 7" in (47).

Now, the asymptotic optimality of the proposed test statistic
is provided.

Theorem 4: The proposed test statistic approaches the
exact LRT statistic as the number of samples tends to infinity
in the sense that

stic T,fm

Jim (70 — T = 0, wp. 1, “8)

under Ho and H;.
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Proof: We define @ 2 6 2I,yn — (62 Iomn + )" and
introduce a suboptimal test statistic

£
TLRT s 2MN

FWI QW v 7, (49)
which is obtained by replacing Rs in (45) with W’,;NQWMN
and by using the fact that Wy is unitary. This introduction
of f‘lfgl)- is motivated by V_VMNR; V_VEN ~ Qin (21a). Sjmilar
to the proof of Theorem 3, it can be shown that Rz ~
WMNS_ZWMN. In [38], the LRT problems are considered
where the covariance matrix of a proper-complex Gaussian
signal vector is either Toeplitz or block Toeplitz. It is shown
under both Ho and H; that a suboptimal test statistic, which is
obtained by replacing the covariance matrix in the quadratic
form of the LRT statistic with its asymptotically equivalent
one, converges to the exact LRT statistic w.p. 1 as the
number of samples tends to infinity [38, Propositions 1 and 3].
By applying this result, we have limNﬂw(TLRT) - f]fRN.,).) =0
w.p. 1 because Rz ~ WZNS’ZV’VMNA Therefore, in order to
show (48), it now suffices to show fl(,’g e T,EN].

Let § be the frequency-domain equivalent observation vector
that is defined as § 2 W yys. Then, by using the permutation
matrices Eap v, E1, and E that are defined in the proof of
Theorem 3 in Section IV, we have

oF
EcxuNnWunr = [i‘; ] (50)
By using (43) and (50), we can rewrite f‘lfN) defined in (49)
as f‘]kanl)- =67 %% +5M%8)/eMN) = Ty ) because §7'E§
is real-valued and (43) leads

(&2))

5 EZE] 0
EomNQESy y = [ ! . e ]

Ouny  EXE]
Therefore, the conclusion follows. [}

The computation of the proposed test statistic T,ﬁN] requires
the pre-processing of r to obtain s, the matrix inversion
of (rr2IMN + X), and the matrix-vector multiplication to
compute the quadratic form. As shown in Section IV, the
asymptotic FRESH properization of the length-MN vec-
tor r and the matrix inversion of (nZIMN + X) require
O(MN log(MN)) and O(M?N) complex-valued scalar mul-
tiplications, respectively. In addition, the matrix-vector
multiplication requires O(M?N) complex-valued scalar multi-
plications, because (a21 yrn + %) is an (M N)-by-(M N) block
matrix with diagonal blocks of size (N/2)-by-(N/2). Since
we consider the block processing where M is a fixed small
number and N is much larger than M, the overall complexity
in computing the exact LRT statistic and the proposed test
statistic as functions only of N can be rewritten now as
O(N?) and O(N log N), respectively. Thus, the computational
complexity of the proposed test statistic is much lower than
that of the exact LRT statistic.

B. Numerical Results

In this subsection, numerical results are provided that show
only the asymptotic optimality of the proposed test statistic
because its computational efficiency can be similarly shown

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 7, JULY 2014
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Fig. 9. Statistical averages of the exact LRT and the proposed test statistics

versus N for Eg/Ng =0, —5, and —10 [dB], under (a) Ho and (b) H;.

as Fig. 7. Throughout this subsection, the zero-mean improper-
complex SOCS Gaussian random process to be detected is
obtained by uniformly sampling the OQPSK-like signal gen-
erated in a similar way to that described in Section IV-B.

The first result is to show the convergence of the proposed
test statistic to the exact LRT statistic. Fig. 9 shows the
statistical average of the exact LRT and that of the proposed
test statistics for symbol energy per noise density Es/No =
0,—5, and —10 [dB]. It can be seen that the statistical
averages of the exact LRT and the proposed test statistics
approach the same non-zero value as the number of samples
tends to infinity under both hypotheses. In particular, they
coincide under H; because the trace of 3 are the same as that
of Rg. Since the convergence w.p. 1 is hard to show by using
Monte-Carlo simulations, we instead show the convergence in
probability that is implied by the convergence w.p. 1 [39].
Fig. 10 shows the empirical cumulative distribution function
(CDF) of the difference of the proposed test statistic from
the exact LRT statistic for symbol energy per noise density
Eg/Ng = —5 [dB] and N = 100,200, and 400, where the
empirical CDF is obtained by 10° Monte-Carlo runs. It can
be seen that, as implied by Theorem 4, the empirical CDF of
the difference quickly converges to the unit step function as
the number of samples increases under both hypotheses.

The second result is to compare the receiver operating
characteristic (ROC) curves of the optimal detector that uses
the exact LRT statistic (45) and the proposed detector that
uses the proposed test statistic (47). As a common practice
in computing the PDF of a quadratic function of Gaussian
random vectors [40], we approximate the statistics by gamma
random variables to obtain the probability of miss Py 2
Pr(declare Ho|H;) and the probability of false alarm Py 2
Pr(declare H;|Hp). The CDF Fx(x;a,b) of the gamma
random variable X with two parameters @ and b is given by

ax
Fx(x;a,b):l(— bvl), Yx >0,

52
7 (52)
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Fig. 10. Empirical CDFs of the difference of the proposed test statistic from
the exact LRT statistic for N = 100,200, and 400, under (a) Ho and (b) H;.
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Fig. 11. ROC curves of the optimal and the proposed detectors.

where the Pearson’s form of incomplete gamma function
I(u, p) is defined by

T2 /NM et 53
“‘p)fl'(p+1) eldt, (53)
and where the gamma function I'(x) is defined by I'(x) £
fnoo t*~1e~'dt [39]. Note that the mean and the variance of
the random variable whose CDF is Fx(x;a, b) are given by
ab and ab?, respectively. Thus, Py and Ppa of the optimal
and the proposed detectors can be computed by using the
conditional means and variances of the statistics under Ho
and H;. Fig. 11 shows the ROC curves of the optimal and
the proposed detectors for symbol energy per noise density
Es/No = —5 [dB] and N = 10, 100, and 250, where
the theoretical results are evaluated by using (52) while the
simulated results are obtained from 10° Monte-Carlo runs.

It also shows the ROC curve of a suboptimal detector that
utilizes the LRT statistic obtained under the assumption of
a proper-complex observed signal. It can be seen that the
performance of the detectors is accurately approximated by
using the gamma distributions. It can be also seen that the
proposed detector performs almost the same as the optimal
detector does even when N = 10.

VI. DISCUSSIONS

As mentioned earlier, there are two types of WL block
processing of a DT improper-complex SOCS random process.
So far, we only have considered processing the signal vector
augmented by its complex conjugate. In this section, we
consider the alternative approach of processing the real part
of the signal vector augmented by the imaginary part.

Assume again as in Section III-B that x consists of a finite
number of consecutive samples of a zero-mean SOCS random
process X[n] with cycle period M € N. Following the notation
used in [41], let Xg be the length-2M N augmented vector

defined as
s | Refx}
Im{x} |’

where Re{-} and Im({-} denote the real and the imaginary parts.
Then, the covariance matrix Rgg 2 E(iw’c{l{) = E(inig) of
X is given by a block matrix

__ [E{Refx)Re(x)7} E{Refx}im{x)7}
R’“‘_[E{Im(x)Re(x)T} E{Im{x}Im{x}7 } | G

Note that each (M N)-by-(MN) submatrix in (55) is a block
Toeplitz matrix with block size M-by-M because the cycle
period of X[n] is M.

Consider the same estimation and detection problems exam-
ined in Sections IV and V but now by using real-valued
augmented vectors. First, in the estimation problem, the obser-
vation model (26) can be rewritten as

(54)

R = XR + VR, (56)
where Fr and g are defined similarly to ¥R from r and
v in (26), respectively. Note that, since v is modeled by an
additive proper-complex white noise vector with covariance
matrix o21 yy, VR is an additive real-valued white noise vec-
tor with covariance matrix (o-2/2)I2py. Thus, the WLMMSE
estimator xop Of x is obtained as Xopt = [I My jIMNIXR opts
where
{Yz =

XR,opt = Rig (71254»/ + Rim) R (57)
is the LMMSE estimator of ¥g. Of course, it straightforward
that the average MSE of this WLMMSE estimator is the same
as £{h) of the WLMMSE estimator in (29). Second. in the
presence detection problem, the observation model (44) can
be rewritten as

Ho: Fr =R
versus

Hy: Fr=XR+ VR, (58)
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where v is an additive real-valued white Gaussian noise
vector with covariance matrix (r/z/Z)IZMN. Then, it can be
shown that the LRT statistic Tlfa]l) in (45) now as a function
of rg is obtained as

. |
T4 = 5pr h ResiRs 59
where Ryy 2 (2/02)Ioun — (02/2)Iomn + Rig) ™"
The common major burden in computing the LMMSE

estimate X op and the exact LRT statistic 7 py comes from
the inversion of ((UZ/Z)IZMN + Rgg). Similar to Lemma 8,
the covariance matrix Ry can be converted into a (2M N)-by-
(2M N) block Toeplitz matrix with block size (2M)-by-(2M),
where the permutation matrix Ep yn defined in the proof of
the lemma is used again for the row and column permutations.
Thus, the computationally efficient inversion technique in [35]
for a block Toeplitz matrix again enables us to perform the
inversion with O(M>N?) real-valued scalar multiplications.
Therefore, the overall computational complexity is O(M>N?),
which is the same as that of the optimal processing by
using the complex-valued signal vector augmented by its com-
plex though the multiplications are now performed
between real-valued scalars.

This computational complexity can be reduced to
O(MN log(MN) + M?N) if an asymptotic property of Ry
is exploited in the frequency-domain. To proceed, we convert
the real-valued augmented vector X into a complex-valued
vector

WynIm{x} 9

Wanig = [WMNRe{x)]
by pre-multiplying the DFT matrix Wpyy to Refx} and
Im{x}. Then, similar to Proposition 1, we can derive the
asymptotic property of the covariance matrix V-VMNR;R WZN
of WynXp as follows. Since the submatrices of Rg in (55)
are (M N)-by-(M N) block Toeplitz matrices with block size
M-by-M, each submatrix is asymptotically equivalent to a
block matrix with diagonal blocks when pre- and post-
multiplied by DFT and inverse DFT matrices, respectively.
Thus, we have

— o H
WunRexg Wy ~ Qr, (61)

where Qp is the (2M N)-by-(2M N) matrix given by
QRé(WMNRimWZN)®(12M®IN). (62)

Now, this asymptotic property (61) leads to the asymptot-
ically optimal estimator and detector. First, in the estimation
problem, we propose the suboptimal estimator Xapprox =
[ImN jIMNI¥R approx Of x, where

2 —1
" = H [ P
FRapprox = Wy R (ﬂm + 712MN) Wunrg. (63)

Note that (63) is a suboptimal estimator of ¥g obtained by
using the property (61). It can be easily shown in a similar
way to Theorem 3 that the average MSE performance of
the proposed estimator approaches that of the WLMMSE
estimator [Iyn jIMNI¥R opts Where X op is given by (57).
Thus, the proposed estimator X approx is asymptotically optimal.
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Second, in the presence detection problem, we propose by

using the property (61) the suboptimal test statistic TE(QN)
™ & W QuW v (64)
R ~“oMN R MN¥ERWMNTR,

of Fr, where Qp 2 (2/62)Iayn — ((62/2)Iomn + Q).

It can be easily shown in a similar way to Theorem 4 that

the proposed test statistic approaches the exact LRT statistic

as the number of samples tends to infinity in the sense that
lim (TgY — T = 0, wp. 1, (65)
N—>o0

under Ho and H;.

The common major burden in computing theses asymp-
totically optimal estimate and test statistic comes from the
multiplications of the DFT and the inverse DFT matrices
and the inversion of ((62/2)Iomn + @), as it can be seen
from (63) and (64). As already mentioned, the multiplications
of the (MN)-by-(MN) DFT and inverse DFT matrices to
a vector of length MN can be efficiently performed with
computational complexity of O(M N log(M N)) when the FFT
algorithm is used. Since Qp is a (2M N)-by-(2M N) block
matrix with diagonal blocks of size N-by-N, the inversion
of ((6%/2)Iomn + Rp) requires O(M>N) complex-valued
scalar multiplications. Therefore, the overall computational
complexity is O(MN log(MN) + M>N).

This order of complexity is not only lower than that of
the optimal estimator xop and the exact LRT statistic Té,’g«,
but also the same as that of x, and T,ﬁN) proposed in
Sections IV and V by using the asymptotic FRESH properizer.
However, as it is already advocated in [4], [5, Ch. 1], and [6],
the WL processing using complex-valued representation of
the signal is preferred to that using real-valued representation
in that it provides mathematical elegance such as algebraic
economies, evocative geometry, and probabilistic insights,
and implementational advantage such as the efficient use of
complex FFT. In addition, it is worth noting that the use of the
asymptotic FRESH properizer results in complexity reduction
roughly by half, which do not appear in the big O notation,
compared to the processing proposed in this section by using
the real part of the signal vector augmented by the imaginary
part. This is because x , and T,)N] require the matrix inversion
and the matrix-vector multiplications to be performed with
(MN)-by-(MN) block matrices and length-MN vectors.
On the other hand, ¥R approx and T]éN) require the operations
to be performed with (2M N)-by-(2M N) block matrices and
length-2M N vectors. Thus, the complexity in computing x ,
and TF(N) is approximately only a half of that in computing
FR approx and T3

Of course, such complexity gaps in computing ’_‘]R,apnmx

and TﬂgN) against x, and T,EN), respectively, can be removed.
Recall that the length of the output y = f(x) of
the asymptotic FRESH properizer is halved by remov-
ing the redundant information in WMNE. We can do the
same for V_VMN:':]R. For the length-M N real-valued vec-
tor Re{x}, its DFT WpyyRe{x} has conjugate symme-
try, i.e., [WynRe{x}], = IWMNRG!X)J;,N,,,H- Similarly,
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[WunIm{x}], = [WMNIm(x)]ﬁminJrl . Thus, these redun-
dancies can be removed to reduce the computational complexi-
ties of XR approx and T]éN) by half. This removal of redundancy
in the frequency domain is nothing but what the asymptotic
FRESH properizer does in the frequency domain. Note that, as
already shown in [5], the real-valued augmented vector ¥y can
be rewritten by using the complex-valued augmented vector ¥
in (16) as

1
ir=THvE, (66)

where the (2MN)-by-2MN) invertible matrix Tpyy is

defined as
Inun jIun
Tyy £ % : 67
MN [IMN L @D
Thus, the output y = f(x) in (17) of the asymptotic FRESH
properizer can be rewritten in terms of the DFTs of Re{x} and
Im{x} as

¥ =WhnGunWunT un¥r, (68a)

= WzN((IMN + Su,N)Gm,nWypnRe{x}
+ i = Sy)Guty WaanImix)). (68b)

Therefore, the removal of redundancy by the asymptotic
FRESH properizer is equivalent to that by pre-multiplying
Gy,n to WynyRe{x} and Wy nIm{x}. However, it still needs
to be noted that the use of the asymptotic FRESH properizer
is more advantageous in that it enables the adoption of the
conventional signal processing techniques and algorithms that
are already developed for the block processing of proper-
complex random processes.

VII. CONCLUSIONS AND FUTURE WORK

In this paper, the asymptotic FRESH properizer is proposed
as a pre-processor for the block processing of a finite number
of consecutive samples of a DT improper-complex SOCS ran-
dom process. It turns out that the output of this pre-processor
can be well approximated by a proper-complex random vec-
tor that has a highly-structured frequency-domain covariance
matrix for sufficiently large block size. The asymptotic propri-
ety of the output allows the direct application with negligible
performance degradation of the conventional signal proc
techniques and algorithms dedicated to the block processin;
of proper-complex random vectors. Moreover, the highly-
structured frequency-domain covariance matrix of the output
facilitates the development of low-complexity pos|
By solving the signal estimation and the signal presence
detection problems, it is demonstrated that the asymptotic
FRESH properizer leads to the simultaneous achievement of
computational efficiency and asymptotic optimality. The use
of the real part of the signal augmented by the imaginary
part instead of the signal augmented by its complex conjugate
is discussed for the estimation and detection problems as
well as for the asymptotic FRESH properization. Further
research is warranted to apply this pre-processor to various
communications and signal processing problems involving the
block processing of a DT improper-complex SOCS random

-process

4099

process and to derive such almost optimal low-complexity
post-processors. Since the cycle period is assumed known
throughout this paper, the estimation of this parameter and
the possible mismatch analysis are interesting future research
directions. The convergence-rate analysis of systems employ-
ing the asymptotic FRESH properizer is also an interesting
research direction.
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