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1 Definition of an MS Periodic Random Process

A random process {X (), € R} is said to be periodic in the Mean-Square (MS) sense with period
T > 0 if the following condition holds for all time ¢.

1.1 Mean-Square Convergence Condition

The mean-square error between the random variable at time ¢ and the random variable at time ¢ + T is

Zero.

EIX(t+T) - X@®)?] =0 foralltcR

Interpretation: This is a very strong condition. It implies that X (¢t + T) and X () are equal with
probability 1. Consequently, almost every sample path (realization) of an MS periodic process is a
**deterministic periodic function** with period 7.

2 Key Statistical Properties

An MS periodic random process X (t) exhibits strong periodic behavior in its key statistical moments.

2.1 Periodicity of the Mean Function
The mean function mx (t) = E[X (¢)] is periodic with period T

mx(t) = mx(t+T)
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Proof Summary: This follows directly from the MS condition by applying the Schwarz inequality: _:( :SV L ¢ .M
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The mean function mx(t) = E[X (¢)] is periodic with period T'.

mx(t)=mx({t+T) /\')
Proof Summary: This follows directly from the MS condition by applying the Schwarz inequality: .
[EX(t+D)] - BIXO)* < BIX(E+T) — X()°] = ) @\‘M
2.2 Periodicity of the Autocorrelation Function R}(kb‘s

The autocorrelation function Rx(t;,t2) = E[X (1) X (t2)] is periodic with pem
i1 and ts.

De§

m both arguments,

Rx(tl,tz) =R (tl + T, tz) = Rx(tl,

Reasoning: Since P tu ty + T) with X (1) inside the
expectation to show Rx(ty + T, tg) E[X(t1 +T (t2)] = E[X (t1)X (t2)] = Rx (t1,t2).

3 Relation to Wide-Sense Periodicity
The MS periodic condition is much stronger than that for a Wide-Sense Periodic Process.

o Wide-Sense Periodic Process (WSP): Only requires the mean function to be periodic and the

autocorrelation function to be periodic in ¢; and to.
- . » # o, KC—N

e Conclusion: An MS periodic process satisfies all conditions for a WSP process, but the reverse
is not generally true. The MS condition guarantees a level of consistency in the sample paths
themselves.
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1 Definition of a Shift-Invariant Subspace (SIS)

| ¢l <o

A Shift-Invariant Subspace (SIS) S is a closed linear subspace of a function space (e.g., L?(R?)) that
is invariant under integer translations (shifts).

1.1 Invariance Condition

For every function f belonging to S, the function resulting from shifting f by an integer vector k& must ¢ fb) i, )
—_—

also belong to S.

Forall fe Sandall ke Z¢, f(-—k)e S

This property is crucial for modeling signal analysis that is independent of absolute position.

o0
> The Generator and Generati Xf)=3 Qn
Z 1hne enerator and xeneration A

N=—

An SIS, denoted as S(®), is defined by a countable set of generating functions (or **generators**) A~

@ = {61, 6n,...}.
T ) /!
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An SIS, denoted as S(®), is defined by a countable set of generating functions (or **generators**) NAA~ MMQJ‘

O = {¢1,¢o,...}. N W

2.1 Generation Formula

The SIS is the closed linear span of all integer shifts of its generators.

S(®) = span{o;(- — k) [ ¢; € @,k € Z9}
e ' (Qb}ﬂ

2.2 Types of SIS
e Principal Shift-Invariant Space (PSI): The subspace is generated by a single function ¢.

S(¢) = span{o(- — k) | k € Z}

e Finitely Generated SIS (FSI): The sct of gencrators ® is finite.

3 Application in Wavelet Theory J

SIS forms the mathematical basis for Multiresolution Analysis (MRA), the core structure used in
constructing wavelets.

3.1 Multiresolution Analysis

MRA is a sequence of nested SIS spaces, V;, representing different scales: 4> ft) ¢"(t) ’D
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3.2 Scaling and Wavelet Functions
e Scaling Function (¢): The base space Vj is a PSI space generated by the ¢.

e Wavelet Function (v): The difference space W; = V;_; 6V} is generated by the wavelet function
1, which captures the detail (high-frequency) information between resolutions. T \
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1 AzZE B9 73 33 (SIS)9] 39

Zt (Shift-Invariant Subspace, SIS) S ¢4 F7F (o]: L2(R9)2] 231 Ag 1
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2 A g4 (Generator) ¥ A
SIS st o] do] A &4 (Generator) © = {¢y, ¢2,...}oll &3 = S(0)= w7 Hc}.

21 B4 34
SISE AA gl RE A o559 B8 A7 X4 (Closed Linear Span) Yyt

S(®) = span{é,(-— k) | & € @,k € Z7)

o 72 AXE E¥ 37 (PSI, Principal SIS): &% 3 ¢of] ofof A4 == HE Iyt
o 4 A AZE EW F3t (FSI, Finitely Generated SIS): -5t 7§9] 3= g @l )
e

SISE fllol&8& FA sk A 221 v ST B4 (Multiresolution Analysis, MRA) 9| 45}
7|9kE A3y

3.1 MRA F%

MRAE A2 E3 #% 71A SIS B0e] a49 4 V2 Aelgyc.
VocVicWwcVacVac:--

al

3.2 2AYGE L JolER &4
o 2149 I (¢): 712 33 Vos S PSI 33He] A4 @yt (Father Wavelet)
o FolER = (¥): AAT S kel o] FH W, = Vi 6 V8 A, e AR AR
(Rt AE)E FESH 98-S Uk (Mother Wavelet)
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Nyquist Criterion and Generalized Nyquist Criterion
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http://cisl.postech.ac.kr/class/eece695m/schedule.htm

« Shift-Invariant Subspace
o number of generators, amount of shift
o relation with FRESH vectorizer
o Nyquist criterion: folded spectrum and VFT
o Generalized Nyquist criterion and
o Fundamental theorem
o FT

& > C  AFday cislpostech.ackr/class/eece695r/schedule.htm
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TSI IVATIUTIL JUSpULe

\ZNSV Y o relation with FRESH vectorizer

Sl subspace and
24|5/9 |~ 24 Nyquist

2 iy
—— Criterion o Generalized Nyquist criterion and

o Fundamental theorem

o FT

/L/\\ﬂ)"/ o number of generators, amount of shift

Note o Nyquist criterion: folded spectrum and VFT
24

3 240213

http://cisl.postech.ac.kr/class/eece695m/CM%2024.pdf
https://www.youtube.com/watch?v=2uSxJ7zycu4
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