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Jensen’s Inequality: Special Case Application

A Note on Expected Value and Variance

November 5, 2025

The Inequality: |F(X)|* < E(|X]?)

This inequality is a special form of **Jensen’s Inequality** or a direct conse-
quence of the **Cauchy-Schwarz Inequality**. It does not have a unique, widely
recognized, special name.

Fok

1. As a Result of Jensen’s Inequality

Jensen’s Inequality states that for a convex function ¢ and a random variable
X:
$(E[X]) < E[$(X)]

Applying this with the **convex function™* ¢(z) = 22 (since ¢” () = 2 > 0):
(BIX]) < E[X?]
Since (E[X])? = |E[X]|? and E[X?] = E[|X|?], this directly yields:

|E(X)|* < E(X]?)

2. As a Consequence of Non-Negative Variance
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|E(X)|* < E(X]*)

2. As a Consequence of Non-Negative Variance

*ok.

The inequality is fundamentally equivalent to the statement that the **vari-

ance®* of a random variable is non-negative (Var(X) > 0). — T
V‘Qﬂo-f Var(X) = E[X?] - (E[X])* > 0 Cm\ob( VWQO;’[:‘QXTJ ’(‘ELX] ! E_O
N N——

Rearranging the terms confirms the relationship:

(B[X])* < B[X?]

3. As a Special Case of Cauchy-Schwarz

The Cauchy-Schwarz Inequality for expected values is:

\NAQV (EIXY))? < BX?)E[Y?] o
¢ ""‘\7 X
AN\ NN —~

1

Setting the random variable Y = 1 (a constant) results in:

(BIX -1))* < B[X?|E[1?]
(EIX])? < B[X?)-1
(B[X])* < E[X?]
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Second-Order Random Processes: Definitions, Implications, and
Significance

Gemini Al Ho Cho

November 6, 2025

Abstract

This document rigorously defines the class of **second-order random processes™* (X (¢)) by the
condition of finite second moment, E{| X (t)|?} < co. We demonstrate that this fundamental require-
ment is both necessary and sufficient to guarantee the existence and finiteness of the process’s essential
statistical descriptors: the **mean function** px (t), the **autocorrelation function** Rx x (t1,12),
and the **autocovariance function** Cxx(t1,t2). The finiteness of the autocorrelation function
is proven using the **Schwarz Inequality**. Furthermore, the document discusses the significance
of second-order processes as the foundation for defining and analyzing **Wide-Sense Stationary
(WSS)** processes, which are crucial for signal processing and communication theory.

1 Definition of a Second-Order Random Processes

A **random process** (or stochastic process) X (¢) is said to be a **second-order random process** if
the expected value of the squared magnitude of X (¢) is finite for every time instant ¢ in its domain Z.

'SMEW xXifeuay

< oo] for all ¢ (1)

1.1 Formal Definition

The process X (t) is a second-order random process if

O L EIX0P)

where Z is the index set (or domain) of the process.

Implications: Existence of Mean and Variance

The condition in Equation (1) ensures that the process has finite **power** At every time t. This
automatically implies that the **mean** and **variance** of X (t) are also finife

2

<
e The **Mean™* px (t) = ]E’{‘X(t)} is finite. i E{«[KH:)( i < Do c %

[

e The **Variance** % (t) ':—E{\X(t) — ux ()|} is finite.
e es—

2 Key Statistical Functions = E{(be)lzi—(”xft)\l - ﬁ ) Gllxltlﬁ @(%b Lo

For a second-order random process X (t), the following statistical functions are well-defined and essential
for its analysis.
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2 Key Statistical Functions — ELXEE)| (—(}Agﬂ:)\ )

For a second-order random process X (t), the following statistical functions are well-defined and essential
for its analysis.

2.1 Mean Function

The mean function describes the average behavior of the process over time.

pux(t) = E{X (1)} 2)

Autocorrelation Function

The autocorrelation function measures the statistical dependence between the process values at two
different time instants, ¢; and ¢5.

Rxx(ti,t2) = E{X (t:1)X"(t2)} ®3)

where X *(¢2) denotes the complex conjugate of X (¢2). For real-valued processes, X *(t3) = X (t2).

2.3 Autocovariance Function

The autocovariance function measures the correlation between the process values at ¢ and to, after
removing the effect of the mean.

Cxx (t1,t2) = Cov[X (t1), X (t2)] = B{[X (t1) — px (01)][X " (t2) — e (2)]} (4)
The autocorrelation and autocovariance functions are related by:
Cxx(t1,t2) = Rxx(t1,t2) — px (t1)px (t2) (5)

xistence of the Autocorrelation Function

e Autocorrelation Function Ry x (¢1,t2) is defined as:

Rxx(t1,t2) = B{X (1) X" (t2)} (6)

3.1 Proof of Finiteness using the Schwarz Inequality

To prove that Rxx(t1,t2) is finite, we use the Schwarz Inequality (or Cauchy—Schwarz inequality) for
random variables U and V:
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3.1 Proof of Finiteness using the Schwarz Inequality

To prove that Rxx(t1,%2) is finite, we use the Schwarz Inequality (or Cauchy—Schwarz inequality) for
random variables U and V: )
[B{UV*}* < E{|UIP}E{|V|2

Vé X o & Yoo,

Since X (¢) is a second-order random process, the condition i
o E{|X(t1)]*} < o0
o E{|X(t2)]*} < o0

Therefore, the product on the right-hand side is finite:

E{|X (t)P}E{|IX (t2)*} < o0 @)

This implies that | Rx x (1, %2)|? is finite, and consequently, the Autocorrelation Function Rxx (t1,2)
is finite and exists for all ¢1,t, € T

4 Existence of the Autocovariance Function

The Autocovariance Function Cxx (t1,t2) is related to the autocorrelation function and the mean
function px (t) = E{X(¢)} by:
Cxx(t1,t2) = Rxx/(t1,t2) — px (t1)ux (t2) (10)
The existence of Cxx (t1,t2) relies on the finiteness of the terms on the right-hand side of Equation
(10):
1. Finiteness of Rxx(t1,t2): As shown above, this is guaranteed by the second-order condition.
2. Finiteness of ux(t): The second-order condition, E{|X(¢)|?} < oo, implies the finiteness of the

first moment, E{|X (t)|} < o (a result also stemming from the Schwarz Inequality). Since the first
moment is finite, the mean function px (¢) is finite for all ¢.

Since Cxx(t1,t2) is the difference between two finite quantities, it must also be finite. Thus, the
Autocovariance Function Cx x(t1,%2) is finite and exists for all ¢;,t, € T'.

5 Significance

The class of second-order random processes is crucial in engineering and physics, especially in signal
processing and communication theory, because it is the prerequisite for defining and analyzing **Wide-
Sense Stationary (WSS)** processes and performing **linear filtering®* operations. A random process
X(t) is a second-order random process if the expected value of its squared magnitude is finite for
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The Origin of Fourier Transform with Respect to Delay in )
Spectral Analysis —

Gemini Al Assistant and Joon Ho Cho

November 6, 2025

Abstract

This document explores the fundamental origin of the Fourier Transform with respect to the
delay variable (7) in classical spectral analysis. We establish this principle by examining the anal-
ysis of a deterministic, finite-energy signal z(¢). The Energy Spectral Density (ESD), E..(f), is
initially defined in the frequency domain as the magnitude squared of the signal’s Fourier Transform.
Through the application of the Convolution Theorem and the properties of time reversal and
conjugation, we rigorously prove the equivalence of this definition to the Fourier Transform of the
time-averaged autocorrelation function, 7,.(7). This relationship, known as the Determin-
istic Wiener-Khinchine Theorem, provides the essential logical link: spectral content (E..(f))
is inherently dual to time correlation (r..(7)), thereby dictating the necessary transformation from
the time-lag domain to the frequency domain for all subsequent spectral definitions, including the
Power Spectral Density (PSD) for random processes.

1 Equivalence of ESD and Autocorrelatio

For a deterministic signal x(t) with finite ene

Qneoctral Noncity (FAN) and the Fanrier Tranefavara - r-Rvoraocad Autncarralation Funetion farme

v B = [, |oo)di,
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1 Equivalence of ESD and Autocorrelatio

For a deterministic signal z(¢) with finite enefgy E = ff; |z(t)|2dt, the equivalence between the Eirerg
Spectral Density (ESD) and the Fourier Transfo@-e ; Averaged Autocorrelation Function forms E — zcar- A;(— >O
the foundation for the Power Spectral Density (PSD) extension. X — —

1.1 Definition of Energy Spectral Density (ESD) Ez‘& a [ " X6 i’w # éc
The ESD, E,,(f), is defined as the magnitude squared of the signal’s Fourier Transform X (f) = F{x(t)}: =
/\/\/\)
= 2y 2 = Eaxx -I-ZRefEx% 1
A E%fg‘

J
1.3 Derivation of the Equivalence (Ddterministic Wiener-Khinchine Theo-
rem)

We use the Fourier Transform pfoperty that multiplication in the frequency domain corresponds to
convolution in the time domain.

1. Apply Inverse Fourier|Transform to EYD: The inverse Fourier Transform of the ESD
E..(f) = X(f)X*(f) must be tie convolution of x(q) with the time-reversed conjugate of x(t). We

use the property F~H{X*(f)} =f (—1). r-*—al

FHEw ()} = FHX(NX ()} = a(t) x 2" (-t) =

2. Evaluate the Convolution: The convolution z(t) * z*(—t) is defined as:

o(t) x 2% (—t) = /jo 2Nz (=(t — A))dA /:x} 2Nz (A — t)dA

=@ (ax ()

3. Identify the Autocorrelation: By comparing the result of the convolution with the definition
of the time-averaged autocorrelation 7, (7) (Equation 2), we see that the convolution result is 7, ().

, =1lcm /om0 rn ‘: r’)‘y{.c)
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3. Identify the Autocorrelation: By comparing the result of the convolution with the definition
of the time-averaged autocorrelation r,, (1) (Equation 2), we see that the convolution result is 7, (t).

FYEuu(f)} = realt) | — o (T

4. Conclusion of Equivalence: Since E,,(f) is the Fourier Transform of r,,(t), we establish the
fundamental equivalence:

X (?5 ()
AN~~~

1.4 Summary

®3)

The result demonstrates that for deterministic, finite-energy signals, the Energy Spectral Density (ESD)
defined by the magnitude squared of the Fourier Transform is equivalent to the Fourier Transform of
the time-averaged autocorrelation function. This is the deterministic precursor to the Wiener-Khinchine
Theorem for random processes.
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Power Spectral Density of General Non-Stationary
Processes :Derivation and Limitations of the Wiener-Khinchine
Extension

Gemini Al Assistant and Joon Ho Cho

November 6, 2025

Abstract

This document presents a step-by-step rigorous derivation of the Power Spectral Density (PSD)
for a general, second-order non-stationary random process, building upon the definition via the
time-truncated Fourier transform. The derivation validates the Wiener-Khinchine Theorem,
and reveals that the resulting PSD, Sxx (f), is the Fourier transform of the Time-Averaged Au-
tocorrelation Function, R x x(7), which is obtained by averaging the two-variable autocorrelation
function, Rxx(t1,t2), over time t = (t1 + t2)/2 with 7 = t; — to. We conclude that while this
defir
time-averaging step inherently removes the process’s non-stationary information. Conse-
quently, the standard PSD fails to capture the evolution of frequency content over time, effectively
reducing the analysis to that of an equivalent Wide-Sense Stationary (WSS) process. This limitation
highlights the necessity of time-frequency distributions for true non-stationary analysis.

tion nrovides a mathematically sound measure of average nower distribution, the mandatory

provides a mathematicall Yy sour easure of average power distri 1, the r datory

1 Definition of PSD via Time-Truncated Fourier Transform

For a second-order random process X (t), we define the time-truncated version Xr(¢} over the interval

[-T,7):
(x(t) e
Xr(t) = {0
/‘/\M

The Fourier Transform of Xr(t) is:

F{Xr(t)} = /_iX(t)n‘jQ"f‘dt

The Power Spectral Density (PSD) Sx x(f) is defined as the limit of the ensemble avergge of the mag-

if ¢ <T Mf%
if [t|>T W@

nitude squared of this Fourier transform, divided by the observation time
~\
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The Power Spectral Density (PSD) Sx x(f) is defined as the limit of the ensemble averdge of the mag- 2

nitude squared of this Fourier transform, divided by the observation time
1 FAxt09| = |-
WE 0 < suwin-m e !
) —_— T—o0 | Xr X T
age power at frequency f.

This definition is consistent with interpreting the PSD™as

r—)

2 Derivation using Two-Variable Autocorrelation Function

2.1 Expanding the Magnitude Squared Term
We expand the magnitude squared term in Equation 1:

2

T T
= / X (t1)e 2™ X" (1) el b2 dty diy
-TW-T

T .
’/ X (t)e 2 It qt
-T

T
:/ / X (01)X* (t2)e 92712 gt g
=T

-T

)BTy pof

2.2 Applying Ensemble Average

Substituting this back into the PSD definition and exchangihg the expectation and integration (since the

bounds are finite):
1 T /T
Sxx(f) = lim ﬁ/ /
g -T

2.3 Transformation to Average Time (¢) and Delay (7)

To separate the variables, we change the integration variables:

S L e B XD E) = Ry el £.X)
N/

The antocorrelation fimetion becomes Rv(f.7) = Rvv(t + 7/2.# — 7/2). The inteeral hounds also -_— o~ <
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. . ~ . [0 97
The autocorrelation function becomes Rx(t,7) = Rxx(t + 7/2,t — 7/2). The integral bounds also =
change, where t and 7 are coupled. R (
_ + xx (£, T
2T N
: —jemfT =
" l:%@g)ﬂf;fz/
where D(7) denotes the restricted domain of ¢ for a fixed 7 to keep the integration within the original /
square [—1,7T] x [-T,T]. 9
[ [ 1

3 Wiener-Khinchine Theorem for Non-Stationary Processes and
Limitation T
For a general non-stationary process, Rx(t, 7) depends on both ¢ and 7. We define the term inside the

parenthesis as the Time-Averaged Autocorrelation Function, Rxx (7):

. 1 =
Rxx(T)= Tlgnx ﬁ et Rx (t,7)dt

3.1 Conclusion of the Logical Flow
Substituting this definition back into the PSD equation yields:
oo .
Sxx(f) = / 'Rxx<T)67ﬂﬂdeT (2)
—00
Interpretation and Limitation:

e General Result: The PSD of a general non-stationary process is the Fourier Transform of its
Time-Averaged Autocorrelation Function Rxx (7).

! e Loss of Time Resolution:/ This result is structurally identical to the classic Wiener-Khinchine
Theorent, but the PSD5x x (f) is now the spectrum of the time-averaged statistics. The limp_, o % f ceedt r—[

operation removes the time dependency (t) from the autocorrelation function Ry (,T).

\
ot

The Dilemma:/ The standard PSD definition, while mathematically rigorous for power signals,
apture the evolution of frequency content over time for a non-stationary process.

It only prov1dé%¥76MMc}mm%MM0ss frequencies, effectively H

reducing the non-stationary process to an equivalent Wide-Sense Stationary (WSS) process with

autocorrelation R x x (7).

v

2 [ sty
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4 Wiener-Khinchine Theorem for WSS Processes

4.1 Variable Transformation and WSS Assumption

We now assume the process X (t) is Wide-Sense Stationary (WSS). This means Rx x (f1,t2) depends
only on the time difference 7 = t; — to. Thus, Rxx(t1,t2) = Rxx(7).
‘We change variables:

e Delay (7): 7 =11 — o
e Average Time (i): ¢ = 2 {or ¢ = (&1 + i2)/2 can be used)

The double integral transforms, and the constant Rx x(7) can be pulled out of the internal integral
(which is an integral over t):

1o v
— T I " —ji2nfr
Sxx(f) = Tlgl; T /72T Rxx(7)e (/D(T) df) dr

where D(7) represents the length of the internal integration domain, constrained by the original limits.
For |7| < 2T, the length fD(r) dt is exactly 27" — |7|.

2T

. 1 —jenfr
Sxx(f) = Tlggc T ) Rxx(r)e™ ™7 (2T — |7|)dr

Dividing by 27"
27

T—oo J_op

4.2 Taking the Limit and Completing the Wiener-Khinchine Theorem

Taking the limit as T"— oo, the term % goes to zero, and the integration bounds expand to infinity.

00

sxx(f)=/ Rxx(r)e 9> Tdr

J—o0

5 Summary of Logical Flow

The derivation follows this logical sequence:

< i ian o

DA TY_C__* . MAC.o 1 O VA NP RN, o B LRI I ISR ) DU
® O peliuion: vcoeuauca JXXL[) as vie 14 —7 OC 1L O6 ve enscubic average
squared of the time-truncated Fourier spectrum, normalized by time 27.

+ha aoniknda
LIIC Iagiituac

e Autocorrelation Introduction: The E[] operation was moved inside the integral to introduce
the two-variable autocorrelation function Rx x(t1,%2).

The result demonstrates that the PSD is the Fourier Transform of the time-averaged autocorrelation
function Rx x (7).

However, this approach of spectral analysis of a 2nd-order random process may lead to a serious lim-
itation: By necessity, the standard PSD loses all temporal information. This is due to the
inherent time-averaging process that must be performed for the PSD to be defined:

e Core Operation: The definition includes the time-averaging operation (limp_,~ % J-dt).

e Data Collapse: This operation collapses the two-variable autocorrelation function (Rx (t;.t2))
into a single function of delay, Ravy(7) (or Rxx(7)).

e Effect of Smoothing: This time-averaging effectively smooths out any time-varying character-
istics of the process, preventing the detection or analysis of the evolution of the signal’s frequency

rontont aver tima
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e Non-Stationary Failure: Since the evolution of spectral content is the defining feature of non-
stationary behavior, the standard PSD is fundamentally incapable of capturing the transient or

evolving nature of the signal’s spectrum.

The Bi-Frequency Spectrum of Non-Stationary Processes
on the Symplectic Fourier Transform

Gemini AI Assistant and Joon Ho Cho
November 6, 2025

Abstract

. Based

S f3) = T (Rt )

Sxlf) = Soclfif) 066,
NI e

%‘ﬁ

This document explores the **Bi-frequency Spectrum** (Sxx (f1. f2)), a critical analytical tool
for characterizing **non-stationary random processes**. Defined as the two-dimensional Symplectic
Fourier Transform of the two-variable autocorrelation function Rxx (t1,t2), this spectrum serves as
a measure of non-stationarity; significant non-zero values off the main diagonal (f1 # f2) directly in-
dicate time-varying statistical properties. The spectrum is also known as the **Generalized Spectral

Density (GSD)**.

We rigorously derive the general input-output relationship for a non-stationary process X(t)
propagating through a **Linear Time-Varying (LTV) system** with impulse response h(t, 7). The
output spectrum Syy (f1, f2) is shown to be governed by a complex **integral relationship** involv-
ing the input spectrum Sxx (f1, f2) and the system’s frequency-time response H(f, 7). Crucially, the
simpler **multiplicative product form** (Syy = HSxx H™) is generally **not valid** for arbitrary
LTV systems, only holding under the constraint of a Linear Time-Invariant (LTI) system or within

specialized analytical frameworks that adopt the product relation by definition.

695E (25-2) 4= 1400 H|O|X| 15



ing the input spectrum Sx x (f1, f2) and the system’s frequency-time response H(f, 7). Crucially, the
simpler **multiplicative product form** (Syy = HSxx H") is generally **not valid** for arbitrary
LTV systems, only holding under the constraint of a Linear Time-Invariant (LTT) system or within
specialized analytical frameworks that adopt the product relation by definition.

1 Definition via Symplectic Fourier Transform
The analysis of non-stationary random processes utilizes the two-variable autocorrelation function,
Rxx(t1,t2), which is the expected value of the product of the process at two time instants: Rxx (t1,t2) =
E{X (t1)X*(t2)}.

The Bi-frequency Spectrum, Sx x(f1, f2), is defined as the two-dimensional Fourier Transform of

Rxx(t1,1t2), often expressed in a form related to the Symplectic Fourier Transform, which uses opposing
signs in the exponent for the two time variables.

1.1 Formal Definition

The Bi-frequency Spectrum Sx x (f1, f2) is given by the following integral transform:

Sxx(f1, f2) = // Rxx(tl,tg)e’jg"(f‘t‘7f2f2)dt1dt2 (1)

This two-dimensional transform maps the time-domain correlation information into the frequency do-
main, where f; and fs are the two independent frequency variables.

1.2 Bi-Frequency Spectrum under WSS Condition

The Bi-frequency Spectrum takes a remarkably simple form when the random process X (¢) is Wide-
Sense Stationary (WSS). The WSS condition stipulates that the autocorrelation function Rx x (t1,t2)
depends only on the time difference 7 = t; — ¢, i.e., Rxx (t1,t2) = Rxx(7).

To demonstrate the relationship Sxx (f1, f2) = Sxx(f1)8(f1 — f2), we substitute the WSS condition
into the formal definition (Eq. 1):

Sxx(fi, f2) = // Rxx(t1 — to)e 72mita=Fat2) gt gy,

We introduce the variable change 7 = t; — to (and t; = to + 7).

Sxx(f1, f2) = // RXX(T)Ca:zw(h(zz+7),f2t2)d7_dt2
[~ .

00
(N —a2wfiT g [ _—i2m( fito—foto) 1u
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Sxx(f1,f2) = // RXX(T)eﬂ'%(ﬁ(tz+7>*fzt2)d7-dt2

oC feo}
=/ RXX(.,-)efﬂvrfwdT‘/ 2 (fata—fata) gy

7020 N oC
= [/ Rxx(T)E*ﬂ"fleT] . [/ 6*]'27f(f|*f2)fr2dt2
—00 —0oC

We recognize the two bracketed terms:
e The first term is the standard Power Spectral Density (PSD) of the WSS process, Sx x(f1)-
e The second term is the definition of the Dirac Delta function, §(f1 — f2).

Therefore, for a WSS process, the Bi-frequency Spectrum simplifies to:

Sxx(fi, f2) = Sxx(f1) - 6(f1 = f2) (2)
This result confirms that fof a WSS process, the spectrum is strictly non-zero only along the main
diagonal where f; = fa, implying that there is no correlation or power coupling between different

frequency components.

2 Alternative Names

The Bi-frequency Spectrum is known by several names, particularly when discussing non-stationary
processes:

e Generalized Spectral Density (GSD): This is perhaps the most common name, as it extends
the concept of the standard Power Spectral Density (PSD) to non-stationary cases.

e Two-Frequency Spectrum: A descriptive name emphasizing the two independent frequency
variables, f1 and fa.

e Complex Spectral Density: Used in some literature, particularly when X (¢) is a complex-valued
process.
3 Key Applications

The primary application of Sxx (f1, f2) is the rigorous analysis and characterization of non-stationary
random processes.

3.1 Characterizing Non-Stationarity

ML T e O a4 L _i_it_ i
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4 System and Process Definitions

Let X (t) be a second-order random process, and let Y (¢) be the output of a Linear Time-Varying
(LTV) system with time-varying impulse response h(t, 7).

4.1 LTV System Input-Output Relation

The output Y(¢) is given by the convolution integral:

Y(t) = /_30 h(t, )X (7)dr (3)

4.2 Autocorrelation and Bi-Frequency Spectrum

e The autocorrelation function of the output Y (¢) is: Ryy (t1,t2) = E{Y (t1)Y*(¢2)}.

e The Bi-frequency Spectrum of Y (¢) is defined as the Symplectic Fourier Transform of Ryy (t1,12):

Syy (fi, f2) = // Ryy (i1, ty)e 72 Utti=f2t) gy, gy, (4)

5 Derivation of the Output Autocorrelation Function (Ryy)

Substitute the LTV input-output relation (Eq. 3) into the definition of Ryy (¢i.t2):

Ryy(t1, 1) :]E{[/OC h(tl,n)X(n)dﬂ Vx h(tg,Tz)X(Tg)m]*}

—00 —0o
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Substitute the LTV input-output relation (Eq. 3) into the definition of Ryy (t1,t2):

Byy(tntn) =E{[ [~ b x(myan] [ [ bitom)X(m)dr) |
§ 1 1)

[N
-F {/_Z /_Z h(tr, 1) X (1) X* (72)h* (t2, 72)dmy dm}

—o0

Since the expectation operator E{-} is linear and the impulse response h is deterministic, we can inter-
change the expectation and integration:

Ryy(tl,t2)=/oc /M h(t1, 7)E{X (1) X* (1) }h* (ta, 7o) dryds

o
= / / h(t1,71)Rx x (11, T2)dm1h* (t2, T2)dT> (5)
J—o00J -0

6 Derivation of the Output Bi-Frequency Spectrum (Syy)

The Bi-frequency Spectrum Syy (fi, f2) is obtained by taking the Symplectic Fourier Transform of
Ryy (t1,t2) (Eq. 5):

Svy(fis fa) = / / Ry (b, t2)e =00 =02t2) gt i,
ty,to

= // [// h(tl,TI)RXX(Tl,Tg)h*(tz,Tz)dndrg] e 2t Tata) g it
J Sttt L STy,
Rearranging the terms to group related variables:

Syy(fl,fz) = // Rxx(Tl,TQ) [// h(tl,Tl)e_‘ﬂ"flhh*(fg,Tz)ﬁﬂﬂ-hhdtldtz] dridry
T1,T2 ty,t2

1w
Jooms U

Recall that the Bi-frequency Transfer Function H(f1, f2) is the 2D Fourier Transform of the impulse
response h(ty,ts):

—j’27rf1h,1+,] R {7
dty (7

Ve
1/ 4LX X

H(fi, o) = / Bty ta)e=727Unt=2t2) gt i,
t1,t

Defining the generalized frequency response H(f,7) as the Fourier Transform of h(t,7) with respect to
the first variable ¢:

H(f,r) = /th'(t’ it

Then the inner terms hecame:-
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the first variable ¢:
H(for) = /h(t,r)c_ﬂ"ftdt
t
Then, the inner terms become:
o The first term is H(f1, 7).

e The third term is H*(f2, 72) (due to the conjugate of h(t2,72) and the sign change in the exponen-
tial).

Substituting these back, we get:

‘ Syy(fio f2) = //T'mHg@,n)Rxx(n,rzm*(fz,rz)dn

where H(f,7) is the system’s **frequency-time response™*, which is the
with respect to ¢.

For a general Linear Time-Varying (LTV) system with impulse response h(t, 7) and a non-stationary
input X (¢) with autocorrelation Ry x (71, 72), the output Bi-frequency Spectrum, Syy (f1, f2), is generally
given by the above integral relationship:

This complex integral form arises because the LTV system mixes or couples the input’s frequency
components and correlation across different time instances (71 and 7).

~N
A
Nst

(M

ystems and non-stationary inputs.

7 Conditions for the Multiplicative Relation

The simpler multiplicative prodnct form often desized-in-speetrat-rret

Syy (f1, f2) = H(f1, fa)Sxx (f1, fo) H* (f1, f2)

This product relation is generally
It only holds under specific, restrictive constraints:

7.1 Constraint 1: The System Must Be LTI

The most straightforward case where the product form holds is when the LTV system reduces to a
Linear Time-Invariant (LTI) system.

e LTI Condition: For an LTI system, the impulse response depends only on the time difference,
h(t,7) = h(t — 7).

e Spectral Consequence: The Bi-frequency Transfer Function simplifies to:
H(f1, f2) = H(f1)o(f1 — f2)

If the input X (¢) is also **Wide-Sense Stationary (WSS)**, then Sx x (f1, f2) is also a delta function on
the diagonal. Substituting these delta functions into the general integral relation (or the product relation)

leads to the standard PSD filtering equation: Syy (f) = [H(f)|*Sx x(f), which is the LTI equivalent of
the product form. The multiplicative relation is therefore consistent with LTI/WSS analysis.

7.2 Constraint 2: Adoption of a Specialized Framework (Generalized PSD)

In some non-stationary process literature, the multiplicative relation (Eq. 7) is adopted as a matter of
definition or convenience within a specialized analytical framework known as the **Generalized Spectral
Density (GSD)** approach.

e Specialized Definition: In this approach, H(f1, f2) is not directly derived from the LTV impulse
response h(t, ) via simple Fourier Transform, but is rather defined as a spectral operator that
acts multiplicatively on Sxx (f1, f2)-

e Analytical Goal: The purpose is often to retain the simplicity of the LTI spectral analysis
(Output = Transfer Function x Input) while formally extending it to LTV systems. This requires
*rassuming™* or **defining®* the LTV system’s spectral properties in a way that respects the
multiplication rule, even though the underlying time-domain physics is described by the complex
integral (Eq. 6).
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8 Conclusion

The statement emphasizes that because LTV systems possess the general ability to couple differ-
ent frequency components (i.c., non-zero off-diagonal terms in Sxx and H), the simple product
Svyvy = HSxxH" is only rigorously valid when the system’s LTV characteristics are highly constrained
(i.e., when it approximates an LTI system) or when a simplified spectral framework is explicitly adopted.

8.1 Connection to Time-Frequency Analysis

While Sy x(f1, f2) directly addresses frequency-domain correlation, it is fundamentally related to time-
frequency representations. A common practice is to first transform Rx x(f1,t2) into the variables of
**average time ¢t = (t1 + t5)/2** and **time difference 7 = t; — t,** (yielding Rx x (£,7)). The Fourier
Transform of Rx x(t,7) with respect to 7 results in the Instantaneous Spectrum Sxx (¢, f), which
forms the basis for time-frequency distributions like the Wigner-Ville Distribution (WVD).
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Abstract

This document introduces and defines the **Complementary Bi-frequency Spectrum** (Sx x (f1, f2)),
also known as the Pseudo Bi-frequency Spectrum, which is essential for the comprehensive spectral
analysis of **complex-valued random processes™ X (t). Unlike the standard Bi-frequency Spec-
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Abstract

This document introduces and defines the **Complementary Bi-frequency Spectrum** (Sx x (f1, f2)),
also known as the Pseudo Bi-frequency Spectrum, which is essential for the comprehensive spectral
analysis of **complex-valued random processes** X (t). Unlike the standard Bi-frequency Spec-
trum, which uses the Hermitian autocorrelation function, the complementary spectrum is based
on the **pseudo autocorrelation function** Rxx(tl,tz) = E{X(t1)X(t2)}. The definition is de-
rived via a standard double Fourier transform, and its primary significance lies in characterizing the
**properness** (or circular symmetry) of the complex process and revealing **frequency coupling**
information.

1 Introduction to Complex Correlation Functions

For a complex-valued random process X (t), two second-order correlation functions are generally required
to fully describe its statistical behavior:
1. The **Autocorrelation Function (ACF)**: Ry x(t1,t2) = E{X (t1)X*(t2)}.

2. The **Pseudo Autocorrelation Function (PACF)** or **Complementary Autocorrelation Func-
tion**: Ry x (t1,t2) = E{X (t1) X (t2)}.

While the ACF is used to define the standard spectral density, the PACF is crucial for analyzing the
complex process’s statistical symmetry.

2 Definition of the Complementary Bi-Frequency Spectrum

The **Complementary Bi-frequency Spectrum** § xx(f1, f2) is defined as the two-dimensional Fourier
Transform of the Pseudo Autocorrelation Function Ry x (¢1,t2).

2.1 Formal Definition

The Complementary Bi-frequency Spectrum is given by the following integral transform:

oo

Exx(tl,tz)c’-ﬂ”(f‘L“Lf?‘?)dtldtg (1)
oo

Sxx(fi f2) = //

v —

Note that this is a **standard double Fourier transform** (with a positive sign in the time domain,
resulting in a sum in the frequency domain) and differs from the symplectic Fourier transform used for
the standard Bi-frequency Spectrum (Sx x).

3 Significance and Applications

The S, 'xx (f1, f2) spectrum provides unique information not contained in the standard spectrum Sx x (f1, f2)-
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3.1 Characterizing Properness (Circular Symmetry)

The primary role of the Complementary Spectrum is to determine if the complex-valued random process
X (t) is **proper** .

o A process X (t) is **proper™ (i.e., its real and imaginary parts have no statistical correlation with
each other) if and only if its pseudo autocorrelation function is zero for all time shifts: Rxx (t1,12) =
0.

e Consequently, the process is proper if and only if the Complementary Bi-frequency Spectrum is
zero for all frequencies:

X(t) is proper <= Sxx(fi.f2) =0 forall fi, fo

If Sx x (f1, f2) is non-zero, the process is deemed **improper**. Improper processes require analysis of
both X (¢) and its conjugate X*(¢) for optimal signal processing.
3.2 Frequency Coupling and Summation Information

The structure of the transform integral (Eq. 1), featuring the term e=727(/iti+f2t2)  highlights the
spectrum’s sensitivity to **frequency summation** or coupling:

o Sy x(f1, f2) reveals statistical correlation between the frequency component at f; and the frequency
component at f.

e This information is particularly relevant in analyzing non-linear systems or mixing processes where
frequency components are added (e.g., in spectral mixing or harmonic generation).

3.3 Relation to PSD (WSS Case)

For a **Wide-Sense Stationary (WSS)** process, Rxx (t1,t2) depends only on the time difference 7 =
t; — to. In this specialized case, the Complementary Bi-frequency Spectrum is non-zero only along the
anti-diagonal where f; = — fo:

Sxx(f1, f2) = Sxx(f1) - 6(f1 + f2)

where Sxx(flg is the single-variable **Pscudo Power Spectral Density (PPSD)**, which is the Fourier
Transform of Rx x (7).
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