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Mean-Square (MS) Periodic vs. Wide-Sense Periodic
(WSP) Random Processes
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Abstract

This document explores the properties and implications of a Mean-Square (MS) Periodic
Random Process within the framework of second-order stochastic processes. An MS periodic
process {X(t),t € R} with period T is defined by the stringent condition that the mean-square error
between X (t+7T') and X (t) is zero, implying X (t+7') = X (t) almost surely. This strong constraint
ensures that the process’s realizations are virtually deterministic periodic functions. We rigorously
demonstrate that MS periodicity guarantees the periodicity of its fundamental statistical moments:
the mean function mx (t) and the autocorrelation function Rx (ti,t2), with the same period T'.
Finally, we clarify that the MS periodic condition is a significantly stronger requirement than, yet is
a sufficient condition for, the Wide-Sense Periodic (WSP) property, highlighting the consistency
and structural rigidity imposed on the process’s sample paths.

1 Prerequisites: Second-Order Random Process

A random process {X(t),t € R} must be a second-order random process to satisfy the conditions
for MS periodicity.

1.1 Second-Order Condition
The process X (t) is second-order if its second moment is finite for all ¢:
E{|X(t)]*} <o forallteR
This condition ensures that the mean function mx (t) and the autocorrelation function Rx(ty.t2) are
well-defined and finite.
2 Definition of an MS Periodic Random Process
A second-order random process {X (t),t € R} is said to be periodic in the Mean-Square (MS) sense

with period 7" > 0 if the following strong condition holds for all time ¢.
" oa o -
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2 Definition of an MS Periodic Random Process
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A second-order random process {X (t),t € R} is said to be periodic in the Mean-Square (MS) sense
with period 7' > 0 if the following strong condition holds for all time ¢.

2.1 Mean-Squarem Condition

The mean-square error between the random variable at time ¢ + 7" and the random variable at time 4 is
Z€10.

2l =0 f;rt:Eﬂom varig le T

\ Therefore, the MS periodic

o £t<T, 7

Interpretation: Almost Sure Equality The MS conditiotl\E
Y implies that Y is equal to zero with probability 1 (almost suel
condition is equivalent to:

E[X(t+T) - X(#)°] =0 for N.teR - t=o| J ¢ ‘.‘a_'_

X(t+T)=X(t) with probability 1 (a.s.)

This is a very strong requirement: almost every sample path (realization) o
a **deterministic periodic function®* with period 7'

S periodic process is

Y= XHAT), b MSsap
. Ky =5xwy, TEmT, 4
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Time-Domain Analysis of Second-Order
Cyclostationary (SOCS) Processes
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Time-Domain Analysis of Second-Order
Cyclostationary (SOCS) Processes
under Frequency Up- and Down-Conversions

Gemini Al Assistant and Joon Ho Cho

November 13, 2025

Abstract

This document presents a time-domain analysis of how frequency up-conversion (to a real
passband signal Y (t)) and down-conversion (to a complex baseband signal X (t)) affect the prop-
erties of a Second-Order Cyclostationary (SOCS) process X (t). By inspecting the periodicity
of the mean, autocorrelation (ACF), and complementary autocorrelation (CACF) functions, we de-
rive the strict frequency conditions required to preserve cyclostationarity. We demonstrate that the
ACF of the down-converted signal X(f) always maintains T-periodicity, regardless of the frequency
offset A f. However, the SOCS property is generally lost unless the synchronization condition is met.
Specifically, for a non-zero mean process, the carrier f. (for Y (t)) or frequency error Af (for X (t))
must be an integer multiple of the cyclic frequency (1/7°). For a zero-mean, non-proper (improper)
SOCS process, this condition is relaxed to f. = m/(2T) or Af = k'/(2T). We also note that for
zero-mean, proper-complex processes, cyclostationarity is unconditionally preserved.

1. Cyclostationary Signal Definitions

1.1. Real Wide-Sense Cyclostationary (WSCS) Process Y (t)
A real random process Y () is defined as Wide-Sense Cyclostationary (WSCS) with cyclic period T if:
e Mean Function: py(t) = E[Y(t)] is periodic with period T, i.e., puy (t) = py (t + T).

e Autocorrelation Function (ACF): Ryy(t.s) = E[Y(t)Y(s)] satisfies Ryy(t,s) = Ryy(t +
T,s+T).

For a real process, the relationship between the Autocorrelation Function (ACF), Autocovariance

Function (ACVF), and Mean Function is:
e Autocovariance Function (ACVF):
Cyy(t,s) = E[(Y () = py (1)) (Y(s) = pry (5))]
e ACF and ACVF Relation:
Ryy(t,s) = Cyy(t,s) + py (t)ny (s)

1.2. Complex Wide-Sense Cyclostationary (WSCS) Process X (t)

A complex random process X () is defined as Wide-Sense Cyclostationary (WSCS) with cyclic period T'
if:

e Mean Function: px(t) = E[X(t)] is periodic with period T, i.e., ux(t) = px(t +T).
e Autocorrelation Function: Rx x(t,s) = E[X (t)X*(s)] satisfies Rxx (t.s) = Rxx(t+T.s+T).
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1.3. Second-Order Cyclostationary (SOCS) Process

X(t) is an SOCS RP with cyclic period 7' if it is WSCS and satisfies the following SOCS additional
condition for its Complementary Autocorrelation Function (CACF):

e CACF Condition: Rxx(t,s) = E[X (t)X (s)] satisfies Rxx(t,s) = Rxx(t +T,s +T).

[‘ 1.4. Proper-Complex Random Process

A complex random process X () is defined as a proper-complex random process (or circular sym-
metric process) if its Complementary Autocovariance Function (CACVF) is zero for all ¢ and s:

Oxx(ts) = BIX(2) = px (D)(X(s) = px ()] = 0 ®
For a proper-complex process, the CACF is solely determined by the mean function:
Rxx(t,s) = Cxx(t,s) + pux (®)ux(s) = px ()px(s)

If a proper-complex process X (t) is WSCS, then ux(t) = pux (t+ 7). Consequently, Rxx(t+T,s+T) =
nx(t+Tpx(s+T) = pux(t)px(s) = Rxx(t,s). Thus, for a proper-complex process, the WSCS
condition implies the SOCS condition.

2. )W Analysis of Up-converted Signal Y (¢)

We analyze the conditions under which the up-converted real signal Y (¢), which is related to the complex

bascband signal X (¢) via the carrier frequency fe, roxehs=ASES—witrmemom=T.

The relationship is defined as:

Y(t) = Re {X(tieﬂ”f"‘i = % (X ()i 4+ X* (1)) @)

= rwfy'oc—(zmlm( Soc
Mean Function Analysis of Y'(t) CW;C,E

he periodic mean function gy (t) can be expanded using a Fourier series:

ux(t) =3 e ®)
k

The periodicity of the mean function py (t) requires the carrier frequency f. to be synchronized with
the cyclic frequency 1/7.

iy (£) = Re {jux ()™} = Re {Z Wﬂﬂmm,} @
%
For sy (t) to be periodic with period T (assmming z1x (t) # 0), we require f. to be an integer multiple of
1/T:
k' ’
==, kKeZ 5
fe=7: K€ ®)

2.2. Autocorrelation Function Analysis of Y (¢) (Detailed Derivation)
— ==

For Y (t) to be WSCS, its autocorrelation function Ryy(t,s) = E[Y(t)Y (s)] must satisfy Ryy(¢,s) =
Ryy(t+T,s+T).
Using the expansion of Y (t) from Eq. (2), Ryy (t,s) is derived as follows:

Ryy(t.s)=E E (X (t)e?mfet 4 X (t)em72fet) % (X (s)e72mfes 4 X*(5)e 772 fes
1

ol vrn v\ i2r i) o v vks N 2 fat—s)
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Ryv(t,s) = F E (X (t)er2mlet X*(t)e’ﬂ"f°‘)l 5 (X(s)emses 4 X*(s)ﬁ’ﬁﬂf‘si

= TE[XOX P + X ()X (s)er 0

+ X* (1) X (s)e™I2rSe(t=9) 4 X*(t)X*(s)e’ﬂ”fC““)}

_ Applying the expectation operator E[] and using the definitions Rxx(t,s) = E[X(t)X*(s)] and
Rxx(t,s) = E[X(t)X(s)]:

171~ . 5
Ryy(t,s) = 1 [Rxx(t-, 8)6]2”f+ Rxx(t-,szeﬂ’(f@
+ Rixls,0e 2 N+ By, t)e-ﬂﬂ'@} )

Using the Hermitian property R% y(s,t) = Rxx(t,s) and the symmetry of Rxx for proper-complex
signals, Ryy (t,s) can be rewritten as:

BT, S
‘(\'r&T‘.ﬂTA:Y@,s) = 2R { Ricx (b, 5)-) 4 Rex(r ”“) Q. X#® 2

Cocs (2)

wsc S Q)
For Ryy (t,s) to be periodic with period 7', we require Ryy (t + 1,5+ 1) = Ryy (¢, s).
Rxx(t,s) has period T when X(t) is WSCS, but Rxx(t,s) requires X (1) to be SOCS to have
period 7. This analysis proceeds by assuming X (¢) satisfies the SOCS condition, so both functions
(Rxx, Rxx) are T-periodic. We examine the phase terms in Eq. (7):

2.2.1 WSCS Periodicity Condition for Ryy (¢, s)

1. Term 1: Autocorrelation Rx y The phase term is e/27/<(t=5) { s is the time difference 7, which
is independent of the absolute time ¢. Since Rxx (t,5) = Rxx(t + T, s+ T), this term **always**
satisfies the periodicity condition, regardless of f..

o F (44 5)
(¢4

. Term 2: Complementary Autocorrelation Ry x The phase term is e/27/¢(**%) When shifting
t = 1+4+T and s — s + T, the new phase is:

N

IS AGHT)H(+T)) _ 32mfolths) | i2nfe(2T)
&~

For this term to be periodic with period T, the factor e/27/<(T) must equal 1:

127 (2T — 1
—_—
This requires the doubled carrier frequency 2f. to be an integer multiple of the cyclic frequency
1/T:
p m
ch:?: meEZ or fc:@ (®)

———

2.2.2 Overall Conclusion for Y (t) WSCS

o If X(t) is general SOCS with ux(t) # 0: Both mean function (uy) and autocorrelation (Ryy)
must be T-periodic. The dominant condition is f. = k'/T. Result: Y (t) is WSCS only if f, =
k/T.
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2.2.2  Overall Conclusion for Y () WSCS

o If X(t) is general SOCS with jx(t) # 0: Both mean function (uy) and autocorrelation (Ryy)
must be T-periodic. The dominant condition is f. = k’/T. Result: Y (t) is WSCS only if f. =
K/T.

If X(t) is general SOCS with x(t) = 0: Only the autocorrelation condition is required. Since
Rxx(t,s) # 0 (for general SOCS), Term 2 must be periodic. Result: Y (t) is WSCS only if
fe=m/2T.

If X(t) is Proper-Complex: If X(f) is Proper-Complex and px(t) # 0, the mean condition
fe = K'/T dominates. If X(t) is Proper-Complex and px () = 0, then Rxx(t,s) = 0. Term 2 is
zero, and Ryy is always T-periodic regardless of f.. Result: Y (¢) is WSCS only if f. = k'/T (if

Y(-b) nx(t) # 0) or always (if px (t) = 0).
wscs T
= 3. Analysis of Down-Conversion with Incorrect Frequency

X
Socs

_\J’Ve analyze the down-converted complex signal X (t), defined by:

X(t) — X(t)ej%r(fu-“f(!)f (9)
Let Af = f. — fo. The question is: Is )?(t) SOCS with the period 77

T _ E“;w—a@@e')\%)

\ X X®) socs 1
LY S O | ST

3.1. Mean Function (WSCS Condition)

The mean function () = ux (t)e2™AI is periodic with period T (WSCS condition) only if:

keZ

Af=fo-fo=2,

3.2.  Autocorrelation Function (ACF) Analysis

For X(t) to be WSCS, its Autocorrelation Function RXX(tv 5) = E[X(t)X*(s)] must be periodic with
period T.
The ACF is given by:
Ry 5 (t,8) = B[X (£)e27At . X (5)ei2rA 5]
= BIX() X" (s)]e2m81 (=)
= Ryx(t,5)e?*m/ (=) (10)

We check the periodicity condition R ¢(t +T,s+T) = R ¢ (t,s):

Ri(t+T.s+T) = Ryx(t + 1,5+ T)eS2m A (HT)=(s+T))
= Rxx(t,5)e/?m8/(=9)
= Rgx(ts)
Since Rxx(t,s) is T-periodic (due to X (t) being WSCS), and the phase term e/272/(:=) depends
only on the time difference 7 = ¢ — s (which is independent of the absolute time shift T'), the ACF is
**always** T-periodic, regardless of the frequency offset Af.

Conclusion (ACF): The autocorrelation condition for X (t) to be WSCS is always satisfied if X ()
is WSCS.
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only on the time difference 7 = ¢ — s (which is independent of the absolute time shift T'), the ACF is
**always** T-periodic, regardless of the frequency offset Af.

Conclusion (ACF): The autocorrelation condition for X (t) to be WSCS is always satisfied if X (t)
is WSCS.

3.3. Complementary Autocorrelation (SOCS Additional Condition)

For X(t) to be SOCS, its CACF R)’(X(f~ s) = E[X ()X (s)] must be periodic with period T.

Af(t+s)
aft+e)

A F(E4g)
Af(t

= Rxx(t,s)erm 04 (ay

The periodicity condition I?)»(}*((t +T,s+T)= f?/j(f((t? s) requires the phase factor to satisfy:

Ryxlt,s) = EIX (X ()]’

(I2TAF(2T) _

Conclusion (SOCS/CACF):
o If X(¢) is general SOCS with ux(t) # 0: X(t) is SOCS only if Af = k/T.
o If X(t) is general SOCS with px(t) = 0: X(t) is SOCS only if Af = k'/2T.

o If X(t) is Proper-Complex with ux(t) = 0: Rxx(t,s) = 0, so INEX,X,(L s) = 0. The SOCS
condition is trivially satisfied. X (¢) is SOCS always.

4. Summary of Cyclostationary Preservation under Frequency
Conversion
The preservation of the cyclostationary property depends on precise frequency synchronization.
e Up-conversion X(t) — Y (t) (WSCS preservation):
— If X(t) is general SOCS and px (t) # 0: Y (t) is WSCS only if f. =k'/T.

— If X(t) is general SOCS and pux(t) = 0: Y(t) is WSCS only if f. =m/27T.
— If X(t) is Proper-Complex and px (t) = 0: Y (¢) is WSCS always.

o Down-conversion X (t) — X(t) (SOCS preservation):

— ACF condition (WSCS/SOCS part 2): Always satisfied regardless of Af.

— Mean condition (WSCS/SOCS part 1): If px(t) # 0, Af = k/T
— CACF condition (SOCS additional): If Ryy # 0 (general SOCS, ux(t) = 0), Af =
k' /2.

— Proper-Complex case: If X () is Proper-Complex and pux (t) = 0, X(l) is SOCS always.
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B4 88 49 Wigner 2X 4, SCD/CSCD 24 @
Up-converted B3| A5 9] AHEZ A SOCS
13E A=
Gemini AT Assistant and Joon Ho Cho

November 14, 2025

Abstract

2 BAE T-57] 22 &8 34 F3(S0CS)Ql 4 o5 3 X(1)o] AHEY 2Ag U
WA X (t)e] 22 FA eql A7) AW §(ACF)9 AR A7) A3 94 (CACF) 71d& Holgt
Utk thgo 2, of AYER ol8ske] AZ-Fa4 9| HHY Wigner BE G4(WDF)} 41
WDF(CWDF)E 273tk WDF % CWDFE 4] A7} to] sl 2o dghsle] &8 A¥ESY
9k F4(SCD)% FR &8 AMEY Uk §4:(CSCD)S AUsH o5ty 2 g Ff Bi-
freoquency Spectrum ¥@30] 5 TS ST 914 R4S W3t £3k5 f.2 Up-conversion
5 A% Eaioel A (0ol BEEYT. V()9 ACF 9 WDFo ot BAHel F4o] f=huck.
7V} Fa3%F 232, Up-converted A& Y (t)2] SCD Sy (a, f)7F 71AH Y X (t)2] SCD Sx (a, f) ¥
CSCD Sx(a, f)o] A% 2o 2 BARE PANLS AAGUh vpARo R, X (¢)7F SOCS 4 3
oo ~AHEY EAS A5 AWstn], SCDS CSCD7} &5k A2 AMEY Ur §H4:(CPSD) 9 Atk
CPSD(CCPSD) @02 TA5E o] 44l 542 Hojguith,

1. Wigner Distribution Function (WDF)2} Complementary WDF
(CWDF) 39

WDFL ACF #'38 341 A1 t9} 1744 7ol that @42 AFg:3ko] 4| |v], 4 WDFL= CACF #4:&
A-gste] A ojgct.

1.1. B4 7|AYY A% X(t)9] WDF Wx(t, f)
X(£)2] WDF= ACF 7Y Rxx(t+7/2,t - 7/2)9] Ak 7of digh Falof wigho 2 ol

Wx(t, f) = / Rxx(t+7/2,t —7/2)e ™7 dr
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Wx(t. f) = / " Rax(t4 /2t —r/2e 2 dr

—00

1.2. AH Wigner X g4 (CWDF, Complementary Wigner Distribution
Function) & 9]

X(1)°] CWDF W (t, f)= CACF A Rxx(t+7/2,t —7/2)°] A7k} o] gt Fejo] wigho g Ao

il

Wx(t. f) = /x Rxx(t+7/2,t —7/2)e > "dr
2. Spectral Correlation Density (SCD) Y@ Complementary SCD
(CSCD) 9]

SCD 9 CSCD= 72 WDF Wi (t, f)2F CWDF W (t, f) S 541 A2} to]] i3l Fourier ¥gks}o] A o] g},

21. 8 A¥EY UL ¥4 (SCD) A9
X(£)©] SCD Sx(a, f)= tHe3t Zo] WDF Wi (¢, £)°] A7} to] tjg Fourier Wgho.2 A o]tk

Sx(a, f)=F {Wx(t, f)} = /"’ Wi (t, fle-i2mtas
1714 at= &8 F1t4(Cyclic Frequency)o|tt.

2.2. AR &3 AHEY 9Ir 4 (CSCD) 39
X(1)2] CSCD Sx (o, f)i TH&F o] CWDF Wi (t, £)9] A7k o] thgt Fourier WMo 2 % o|glck:

Sx(a,f)=F {ﬁ’x(f,/)} = /m Wi (t, f)e=72mtdt

3. Bi-frequency Spectrum} &8 AHEF WU g4 (SCD/CSCD)
o B4

Bi-frequency Spectrum Sx x (f1, f2) ¥ Complementary Bi-frequency Spectrum Sxx(fi, f2)%=SCD Sx (a, f)
W CSCD S (o )9} F3H4 W4 WS o) AREE S5e AHEY Eelolt).

3.1. Bi-frequency Spectrum Syx(fi. f2)2 SCD Sx(a, f)2] BA|
SCD+ Bi-frequency Spectrum a = fi — fo9F f = (f1 + f2)/29] FHFAZ §igkste] & 4= ok

Sx(a, f) = Sxx (f +a/2,f — a/2)
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SCD+= Bi-frequency Spectrum2 o = fi — fo2}F f = (fi + f2)/29] AR HZsto] A& 4= Utk
Sx(a, f) = Sxx (f +a/2. f - a/2)
Bi-frequency Spectrum Sxx (fi, )= ACF Rxx(t,s)®] t&} sofl tgh 22b¢] Fejof Wigho & A ojer}.

3.1.1 SCD ¥#&29] 7]5}5t4 d]4 (Geometric Interpretation)

n e W sr raenal (T e
Bi-frequency F% (f1, f2)9lA Cyclic Spectrum B9 (o, )22 3

-l o

7]ststA o &2 o] Hghe 37 (Rotation) ¥t H|FY 2# U7 (Non-uniform Scaling) ] 250 2 3j|4 %
==

1. 3]d (Rotation): (fi,fo) WHE awzoz 45° WAlA Weo g sdHth o £& F 24
(f1 = f2)oll Z=&]o] ¥]aL, f &2 5 cfzHd ) PafshA| Hrt
2. 2719 (Scaling): 15° AA G 517 F2| 2AAY U FY(Flip) .2 Lofoal ka3t ek

=157 ) [ )
£ 1/VEH, o BHEE Fakg) 02t —VEH A
CRRETENEY B MR ey

3.2. Complementary Bi-frequency Spectrum Syx(fi. f2)9F CSCD Sy (a, f)9]
24
CSCD¥: Complementary Bi-frequency Spectrum-g th-&-3} Zro] ¥gtslo]
Sx(o, f) = Sxx (f +a/2,—f +@/2)

Complementary Bi-frequency Spectrum Sy x(f1, f2)%= CACF Rxx(f,s)9] 19} so] gt 22+ ajo]
Wgto @ FolHk.

m[o

% slek

3.2.1 CSCD Hi%2] 7]5}8t4 3|4 (Geometric Interpretation)
Bi-frequency B (fi, f2)914 Cyclic Spectrum BT (a, )] W BYAL ch23} Zo| Hojgick

(1=t -l [

o] YA WE SCD W B3} §hAH(Reflection) FH| Fo 2 Hajd 4 9lc:

[1}2 —11/2] = [1}2 1_/12] [(1) —01]

SeleA 02 CSCD MEL Sxx(fi, f2) BRG] a3} 2 2419 AL 2 galo] oj7iTk
1. HkA} (Reflection): Complementary Bi-frequency Spectrum-a HA f, Zof tfsf] ¥rALHECH (£,
[t o]

fox £\ 0l BEXL SR © HAaAFRE AL 7k
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715tetH 02 CSCD MEhe Syx (fi, f2) ERO) thah e &4 o] @shg #-gsto] Pojick:
1. ¥tA} (Reflection): Complementary Bi-frequency Spectrum-& WA f, Zof ths] ¥HAHCH (&,
_ 1 N
foos ool aa [ | Aashe 2m g
2. SCD ®igh yhatel AMER ] ®FE SCD 7]okeha] W (45° 314 9 H|Fd AAYY/E™)0]
4§t
4. Up-converted A% Y (t)9] ACF, WDF, ¥ SCD £d
Y(t)& X (t)E ¥hsut Fub4 f.2 Up-conversiongt A4 S| A5 o]t}

Y (t) =Re {X(t)eﬂ"“} e (X(t)eﬂ"f”t + X*(t)e’ﬂ"f‘t)

1
2
4.1. Y(t)9] Autocorrelation Function (ACF)
Zero-Mean 7} 8tol] Y(1)9] ACF Ryy(t.s) = E[Y(£)Y (s)]= 7]4th®] ACF Ryx9} CACF Ryy &
F@Eh

Ryy (-4 7/2,6 = 7/2) = SRe{ Rx(t+7/2,6 = 7/2) 7 4 R (t-+ /2, = r/2)ei )

4.2, Wy (t, f)9F Wy, Wy o] $A)
Y (t)2] WDF Wy (t, f)= X ()] WDF Wx(t, )¢t CWDF Wx(t, f)¢] Fo& th-&7} go] E@Hh:

W (6, 0) = W6, f = 1)+ Wi (0, + 1)

1 T T 4
+ 3 [Pt e £ Wit —pre=sinse

4.3. Y(1)9] SCD B (Sx¢ Sx o BA)
Wy (t, f) BAA o]l A7t to]] t@t Fourier HEHS #3519, Y (t)2] SCDE= X (t)2] SCD ¥ CSCDE AH-g-51o
oh3at 2ol ZAFTh:

Sy(a, f) = 7 [Sx(a,f = fo) + Sk (=a. f + [o)]

+

W] =

[Sx(a—2fe ) + Sx(~a+ 240 ~f)]

. T-%7) SOCS B4 88 34 X(1)9] 54 € V()] 54

5
X (1) T-37] SOCS o2 Fosu, 1 24} §7] F4k T 578 gt
AT Y (1)) AL AR

r
K
o
A|m
oXx
rlo
=]
v
Q
[=]
=]
-
[e]
=
(]
(=9
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Fig. 1. Spectral correlation magnitude surface for an amplitude-modulated
sine wave with carrier frequency fo.

Figure 1: Fig.1 in [1]

Fig. 2. Spectral correlation magnitude surface for a pulse-amplitude
modulated pulse train with pulse rate 1/ 7.

Figure 2: Fig.2 in [1]

51. X(t)¢] 22 A 2 ~HEH EA
5.1.1 Autocorrelation Function (ACF) @ Complementary Autocorrelation Function (CACF)
X(5)€] ACF Ryx(t,5) = E[X()X*(5)|2} CACF Ry (t,5) = EIX ()X (s)]= B T 7718 @ik

Rxx(t,s) = Rxx(t+T,s+T), Rxx(t,s)=Rxx(t+T,s+T)
ACF % CACF #Ad Rxx (t+7/2,t—71/2)% Rxx(t+7/2,t—7/2)%= %4 A2+ to] t3]] Joint Periodic
(@F F714) 542 Ak
5.1.2 ACF @ CACF #49| Fourier 24 A7
T]——Zrﬂ SOCS #7go] AL FH Az toll el 77 TE 7HA B &, vpZ37 2ol Fourier 42 AMNE 4
o
ME}\-CF Ad:

Rxx(t+7/2,t—7/2) = i RE) (7)ei2mrt

k=—oc0

o714 R_(\’f)(r)\% kA &8 Z7] 4@ F4(CAF, Cyclic Autocorrelation Function) 2] Fourier 7|
Zrolr, o] 9] Zaof Wigto] &8 A AHEY Wk 4 (CPSD, Cyclic Power Spectral Density)
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Fig. 3. Spectral correlation magnitude surface for amplitude-shift keying
(and binary phase-shift keying) with carrier frequency = 3.3/Tj.

Figure 3: Fig.3 in [2]

10/To

-5/T, —_— 5/T,

Fig. 4. Spectral correlation magnitude surface for balanced amplitude-
phase-shift keying (and quaternary phase-shift keying) with carrier fre-
quency = 3.3/T7,. .

Figure 4: Fig. 4 in [2]

CACF AY:

Ryx(t+r/2t—7/2)= Y RY(r)el> ¥t

k=—0c0

o] 7] A Rg)(r)g kA AR &8 7] A% d4(CCACF, Complementary Cyclic Autocorrela-
tion Function)?] Fourier #|g=0]w, o]o] Fajof] Wgto] FH &3 MY AHEY dUr 4 (CCPSD,
Complementary Cyclic Power Spectral Density) §¥‘>(f)0]13}.

5.2. SOCS 718t Wy (¢, f) & 2 &3 AYEY HF

fe=mo/(2T) 2700] SFH, Y ()= T-F7] WSCS #H4& whEstH, Y (1)©] WDF Wy (¢, f)= o33t
2ol oy =1/T F34E Zi= Fourier g8 RAHTH
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5.2. SOCS 718t Wy (t. f) §= 2 &3 AHEY §&
fo=mo/(2T) 0] FZEW, Y (1) T-77] WSCS 7 whEsiul, Y (t)e] WDF Wy (¢, ) oh&3t

=
ol oy =1/T Futp5 ZH= Fowrier 342 E@HCH

Wy(t.f) =Y SP (et

l=—0c

5

-5/T, _ 5/T,

Fig. 5. Spectral correlation magnitude surface for staggered quarternary-
phase-shift keying with carrier frequency = 3.3/7,.

f
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Fig. 7. .Spectral correlation magnitude surface for Manchester-encoded
binary phase-shift keying with carrier frequency = 3.3/T,.

Figure 5: Fig. 4 in [2]

o174 1A &8 2eEd BE @4 57 (f)E 7140 A52] CPSD SY(f) R CCPSD Sy (f)2)
o FAHED, &8 Fut4 o = I/TolA ol4tH oz ERgT:

SO =7 [SV0 =10+ (SO0 + ) + 8™ () + B (=)

5.3. SCD/CSCD$} CPSD/CCPSD9] #4 ¥ PSD & &
X()7h T-57] SOCS HAd ¢, SCDL} CSCD= o4 Ql 5% 5+
CPSD S (f) % CCPSD 5¢(f)el <15 25k

Sx@ =3 ¥ («-1)

P
Sx@n= Y. 80s(a-1)
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/AY{'E)—’/A)(H‘;‘(:U , H e Gemini Al Assistant and Joo J

. 2025 ) & L_.
x(hf)—;[fﬂﬁt) L) B de

F; Abstrax
P ﬁ documem investigates the spectral analysis of a complex stochastic process X (¢) which is XH_—)
“periodic Second-Order Cyclostationary Process (SOCS). The analysis begins by defin-
% second-order statistics, namely the Autocorrelation Function (ACF)

Complementary Autocorrelation Function (CACF) kernels. These kernels are rhenm& ) {t‘\'—
introduce their time-frequency domain counterparts: the Wigner Distribution Function
and the Complementary WDF (CWDF). By performing a Fourier transform of the WDF and

CWDF with respect to the center time ¢, the document rigorously defines the Spectral Correla- 4t

tion Density (SCD) and the Complementary Spectral Correlation Density (CSCD), and
~—stabiishes their equivalence through coordinate transformation with the Bi—frequemp-

resentations. The core analysis focuses on the real passband signal Y (¢), formed by up-converting

X (t) at a carrier frequency fo. Explicit formulas for the ACF and WDF of Y (¢) are derived. Most

importantly, the paper presents the relationship where the SCD Sy («, f) of the up-converted signal

Y (t) is expressed as a linear combination of the baseband SCD Sx (a, f) and CSCD Sx (e, f). Finally,

the spectral properties are detailed for the specific case where X (t) is an SOCS process, showing

the discrete nature of the SCD and CSCD in terms of Cyclic Power Spectral Density (CPSD) and

Complementary CPSD (CCPSD).

1. Definition of Wigner Distribution Function (WDF) and Com-
plementary WDF (CWDF)

The WDF is defined using the ACF kernel as a function of the center time £ and time difference 7. The

Complementary WDF (CWDF) is defined using the CACF kernel.

1.1. WDF Wx(t, f) of the Complex Baseband Signal X (t)

The WDF of X(t) is defined as the Fourier transform of the ACF kernel Ry x(t + 7/2,t — 7/2) with
respect to the time differen T

oo
/ Rxx(t+7/2,t —7/2)e > "dr
—%

1.2. Definition of Complementary Wigner Distribution Function (CWDF)

The CWDF W (t, f) of X(t ) is deﬁued as the Fourier transform of the CACF kernel Ry x (t +7/2,t —
7/2) with respect fo the time nee 7:
\{H'Pﬂ)l " ,p‘)ﬁﬂ] — Rrity)= 'Lgei?kxl‘t e ):rrﬁﬂ-s)
)( )C ¥ i / Rxx(t+7/2,t —7/2)e 7™ 7dr JITQI'HS)
- +Rox (£:5) @ !
J

Wyter) = =

=

1 t

2. Definition of Spectral Correlation Density (SCD) and Com-
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2. Definition of Spectral Correlation Density (SCD) and Com-
plementary SCD (CSCD)

The SCD and CSCD are defined by taking the Fourier transform of the WDF Wx(t, f) and CWDF
Wx(t, f), respectively, with respect to the center time ¢.

2.1. Definition of Spectral Correlation Density (SCD)

The SCD Sx(a, f) of X(t) is defined as the Fourier transform of the WDF Wx (¢, f) with respect to
the time ¢:

Sx(a, f) = Fi {Wx(t. )} = /” Wi (t, f)e—72mts

where « is the Cyclic Frequency.

2.2. Definition of Complementary Spectral Correlation Density (CSCD)

The CSCD Sy (a, f) of X(t) is defined as the Fourier transform of the CWDF Wx (¢, f) with respect
to the time ¢:

Sx(a, f)=F {Wx(t, f)} - /X) W (t, f)e-92metds

3. Relationship between Bi-frequency Spectrum and SCD/CSCD

The Bi-frequency Spectrum Sxx(f1, f2) and the Complementary Bi-frequency Spectrum Sxx(fl,fz)
are equivalent spectral representations linked to Sx (e, f) and Sx(a, f) through a frequency variable
transformation.

3.1. Relationship between Bi-frequency Spectrum Sxx(fi, f2) and SCD Sx/(«, f)

The SCD can be obtained by transforming the Bi-frequency Spectrum to the coordinate system of
a=fi—foand f=(fi + f2)/2: gx;(
, | tf)
K> k(@[ Sxx (F+a/2.f —af2)
—_—

The Bi-frequency Spectrum Sxx (f1, f2) is defined as the 2D Fourier transform of the ACF Rxx(t,s)
with respect to ¢ and s.

3.1.1 Geometric Interpretation of the SCD Transformation

The coordinate transformation from the Bi-frequency plane (f1, f2) to the Cyclic Spectrum plane (a, f)
is described by the linear mapping:

al |1 —1]|hA

5] =1 a] 2]

Geometrically, this transformation represents a combination of rotation and non-uniform scaling:

1. Rotation: The (f1, f2) plane is effectively rotated bounter—clockwis& The a axis becomes
perpendicular to the main diagonal (f; = f2), and the f axis becomes parallel to the main diagonal.

2. Scaling: When decomposed into a 45° clockwise rotation followed by a scaling and reflection:

N_[yve o] [1v2 V2] [h

al 0 -2 *l/\/i 1/\/5 fa
This implies that after rotation, the graph is scaled by 1/1/2 along the f direction (mean frequency)
and by —v/2 along the « direction (cyclic frequencyy, which includes a reflection (flip) and a scaling

by V2. Sxerf) = Sxtff)
) g;(oa»f) = §;¢(‘F"Fz—)
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3.2. Relationship between Complementary Bi-frequency Spectrum S’XX(fl, f2)
and CSCD Sx(a, f)

The CSCD can be obtained by transforming the Complementary Bi-frequency Spectrum:

4 Sx(a, f) = Sxx (f + /2, —f + a/2) ?)Z,( EF"‘FQ

The Complementary Bi-frequency Spectrum Sxx(f1, f2) is defined as the 2D Fourier transform of the
CACF Rxx(t,s) with respect to t and s.
3.2.1 Geometric Interpretation of the CSCD Transformation

The transformation from the Bi-frequency plane (f1, f2) to the Cyclic Spectrum plane (q, f) is defined

by the linecar mapping:
{ ] { 1 ] [fl]
f 1/2 1/2| | f2

This matrix can be decomposed as a reflection followed by the standard SCD transformation matrix:

L1 ]_[1t =1t o

1/2 —1/2] ~ [1/2 1/2] |0 -1
Geometrically, the CSCD transformation is achieved by the following sequence of operations on the
Sxx(f1, f2) surface:

1. Reflection (Flip): The Complementary Bi-frequency Spectrum is first reflected across the f; axis

(i.e., fo = —f2). This is equivalent to applying the reflection matrix [(1) Pl .

2. SCD Transformation: The standard SCD geometric transformation (rotation by 45° and non-

e

uniform scaling/flip) is then applied to the reflected spectrum.

4. ACF, WDF, and SCD Representation of the Up-converted
Signal Y (¢)

Y'(t) is the real passband signal obtained by up-converting X (¢) to the carrier frequency f.:

Y(t) = Re {X(t)e’*™ /' } = = (X()e?*/e! + X*(t)e 9*/et)

1
2
4.1. Autocorrelation Function (ACF) of Y'(¢)

Under the zero-mean assumption, the ACF of Y'(t), Ryy(t,s) = E[Y (t)Y(s)], is expressed in terms of
the baseband ACF Rxx and CACF Rxx:

Ryy(t+71/2,t —7/2) = %Re {RXX(t +7/2,t— T/Z)Ejz"f‘T + Rxx(t+7'/2,t — T/Z)ejh”ff’}

4.2. Relatipnship between Wy (¢, f) and Wy, Wx
Wy (t, f), is expressed in terms of the WDF Wx (¢, f) and CWDF ﬁ/x(t, f) of X(t)

Sikide
e

The WDF of Y/(
as:

Wy (t, f) =
~ns

Wx(t/f = fe) + Wx(t, f + fo)]
ANRAA an~~

[Wx(t, £)ert=Fet + Wi (¢, — ple7714]

NN
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Taking the Fourier transform of the Wy (¢, f) relationship with:‘sp—(:' to tim®
expressed using the SCD and CSCD of X(t):

i SY(O-fiz €5x?a-f—f«)+S_*\-(—u-f+f«)]

+- [S‘X(a —2f., f) + 8k (—a + 2f.. —fﬂ

D”\'{'wf;wrn%

e

'S

3fo

-a1,/3 4t/3

_f}/ f

R

e SCD of Y(t) is

Sxrf|= :\g',,(ar,-[l)
L xt)

Fig. 1. Spectral correlation magninﬁg surface for an amplitude-modulated

sine wave with carrier frequency f;.

Figure 1: Fig.1 in [1]

Fio 2  Snectral correlation maenitnde surface for a nulse-
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Fig. 2. Spectral correlation magnitude surface for a pulse-amplitude
modulated pulse train with pulse rate 1/ 7.
——

Figure 2: Fig.2 in [1]

5. Characteristics of the T-periodic SOCS Complex Stochastic
Process X(t) and Characteristics of Y (¢)

X(t) is defined as a T-periodic SOCS process, where its second-order statistics are T-periodic. This

o g tad cignal VI

te datarimin
(IC Geterinii

ag tha ~nnmandiog ~AF $ha oo arwrd -
es the properties of the up-converted signal Y (¢).

Fig. 3. Spectral correlation magnitude surface for amplitude-shift keying
(and binary phase-shift keying) with carrier frequenc*; 3.3/T,.

Figure 3: Fig.3 in [2] th) g 3 ‘éa&& i
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Fig. 4. Spectral correlation magnitude surface for balanced amy
phase-shift keying (and quaternary phase-shift keying) with carrier fre-

quency = 3.3/T,.
Figure 4: Fig. 4 in [2]

X(t)’s Second-Order Statistics and Spectral Characteristics

5.1.
Xib) 5.1.1 Autocorrelation Function (ACF) and Complementary Autocorrelation Function (CACF)
Q;Q&)C‘ The ACF Ryx(t,s) = E[X(t)X*(s)] and CACF Rxx(t,s) = E[X(t)X(s)] of X(t) are both T-periodic:
Ryx(t+T,5+1T), Rxx(t,s)=Rxx(i+T,s+1)

The ACF and CACF kernels, | Rx x (t + 7/2,t — 7/2] and Rxx(t + 7/2,t — 7/2), exhibit a Jointly

Periodic characteristic with respect to the center timé ¢.
—_—

5.1.2 Fourier Series Expansion of ACF and CACF Kernels

Since the kernel of the T-periodic SOCS process has a period T with respect to the center time ¢, it can

be expanded into a Fourier series as follows.

Fig. 5. Spectral correlation magnitude surface for staggered quarternary-
phase-shift keying with carrier frequency = 3.3/7,.
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Fig. 5. Spectral correlation magnitude surface for staggered quarternary-
phase-shift keying with carrier frequency = 3.3/7,.

-5/To — 5/,
Fig. 6. Spectral correlation magnitude surface for minimum-shift keying SY (0,‘})
with carrier frequency = 3.3/7,. (‘/// _ﬁr_—_

10/T,

-5/T, AN 5/To

Fig. 7. 'Spectral correlation magnitude surface for Manchester-encoded
binary phase-shift keying with carrier frequency = 3.3/T,.

Figure 5: Fig. 4 in [2]

ACF Kernel:

their Fourier transform is the Cyclic Power Spectral Density (CPSD) S/\ )(f /P wxlb‘e)._ zs)ib(‘pe

CACF Kernel:
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their Fourier transform is the Cyclic Power Spectral Density (CPSD) Sg?)(f)
CACF Kernel:

Rxx(t+71/2,t —7/2) = Z RE) (7)ei?m
[

where iz(,ﬁ) are the Fourier coefficients for the k-th Complementary Cyclit Autocorrelation

Function CACF), and their Fourier transform is the Complementary Cyclic Power Spectr
: (k)

Density {QCPSD) Sy (f).

5.2. Derivation of Wy (¢, f) based on SOCS and Cyclic Spectrum Expressio

If the condition fo = myq/(2T) is qamﬁcd Y(!) samﬁos the T- perlodl( WSCS
Wy (t, f) is expressed as a Fourier

rocess, and its WDF

Wy (t, f) = Z S(l) ]L)e]Z'r t

CPSD s“)

— —~—

5.3. Relationship between SCD/CSCD and CPSD/C

When X () is a T-periodic SOCS process, the SCD and CSCD exist only|aff discrete cyclic frequencies
a = k/T, and arc determined by the CPSD S%(f) and CCPSD 5% (1),

sx@n= 3 s005 (o= 1)

k=—o00

egpectively:

G («-7)

k=—o00
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