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EECE 695E: Spectrally-Correlated Random Processes

Take-Home Exam # 3 (Nov. 2025)
Student #:

Name:

Upload a pdf file that contains all your solutions and answers to the PLMS.

Problem 1: ___ /10
Problem 2: ____ /10
Problem 3: ___ /10
Problem 4: __ /10
Problem 5: ___ /20

Total: ____ /60
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Problem 1. (10 points) Suppose that X(t) is éreal—valu%d WSS random

MautOCOI'I'elatio1l function Ry () £ E[X ()X (t — 7)]. This random process
is up-converted to a real passband random process as

Y (t) = R{X (1)1}, BPSK

where f, > B with being B the bandwidth of X (t). Answer the following questions.
e) arf

(a) (2 points) Find the mean path of f/(t) RW (ts) = Rﬁ --

(b) (3 points) Find the autocorrelation function Ry (¢, s) of Y (t) in terms of Ry (7). = F \r} t‘l:‘(‘ S"(‘ —-l_ >
eTe ! Q:ﬁ

5 points) Show that Y (¢) is a WSCS rand ith cycle period 1/(2f.).
(c) (5 points) Show that Y'(¢) is a random process with cycle period 1/(2f.)

Problem 2. (10 points) In Problem 1, let S¢¢(f) be the Fourier transform of Ry ¢(7)
with respect to 7. Answer the following questions.

(a) (4 points) Show that the Loeve bi-frequency spectrum Sy ¢(fi, f2) can be written
as

Syx(fr. fo) = Sxx(f)(fL = f2)

and that the complementary bi-frequency spectrum S ¢x(f1, f2) can be written as
Sxx(fio f2) = Sgx(1)O(fi + fo)

or, equivalently,

Sgx(fi,—f2) = Sxx(F1)(f1 = fo)-

(b) (5 points) Derive the Logve bi-frequency spectruml Syy (fi, f2)fin terms of Sg ¢(f).7 ¢

point) Sketch |Syy (f1, f2)| and confirm that there can be non-zero correlation ’

only on the line f; = f, and the lines parallel to f; = f, with spacing £2f..

'
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Problem 3. (10 points) Suppose that X () is a real-valued WSS random process with
mear nd the autocorrelation function Ry ¢(r) = E|X (t)X(t — 7)] of the zero-

meart part X (£), i.c., X(t) = px + X (t). This random process is up-converted to a real

passband random process as
D)

N
foer) Q. X 5 SoS Rp
where f. > B with being B thandwidth of X (t). Answer the following questions. wl/l (S
at s the lezen‘}/

(a) (2 points) Find the mean path py (t) of Y (¢) and also find the fundamental period

of py(t). \((_@ ?

(b) (3 points) Using Problem 1-(b), find the autocorrelation function Ryy(t,s) of Y (¢)

in terms of ux and Ry ¢(7) and also show that A )
o B & WSCS »/
Ryy(t,s) = Ryy (t +—,s+ —) V(t, ).
Amdoawentd. ¢ ycla ‘?e\A\G d
(c) (3 points) Using (a) and (b), show that Y'(¢) is in general a WSCS random process _.L or !
with fundamental cycle period 1/ f.. ,.FC ZF
C

2fe 2fe

(d) (2 points) Show that Y (¢) is a WSCS random process with fundamental cycle period

1/(2f.) when px = 0. ,‘
/2, Ay w,w""‘ &)

O
wfb"
Problem 4. (10 points) In Problem 3, let S ¢(f) be the Fourier transform of Ry ¢(7) W M \ﬁ&

with respect to 7. Answer the following questions.

(a) (2 points) Using Problem 2-(a), show that the Loéve bi-frequency spectrum Sxx (f1. f2)
can be written as

Sxx(fi, f2) = ux0(f1)8(f2) + Sy x (f1)3(fr = f2) = {ux0(f1) + S (f)}(f1 — fo)

and that the complementary bi-frequency spectrum Sy x (f1, f2) can be written as

Sxx(fi,—f2) = B 0(f1)0(f2) + S (F)I(fr— f2) = {p%0(f1) + S (f)}O(fi+ fo).-
(" /A\rﬂ:):/A\dt Ly ¥

(b) (4 points) Using Problem 2-(b) and Problem 4-(a), derive the Loéve bi-frequency
spectrum Syy (fi, f2) in terms of px and Sg ¢ (f).

(c) (3 points) Sketch |Syy(f1, f2)| and confirm that there can be non-zero correlation k\n) [QW (-b |§ ): R/Y\'? M{\Fy . g"‘?:'_‘é ) rH{Le 15)

only on the line f; = f, and the lines parallel to f; = f» with spacing +2f,.

even though there are non-zero correlation only on the line f; = f, and the lines

—_—
a (1 point) Discuss why Y (t) is not WSCS with fundamental cycle period 1/(2f.)
parallel to f; = f, with spacing +2f..

A
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Problem 5. (20 points) Suppose that X (¢
mean jux, autocorrelation function Ry x (
tocorrelation function Rxx(r) £ E[X(t)
to a real passband random process as

=

is a complex-valued SOS random process with
£ E[X(t)X*(t—7)], and complementary au-
(t —7)]. This random process is up-converted

~3

Y (1) = R{X(0)75,
where f. > B with being B the bandwidth of X (t). Let Sxx(f) be the Fourier transform
of Ry x () with respect to f and Syx(f) be the Fourier transform of Rx x (7) with respect
to f. Answer the following questions.

(a) (3 points) Show that in general Y (¢) is WSCS with fundamental cycle period 1/ f..

—_—

7
Ve ’
/ /
(b) (5 points) Show that the Lotve bi-frequency spectrum Syy (f1, f2) exhibits non-zero @ 7 ‘
correlation only on the line f; = f, and the lines parallel to f; = fo with spacing , P ‘

2/

(c) (5 points) Show that Y (¢) is WSCS with fundamental cycle period 1/(2f.) wk
px = 0.

_—

(d) (4 points) Discuss whether Y (¢) is WSS or not when X (¢) is proper. Hint. Consider
both of the cases with gy # 0 and p = 0. ~

3 points) Discuss whether p-FRESH vectorizer can work or not when gy # 0.
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