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Abstract

This paper begins by deriving the **Unit Energy (||s(¢)||> = 1)** condition for the pulse shape
function s(t), which is necessary to set the average power of a **random pulse-modulated signal**
to a target power P in digital communications. We analyze the simplest example, the Nyquist
band-limited Sinc pulse, and verify its energy spectral density |S(f)|* and total energy in both the
time and frequency domains. Crucially, we define the **Vectorized Fourier Transform (VFT)** s(f)
through the FRESH(FREquency — SHift) Vectorization of the pulse function s(t).

Subsequently, we demonstrate that the **Square-Root Nyquist Criterion** for a single-stream
system using a matched filter receiver is expressed using the VFT norm-square as: iTg"(f)g(f) =1
(within the Nyquist Zone).

Finally, the discussion is extended to a multi-stream system transmitting K streams, where we
derive the **Generalized Nyquist Criterion** that simultaneously satisfies **Zero Inter-Symbol In-
terference (ISI)** and **Zero Inter-Stream Interference (IZ1)**. This condition is concisely expressed
as a matrix equation, where the Grammian matrix of S(f) (the matrix whose columns are the VFTs
s,.(f) of the K pulses) must be the identity matrix within the Nyquist Zone |f| < gk
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1. Average Power Condition of Random Signal and Unit En-
ergy Pulse Assertion

1.1. Definition of Random Signal X (¢) and Nyquist Criterion

The random signal X (¢) is defined in the form of a pulse train modulation as: \
\
o prope— Gl Segrena o-F uwi powef~
X@t)=4 Y W7 nT)
n=—od
Here, A is the amplitude constant, and s(t) is the pulse shape function.
To use a Nyquist pulse that satisfies the **Zero Intersymbol Interference (ISI) condition** in a digital

communication system. it is generally convenient to normalize the pulse function s(f) to satisfy the **Unit

Energy** condition. This means setting the energy of s(t), ||s(t)||, to 1 as follows: & \[\ B A
I~ . Oct
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communication system. it is generally convenient to normalize the pulse function s(t) to satisty the **Unit

Energy** condition. This means setting the energy of s(t), ||s(t)||, to 1 as follows: & m\" l & A
sl = [~ s @s(ode =1 '

- Vet wokes (Eixe)]| )

o |[s(t)[|*: Total energy of s(t), assumed to be ||s(t)|[* = 1.

W sequence with proper-complex, zero-mean, unit-variance, i.i.d. elements, satisfying the P
following statistical properties:

Eld,] =0
E[ldn|?] =1
Eld,d}] = dn—k
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1.2. Derivation of Average Power Px and Determination of Amplitude A &" = Clh g\g{tﬁ&

The average power Px of X(t) is calculated by the time average & fo [ X (£)|?)dt. First, we calculate

E[|IX (£)[]. n
E[| X ()] KAZ(] ez‘—nT)(AZd z‘—kT> - N ‘l
= A2 Z Z (t — nT)s"(t — KT)E[dndy] ™Y 8 fb,“T)cH"; %Ev):( '
Due to the property of the sequence d,,, E[d,d}] = d,—, only terms with n = k remain.

E[X (0] =A%) |s(t —nT)P?

Now, we take the time average of E[|X (¢)[?].

T 2 T
=7 | ElXOPE =7 [ S te - 1)l

By swapping the order of integration and summation, and using the property that the sum of the
integration intervals covers the infinite interval, we get:
A2 00 A2
Py == s@)Pdt = = - ||s(t)]|?
w= o [ ls0Pd =S s

—oo

1.3. Determination of Amplitude A

Applying the condition that the average power Px of the signal must satisfy the target power P, Px = P,
and substitutine the condition lls(H)12 = 1:
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1.3. Determination of Amplitude A

Applying the condition that the average power Px of the signal must satisfy the target power P, Px = P,
and substituting the condition |[s(t)[|* = 1:

A2

P T'l

Since A? = PT, the amplitude constant is determined as:
A=VPT

Therefore, when s(t) is a unit energy pulse, the amplitude constant required to make the average power
of the random signal X (¢) equal to P is A =V PT.

2. Derivation of the Unit Energy Pulse s(t)

Now, we continue the discussion by setting / /
W\ 2

X(t) = ﬁ% dv,,,s‘(?— nT) J

n=-—o00

For the simplest example, we assume S(f) is a constant (¢) within the Nyquist band. The Nyquist
bandwidth is %

sy ={¢ PSE _ern)
— = C - T
0 for [f|> 57
2

2.1. Determination of Amplitude Constant ¢

Since s(t) must be a unit energy pulse (||s(¢)||?> = 1), the integral of |S(f)|? in the frequency domain
must also be 1, according to Parseval’s theorem.

sl = [ IstPar=1

ven _ 1 1 , 1
cdf =c |=—-|—-= )| = =5
./4/(27“) [QT < 2T>] T

This value must be equal to 1:

Since |S(f)|? = ¢*
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Since |S(f)|* =c*:

el

/1/(2T) ) o1 1 )
el ()

_1/(27) 2T 2T

This value must be equal to 1:

1 .
c2-T:1 = =T = =T

Thus, S(f) satisfying the **Unit Energy condition** is defined as:

_ VT for \f|§iT
S5 = {O for | f| > zLT

2.2. Derivation of the Time Function s(t)
s(t) is derived through the Inverse Continuous-Time Fourier Transform (ICTFT) of S(f).

0 1/(2T)
s(t) = [ S(f)eItdf = [ VT It df

1/(2T)

Calculating this integral and applying Euler’s formula gives: sto)
T :» . 1 t
s(t) = £ {eJT'! —e’JT't-‘ =VT - =sin (ﬂ-—)
2t Tt \T" ) =
in(rz) -C(":)
) : ’ SN sin(ra),
Expressed in terms of the normalized Sinc function sinc(z) = == N

s(t) = g - sinc (%) e %sinc <%> ~

3. Energy Spectral Density |S(f)[?

The **Energy Spectral Density (ESD)** G,(f) for the unit energy pulse s(t) is defined as [S(f)[?. :——L" gM —_—
q -

IS()[2 = (ﬁ>2.{1 for |£] < 2 ﬁ

0 for |f| > 57

o, JT for I1f1 < L
IS(HI" = {0 for |f] > g
4. Verification of Total Energy E, (Frequency Domain)

The total energy L is confirmed to be 1 through integration in the frequency domain.

0o ) \1/(2T)
B= [ istpa= [ rd

—1/(2T)

a1/(2T) 1 1
Eo=T-[f11)omn="T" (f* (*ﬁ)) =T-7=1
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5. Verification of Total Energy E; (Time Domain)

The total energy E, is confirmed to be 1 through time domain integration ||s(t)||2.

¥ wt 2
E5=/7 |s(t)|2dt=[ (%.smf)> dt

Applying the substitution z = Z£ (dt = %dm):

0o N 2 oo 2
B = l/ sin@\"T . _ l/ sin’(z) ;.
T ) o z ™ T)n 22

s 2
Substituting the special integral [ f"x %ﬁ(z—)dm = s

6. FRESH Vectorization and Vectorized Fourier Transform (VFT)

6.1. Definition of FRESH Vectorization s(t)

In a communication system with period T, the **FRESH (FREquency-SHift) vectorization®* s(t) of the

pulse shape function s(t) represents the components of s(¢) shifted in frequency by % intervals, in vector

form. While theoretically infinite-dimensional, it becomes finite-dimensional for band-limited pulses.
The k-th element of s(t) is defined as:

[s(t)]k = s(t)e 72", kez
Thus, the **FRESH vectorization** of s(t) is:
s(t)eﬂﬁ%f

s(t) = s(t)

s(t)efﬂﬂ%'

The order of the elements in this vector may vary depending on the definition of k, but it is generally
listed symmetrically around k& = 0. In this paper, we assume the order of kis ..., —1,0,1,....

6.2. Definition of Vectorized Fourier Transform (VFT) s(f)

The **Vectorized Fourier Transform (VET)** s(f) of s(t) is the element-wise Fourier transform of each
clement of s(t). (We use s(f) for notational consistency.)

[s(Nlk = F{ls(le} = F {s()e 72}

According to the **Frequency Shift Property** of the Fourier transform, F{s(t)e=727ft} = S(f + fo),
with fo = %:

=5 (£+7)

The **VET** of s(t) is:

[N
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k=5 (r+7)

The **VEFT** of s(t) is:

Sguove—Rest Nyguat Gt & S
)
:f:iﬂ(ﬁﬂﬂ“/, VHZ[S.::LF

6.3. Example Revisited: ESD Representation using VFT

The special case derived in Section 3, where the Energy Spectral Density is constant only within the gé&) *Sﬁ—‘g) :qu)

Nyquist bandwidth, is:
T for |f| < 75 S
S 2 _ 2T =
ISl {o for [f] > 5 @(’V\() n .
1

Dividing this equation by 7 represents the **frequency domain characteristic of a unit energy pulse**:

1mn [1 forlf <
Tls(f)| _{0 for [f| >

Using the VFT s(f), the above special case condition is expressed as:

-5~

Loy . . . i
78" (Ns(N) =1, forall |f| < o

This shows that the VET’s norm square, scaled by (1/7), is uniformly 1 within the Nyquist Zone.

7. VFT Representation of the Square-Root Nyquist Criterion

7.1. Time Domain Definition of the Square-Root Nyquist Criterion

A pulse shape function s(t) satisfies the **Square-Root Nyquist Criterion** in digital communications if
the **composite pulse g(t)**, defined by the convolution of s(¢) with its complex conjugate time-reversed
pulse s*(—t). satisfies the **Nyquist Criterion**, even if s(t) itself does not satisfy the ISI-free condition.

g(t) = s(t) x 5™ (1)

Assuming the unit energy condition for s(¢), the composite pulse ¢(t) satisfies the ISI-free condition when
sampled at intervals of kT it is 1 only for £ = 0 and 0 for other k # 0.

£ - .
1 tork=0

ST =1 5" Olesr =g o ez, 70~

Here, g(t) is equivalent to the **Autocorrelation Function®* of s(t), and g(0) = [*°_|s(t)|?dt = ||s(t)||* =

J—o0
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1 fork=0
kT) = [s(t) = s*(—t = =90
gT) = I5(0) 5" (0|, _yr {0 ke ph g0
Here, g(t) is equivalent to the ** Autocorrelation Function®* of s(t), and ¢(0) = y‘fx, Is(t)|2dt = ||s(#)]]? =

1.
7.2. Frequency Domain Representation of the Square-Root Nyquist Crite-
rion

The Fourier transform G(f) of the composite pulse g(¢) relates to the Fourier transform S(f) of s(t) as
follows:

G(f) = F{s(t) x 5" (=)} = S())S"(f) = IS()®

The frequency domain condition for g(¢) to satisfy the Nyquist Criterion is that the sum of its components
shifted by % intervals is equal to the constant %

! ia(f+k> L forall feR
= — | ==, fora
T Pl T T
Substituting G(f) = |S(f)|? yields the frequency domain condition for the **Square-Root Nyquist

Criterion** of s(t):
[ Lk
PUUGS)

k=—oc

2 1
=1, forall |f| < —
, forall |f] < o=

7.3. VFT Representation of the Square-Root Nyquist Criterion

Using the **Vectorized Fourier Transform (VFT)** s(f) of s(¢), the frequency domain summation con-
dition of the Square-Root Nyquist Criterion is expressed in the form of the vector norm-square.
The norm-square of the VFT, s (f)s(f), exactly matches the periodic version of |S(f)[? of s(t).

SH()s(f) = 5:005* (r+£)s(s+£) - EJS (r+5) :

Therefore, the frequency domain condition of the Square-Root Nyquist Criterion is concisely expressed

using the VFT as:

1 1

Z51(Ns(H) =1, forall |f < o

This means that the %—scaled Periodic Spectral Density of the pulse function s(¢) must be uniformly 1
within the Nyquist Zone.

8. Generalized Nyquist Criterion for Multi-Stream Systems
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8. Generalized Nyquist Criterion for Multi-Stream Systems

8.1. Definition of Multi-Stream Signal X (¢) and Receiver Structure

In a multi-stream system transmitting K streams, the transmitted signal X (¢) is defined as the sum of
K orthogonal pulse trains:

- Xt)
;x di[n]sk(t —nT) —ﬁ Sﬁ-t)

m\and s (¢) is the pufse shape function used for the k-th

Here, dj[n] is the n-th symbol of the k-th st

stream.
The receiver is assumed to use **Matched Filter** receivers to demodulate each stream. To demod- ] ;
ulate the &/-th stream, the matched filter sy, (—¢) corresponding to the pulse sy (¢) is used. The output 2 '_D
Y (t) of the matched filter is: —
K o
e (t) = X () % sio(—t) =D > di[n] [si(t — nT) * s}, (—1)] >
k=1n=—oc0 |

The output signal yx(t) is sampled at intervals of the symbol period 7" to obtain the symbol dy [m] =

yr (mT).
8.2. Zero ISI and Zero Inter-Stream Interference Conditions "((
The condition for simultaneously satisfying **Zero Inter-Symbol Interference (ISI)** and **Zero Inter- g(t -t)

Stream Interference (IZI)** is that the sampled output dj[m] must contain only the target symbol
djs[m], and no symbols from other streams (k # k) or from other times (n # m). That is:

di/[m] = yp (mT) = dj[m], for all k'

The sampling condition for the convolution term to satisfy this is:

[sk(t = nT) % 55 (=0)]|,_, .0 = bk Omm
Substituting ¢ =t — nT and t = mT yields:
[si (') * s;'(_t/)”t’:(m—n)T = Ok krOm,n

Thus, a value must exist only when m = n, and it must be 1 only when k = £’.

o *¥ISI-free Condition (k = k’):** The composite pulse gi(t) = si(t)*s)(—t) must satisfy the Nyquist
Criterion.

GOT) =000 = IS+ =1

m

o **[ZI-free Condition (k # k"):** The composite pulse hy p(t) = si(t) * s, (—t) must be 0 when |
sampled at 7" intervals.

SM hew(nT) =0, forallneZ = %:Sk(f+¥)s,’;,(f+¥)=0
ot

6 -—L s

g\s? L g ClO-Tp biyet !
,o‘%&g < ! :K |\€zf;t\)_{(‘=(
¢ '

':lr % SQQ:L\: C?&Fw
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8.3. VFT Matrix Representation of the Generalized Nyquist Criterion

These two condmonb (ISI-free and IZI-free) can be integrated into a single matrix equation within the
Nyquist Zone |f| < 5% using the VFT.

Defining the VFT of the K pulses s1(t),...,sk(t) as s;,(f), the orthogonality and unit encrgy con-
ditions are determined by the value of %§fj ()85 (f)-
1 4 1 for k=Fk (ISI-free) 1
=5 (f)s = , forall |f| < —=
7w (Daxll) {o for kA K (Ziiee) VIS 57
We define the K-column matrix S(f) as S(f) = (s;(f) so(f) ... s5x(f)), where the K VFT
vectors are its column vectors. The (k’,k)-th element of the Grammian matrix S (f)S(f) is exactly

i (F)se(f)-

Therefore, the above K? identities can be expressed by stating that the Grammian of S(f) must be

the identity matrix Ix within the Nyquist Zone.
e K Steams

This is the VFT representatioh of the **Generalized Nyquist Lrlterlon** for multi-stream systems.

%SH(f)S(f) =1Ix, forall |[f| < o

iic("l]

oA~
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Abstract—The theory developed on the sequence optimization
for equal-power code-division multiple-access (CDMA) systems
is generalized in this paper. Unlike previous works, where dis-
crete-time or vector ch 1 models are predomi ly employed,
the overloaded channels are modeled as strictly band-limited,
continuous-time multiple-access channels corrupted by additive
white Gaussian noise (AWGN). After being posed as a mul-
tiple-input/single-output (MISO) joint transmitter and receiver
optimization problem with the total mean-squared error (MSE)
as the objective functional to be minimized, the variational
problem is solved by using a frequency-domain approach. It
is shown that there exist continuous-time equivalents of Welch
bound equality (CTE-WBE) sequences as the jointly optimum
transmit waveforms and that the matched filters are the jointly
optimum receivers. The user capacity of the band-limited channels
is characterized by a necessary and sufficient condition for the
admissibility of users into the system in terms of the channel
load, the received signal-to-noise ratio, and the signal-to-interfer-
ence-plus-noise ratio (SINR) requirement. It is also shown that
CTE-WBE sequences achieve the lower bound on the contin-
uous-time equivalent of total squared correlation (CTE-TSC).

Index Terms—Code-division multiple-access (CDMA), fre-
quency-division multiple-access (FDMA), joint transmitter and
receiver optimization, time-division multiple-access (TDMA), total
squared correlation, user capacity, Welch bound equality (WBE)
sequences.

1. INTRODUCTION

N code-division multiple-access (CDMA) communications,
where multiple-access interference (MAI) is a limiting
factor on the system performance, the signature or spreading
sequences of users are identified as key design parameters that

Ll LCo e el NAAT e fouto 11 TAT T 3.l

For symbol-synchronous CDMA systems, since the optimal
signature sequences are simply orthogonal ones when the
number of users is lower than or equal to the processing gain, it
has been of prime interest to find a signature sequence set that
minimizes the effect of MAI when the system is overloaded, i.e.,
when the number of users is greater than the processing gain. It
is shown in [7] that Welch bound equality (WBE) sequences [5]
that minimize total squared correlation (TSC) are optimum in
the sense that the sum capacity is maximized for equal-power
overloaded systems. An extension of this problem is considered
and the optimum sequences are constructed in [8] for the
cases with asymmetric user-power constraints. In [9], WBE se-
quences are again shown to be optimum for the users employing
linear minimum mean-squared error (LMMSE) receivers in
the sense that total received power is minimized subject to the
equal signal-to-interference-plus-noise ratio (SINR) require-
ments. Interestingly, it turns out that the LMMSE receivers
reduce to matched filters when the sequences are optimized.
Unequal SINR requirement cases with LMMSE receivers are
also considered in [9], and it is shown that generalized WBE
sequences are optimum. For efficient construction of optimal
signature sequences, an iterative procedure called minimum
mean-squared error (MMSE) iteration is proposed in [10] and
the convergence of a modified version of this procedure to the
optimum sequences is proved in [11].

Sequence optimizations for symbol asynchronous but chip
synchronous CDMA systems have been also investigated. In
[12], it is shown that signature sequences for chip-synchronous
Gaussian overloaded systems can be optimized by minimizing
the total samared asvnchranons correlation and that the anti-
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IN code-d1vision multiple-access (CDIVIA ) communications,

where multiple-access interference (MAI) is a limiting
factor on the system performance, the signature or spreading
sequences of users are identified as key design parameters that
significantly affect the MAI characteristic [1], [2]. In order to
mitigate the detrimental effect of MAI, various sequence sets
have been proposed that possess very good cross-correlation
properties [3]-[6].
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synchronous CDMA systems have been also investigated. In
[12], it is shown that signature sequences for chip-synchronous
Gaussian overloaded systems can be optimized by minimizing
the total squared asynchronous correlation and that the opti-
mization can be performed by using an iterative algorithm. In
[13], chip-synchronous multipath channels are considered and
iterative algorith

The commonality of the above previous works is in that
the observation model is either a vector or a discrete-time
model. The users are assumed symbol synchronous or chip
synchronous with the chip waveforms satisfying Nyquist’s
condition for zero interchip interference. Thus, the system
design problem is just reduced to the signature sequence design
problem. This approach could be suboptimum if the users are
completely asynchronous, so that the effect of the chip wave-
form is not ignorable. Moreover, this channel model does not
allow straightforward extension of the equivalence of various
multiple-access techniques, such as CDMA, frequency-division
multiple-access (FDMA), and time-division multiple-access
(TDMA), established for nonoverloaded Gaussian multiple-ac-
cess channels to overloaded Gaussian multiple-access channels.

0018-9448/$20.00 © 2005 IEEE
Authorized licensed use limited to: POSTECH Library. Downloaded on November 04,2025 at 07:22:40 UTC from IEEE Xplore. Restrictions apply.

CHO AND GAO: CONTINUOUS-TIME EQUIVALENTS OF WELCH BOUND EQUALITY SEQUEN?;((

In this paper, the signature waveform optimization problem
is investigated for overloaded equal-power CDMA communica-
tions over strictly band-limited, continuous-time, multiple-ac-
cess channels corrupted by additive white Gaussian noise
(AWGN). After being posed as a multiple-input/single-output
(MISO) joint transmitter and receiver optimization problem
with the total mean-squared error (MSE) as the objective func-
tional to be minimized, the variational problem is solved by
using a frequency-domain approach [14]-[18]. It is shown that
there exist continuous-time equivalents of Welch bound equality
(CTE-WBE) sequences as the optimum signature waveforms
and that CTE-WBE sequences achieve the lower bound on
the continuous-time equivalent of total squared correlation
(CTE-TSC). Thus, the theory of the sequence optimization for
discrete-time or vector channel CDMA systems is successfully
generalized in this paper to continuous-time systems. It is also
shown that there exist an FDMA and a TDMA-like optimum
systems that achieve the lower bound on the CTE-TSC.

The rest of this paper is organized as follows. In Section II,
the signal and system models are described. In Section III, the
jointly optimum transmit and receive waveforms are derived via
a frequency-domain approach. Examples and discussions are
nrovided in Section TV. and concludine remarks are offered in

«mgl(t)
VE;gs(t)

VEsgk(t)

representation. ~

Fig. 1. The MISO Gaussian multiple-access lg‘fne] in complex[ie,hand

where j denotes /—1, 6, is the phase of the kth received signal,
and n(t) is the proper-complex AWGN with E{n(t)n(s)} =
Nob(t — s). The superscript # denotes conjugation for scalars
and conjugate transposition for vectors, and the function 6(¢) de-
notes the Dirac delta function. Fig. 1 depicts this simple MISO
Gaussian multiple-access channel.

The received signal is processed by K linear receivers gener-

ating the outputs given by -
yilm] = / wi(t = mT)Hr(t) di 3
fork =1,2,..., K, where wy/(t) is the receive waveform to de-
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the signal and system models are described. In Section III, the
jointly optimum transmit and receive waveforms are derived via
a frequency-domain approach. Examples and discussions are
provided in Section IV, and conciuding remarks are offered in
Section V.

UapMiiaaas WU AVAIUTTUL ank vvuavas asy

II. SIGNAL AND SYSTEM MODEL

In this section, we describe the signal and system model.
There are K active users. Each user transmits an independent
sequence of uncorrelated data symbols by using a linear modu-
lation. The kth user’s complex baseband equivalent of the trans-
mitted signal is modeled as

gk(t) = Z di.[m]si(t — @ o)

m=-—o0

where the data symbols (di.[mn])mez are assumed to be uncor-

related proper-complex random variables with mean zero and
—_— o neanl 2o

yrlm] = /_oo wi(t —mT)"r(t) dt 3)

fork =1,2,..., K, where wy/(t) is the receive waveform to de-
modulate the kth user signal. We assume without loss of gener-
ality that the receive waveforms have the same bandwidth W/2
as the transmit waveforms. This is well justified because the
out-of-band received signal, which only contains the AWGN
component, is irrelevant for the symbol detection [19].

The mean-squared error MSE,, of the kth receiver output is
defined as

5 Elynlm] — dufrm] ) )
p’A

which is clearly a quantity independent of m when wy(t) is
fixed. Another performance metric is the signal-to-interference-
plus-noise ratio SINR, :th user defined as

variance one, and 1/7" [symbols/s] is the symbol transmission
rate of the linear modulation scheme. The set Z is the set of
all integers. The kth user’s transmit waveform sy, () is ass,
strictly band-limited with bandwidth [Hz] in_bfSeband
or W [Hz] in passband. Since we consider comyfiunications
over overfoaded channels, it is assumed tha < K, ie.,
1+ 3 < K, where the excess bandwidth 5(> —1) is defined
by the relation W71 = 1+ /.

The kth bandpass signal is received with signal energy per
symbol Ej.(> 0), propagation delay 7%, and phase angle ;. in
the presence of AWGN with two-sided power spectral density
Ny /2. Since equal power cases are only considered in this paper,
we define the common received signal energy per symbol as
E(= Ex,Vk). Thus, if the energy of sj(¢) is normalized as

lse(®)]l 2 //_m IseORdt =1,  Vk

the complex baseband equivalent of the received signal can be
written as

K
r(t) = > VEsgi(t — To)e® +n(t) 2
k=1

(5

follows, the transmit and receive waveforms s (%)
and wi(t), for k = 1,2,..., K, are to be optimized, where
all the waveforms are restricted to have piecewise smooth! fre-
quency responses. Piecewise smoothness is not only a standard
assumption in the calculus of variations [21] to exclude prac-
tically meaningless pathological functions but also a sufficient
condition for the applicability of the Poisson summation for-
mula,2 which plays an important role in handling the problem in
the frequency domain.

III. CTE-WBE SEQUENCES

In this section, we perform a joint transmitter and receiver
of 1zat T T e total mean-squared error defined
ay TMSE £ £‘=1 MSEy./Thus, the optimization problem to
beselved-isformutated-asfollows.

'A function f(t) is called piecewise smooth if f'(t) is piecewise continuous

Authorized licensed use limited to: POSTECH Library. Downloaded on November 04,2025 at 07:22:40 UTC from IEEE Xplore. Restrictions apply.
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Problem 1: where R{ - } denotes the real part and ¢y, & is defined as
K oo
S a 2
minimize E{|yx[m] — d[m]|*} b = [ek, e (IT) [
{(sr () ()}, ,; ,:Z_:m
subject to llse@) =1, Vk. (6) Now, the Poisson summation formula leads to

L i > /1N
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minimize E{|yx[m] — di[m]|*}
(s aoe O, kz::l
subject to [|sk(®)]] =1, Vk. (6)

To solve this variational problem, a frequency-domain
approach is taken. In the first subsection, the time-domain
expression of the objective functional is converted into a fre-
quency-domain expression. In the subsequent subsections, the
optimum receive waveforms are found, the optimum transmit
waveforms are identified as continuous-time equivalents of
WBE sequences, and the user capacity of the continuous-time,
strictly band-limited Gaussian multiple-access channel is
characterized. In the last subsection, we provide an alternate
definition of the optimum solutions and show that they achieve
the lower bound on the continuous-time equivalent of total
squared correlation.

A. Frequency-Domain Expression of Total MSE

By definition, the decision statistic y, [m] for the kth user can
be written as

- VE. Z o0
k=1
X Z dyr [ |ep i ((m — m/)T = Tyr) 4 ng[m)]
(M

where

crp(t) 2 /w wi(T = ) s (7) dr

—o0

is the cross correlation between wy,(t) and s/ (t), and
nO0
ng[m] 2 / wi(t — mT)En(t) dt
«J —00

is the Gaussian noise component with mean 0 and variance
Nl

To make the notations simple, we let s;(¢) absorb the delay
T} and the effect of carrier phase 6y, so that we set T}, = 0}, =
0, Vk, without loss of generality. This is well justified because, if
the Ath optimum transmit waveform is s}, (¢) with all-zero delays
and phases, the solution with delay 7}, and phase 6}, is simply
st + Ty)e 3%,

By substituting (7) into (4) and (5), we obtain

K
MSE, =1 — 2§R{\/ E,.;Ckyk(o)} + N0||wk||2 + F, Z ¢k.,k’
k'=1
®)
and

2
SINR, = lex(0)]

K
okl + 3502y drr — lek(0)]?

(©)]

e = L ek (IT)]2.

l=—c0

Now, the Poisson summation formula leads to

i Qe (IT) =% i Qi (%)

l=—00 l=—c0

Py =

where Qp 4/(€) is the Fourier transform of gy (t) =
e,k (£)|2. If we define Wi, (€) and Si.(€), respectively, as the
Fourier transforms of wy,(t) and s(t) for each k, Qi (1/T)
can be expressed in the frequency domain as

i (3) = [ mio s

A !
Sy (5* T) Wi, (5* T) de.

Dividing the integration interval into length-1/7" subintervals
and rearranging the terms, we obtain

onar = [ D o ow () 1)

where wy(f) and 8y/(f) are, respectively, the vectorized
Fourier transforms [18] of wy(¢) and sj/(t) with sampling
period 1/7', defined as

[ Wk —L%'f'f) i
Wi (47 +
w2 | T (10)
NN i Wk(%+f)
and
Sk'(—ﬁl*'f) |
S (=L=L
wipe [T ) an
OV~ )
L Sw(%:+f) |

where L £ [(3/2]. Similarly, the other two terms in the MSE
expression can be written as

a0 = [ wn(1) () df

=L
2T

and

lwel? = /_ ) wn) df

we obtain

MSE;, = 1+/

—2R{VEswi.(f)Ts.(f)}] df

which yields the frequency-domain expression o

c

functional, the total MSE, as -S )
N i

K
asE= K+ [ fwn () R(wn()
k=1""

L
2T

2RV Eawi(f)Tse(HNdf  (12)

Authorized licensed use limited to: POSTECH Library. Downloaded on November 04,2025 at 07:22:40 UTC from IEEE Xplore. Restrictions apply.
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where the frequency-domain correlation matrix R(f) of the re-
ceived signal is defined as

K
RE NI+ 22 su(naw(n® (13)
T k=1
for f € [-1/(2T),1/(2T)), where I is the identity matrix.
Although the nominal dimension of the above vector-valued
functions and the matrix-valued functions are 2L + 1 and
(2L + 1)-by-(2L + 1), some of the entries must take zero
values on some intervals of f because the signals are as-
sumed strictly band-limited. We adopt the notions of effective
vectorized Fourier transform and effective matrix-valued fre-
quency function as defined in [18, Definition 7], so that all the
vector-valued and matrix-valued functions are effective ones in
the remainder of this paper. We also introduce the following two
definitions related to the dimension of effective vector-valued
functions.

Definition 1: The degrees of freedom N(f) for f €
[-1/(2T),1/(2T)) is defined as the dimension of the effective
vectorized Fourier transform 8y ( f).

By [18, Section IV-A], the degrees of freedom N(f) as a
function of f is obtained as

_ 1408, for|f] < I
N = { 31, otherwise o (142)
for even [(], and
[, forlf < EE
N = { 14 [f], otherwise o (14b)

for odd [f].
Definition 2: The average degrees of freedom N is defined

Wy df-

<= a5

as

From (14), we can easily compute the average degkees of
freedom as

N =+ A1)+ B~ [8]) + [A1(6] - B)
=147
=WwT
P—
whether [/3] is odd or even. Note that, unlike the processing gain
of a CDMA system, this number is not restricted to a positive
integer. It can be any positive real number.

3179

From (12), note that the objective functional is minimized by
minimizing

K
D (wi(HR(fywi(f) = 2RV Ecwi ()" 81(£)})
k=1

for each f. Note also that this minimization can be performed
by minimizing the summand for each k. Hence, although the
problem is poscd as a joint transmitter and recciver optimiza-
tion, the problem can be regarded as an optimal signal design
problem with linear MMSE receivers being employed. If we
apply the well-known solution of an unconstrained quadratic

minimization [23, Ch. 6] for each k and f, we have

wi(f) = VER(f) 'si(f) (16)
for f € [-1/(2T),1/(2T)), which is the cyclic Wiener filtering
solution [24] for the mean-square estimation of dj [rn]. With this
solution, the MMSE is obtained as

su())TR(f) " si(f) df.

h |

o
Consequently, the total MSE after receive waveform optimiza-
tion reduces to

MMSE;, = 1 — E, / a7

Since the minimization of MSEy, is equivalent to maximizing
SINRy, the receiver-only maximized SINR becomes
-1

1
-1

MSINR), = -
E, [?

L s (H)FR(f) s (f) df

.
2T

(19)
ell known [25], the

(20a)
or by

MMSE,, = (20b)

MSINR, + 1’

C. Transmitter Op:

In this subsection, we solve our original joint optimization
problem Problem 1, using the simplified total MSE (18) ob-
tained after the receiver-only optimization performed in the pre-
vious subsection. More specifically, we solve the problem given
by the following.

Problem 2:

695E (25-2) 4= 1400 L O| X| 14



whether [/3] is odd or even. Note that, unlike the processing gain
of a CDMA system, this number is not restricted to a positive
integer. It can be any positive real number.

B. Receiver-Only Optimization

The joint optimization is tackled by first finding the receive
waveforms that minimize the total MSE given the transmit
waveforms and then finding the transmit waveforms that mini-
mize the total MSE expressed as a functional only of transmit
waveforms. In this subsection, we find the vectorized Fourier
transform wj (f) of the optimum receive waveform given
transmit waveforms, and derive the receiver-only minimized
total MSE as a functional of {8y, (f)}&,.

vious subsection. More specifically, we solve the problem given
by the following.

Problem 2:

1T K

2T
minimize K—ES/ s(f)XR(f) s(f)]| df
minimie _#[Z;<> () Lu(f)

=

subject to /n a(f)df = K

T

@n

where the total energy density a(f) of the transmit waveforms
{sx(t) L, is defined as

(22

Authorized licensed use limited to: POSTECH Library. Downloaded on November 04,2025 at 07:22:40 UTC from IEEE Xplore. Restrictions apply.
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with the energy density ay(f) of the vectorized Fourier trans-
form 8y, (f) defined as

ar(f) £ s (HNTsr(f),  fork=12... K.
Notice in (21) that the original subsidiary condition
lse(®)]| = 1,Vk, is relaxed to S5, [lse(t)||2 = K. After
finding the solution to Problem 2, we will put the original
condition back.
If we define the matrix S(f) as

S(f) = [s1(f), 82(f), - -8 (f)]

where the columns are the vectorized Fourier transforms of the
transmit waveforms, the second term of the objective functional
in Problem 2 can be written as?

(23)

K
[Z sk(NYR(H) ™ si(f)| df
k=1
TSNS (T + S(HSH) Ty df
(24)

where tr{ - } denotes the trace, N(f) is the degrees of freedom,
{(f )},?:({) are the eigenvalues corresponding to the or-
thonormal eigenvectors of S(f)S(f)#, and o2 £ NI

Now, we are ready to tackle the transmit waveform Bptimiza-
tion. The optimization is performed in three steps: 1) The min-
imum value is obtained given the distribution of the total energy
density. 2) The optimum distribution of the total energy is found.

AT 1 o PR T S ST E S T

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 9, SEPTEMBER 2005

Lemma 1: 1f A, B, and C are all positive, the function f(z)
of z € [0,C], defined as

f(x) 2 Az/(A+2)+ B(C —2)/(B + (C - z))

has the unique maximum (1/(A + B) +1/C)~atz = a* £

AC/(A + B).
Proof: Straightforward by showing f’(z) = 0 iff z = z*
and f"(z) <0for0 <z < C. O

Proposition 2: The solution to the variational problem

[T N(fa(f)
K T[#un+ﬂmn”

minimize
a(f)

subjectto a(f) >0, Vf, and /21. a(f)df = K
1
—ar

stiwell
ol

(%) 70
for f € [=1/(2T),1/(2T)).

Proof: Suppose that the integration of a(f) over

Felf: N =1+1[B1}

equals z, for some 2 € [0, K. Note that the integration interval
corresponds to {f : |f| < (1+ 8 — [A])/(2T)} for an even
number of [A], while {f : |f| > ([3] — 3)/(2T)} for an odd
number of [3]. By dividing the intervals f € {f : N(f) =
1+ [A]} and f € {f : N(f) = [B]}, respectively, into M
and M> equal-length subintervals, and then letting M; and M

is given by

(27
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Now, we are ready to tackle the transmit wavetorm optimiza-
tion. The optimization is performed in three steps: 1) The min-
imum value is obtained given the distribution of the total energy
density. 2) The optimum distribution of the total energy is found.
3) Finally, a necessary and sufficient condition for the optimality
is found.

Proposition 1: Given a(f) > 0 for all f, the solution to the
optimization problem

P
minimize K —T —
DD J=3r ; Rp e
N(f)
subject to A (f) >0, Vn and Y~ Au(f) =a(f) (25)
n=1
is given by
. a(f)
() = 26
W (f) NG (26)

forn € {1,2,....N(f)}and f € [-1/(2T),1/(2T)).

Proof: By using, for each f [9, Example 3.1] based on
the majorization theory [27], we straightforwardly obtain the
conclusion. O

Now, with the minimized objective functional found by sub-
stituting the solution (26) to (25), we take the second step.

3The approach is similar to those taken in [9] and [26], where the observations
are in a finite-dimensional Euclidean space.

number of [A], while {f : |f| > ([3] — 3)/(2T)} for an odd
number of [/3]. By dividing the intervals f € {f : N(f) =

1+ [A]} and f € {f : N(f) = [/]}, respectively, into M,
and M5 equal-length subintervals, and then letting M7 and M
tend to infinity, we have the equalities

T N(fa(f)
/_ ah+o2n Y
/ (1+ [B)a(s)
J a(h+ 21+ 4]
FE{f:N(f)=1+[81}
o alf)(+I8)
2 o+ 1+ 1]

a(f)[B1  [B1-8
a(fj) +a2[B] TMs

[Bla(f)

i+ [ ah+orrm ¥
fe{f:N(H)=[B1}

1+ 8- [8]
TM,

lim
My —o00 4
i=1
Mo

+ lim Z

My—o0 4
Jj=1

(28)

where we used the piecewise continuity of a(f). By applying

Examnla 21 of 101 t5 each gumma tion we o htain an unner
cXampi€ 5.1 Of |7 (O €aln summaton, we Ootain an upper

bound on (28) given by f(x)/o? with A, B, and C' defined as

A2 1+ 8- B+ [B)0*/T
B £ ([B] - B)([B)e*/T

and
C2K

respectively, where the bound is achieved if and only if

a(f) =aT/(A1+B—[B]), forfe{f:N(f)=1+][B]}

Authorized licensed use limited to: POSTECH Library. Downloaded on November 04,2025 at 07:22:40 UTC from IEEE Xplore. Restrictions apply.
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and

a(f) = (K —=)T/([B] = B), for fe{f:N(f)=Ih1}

Now we apply Lemma 1 to maximize f(x)/o2. Since the
optimum value of z is z* = the optimal total energy
allotment is

() = (L+[B)ES, for fe{f:N(f)=1+[p1}
815, for f € {f: N(f) = [B1}
which simplifies to (27). O

AC
A+B>

Note that with the above optimum solution, the minimized
total MSE becomes

K
> MMSE; = K (1 -

k=1

1
— . (29)
)

3181

than one subinterval and assigning different sets of WBE se-
quences to different subintervals, we can use even more than two
WBE sequence sets in the construction of a set of CTE-WBE
sequences. The lengths of these subintervals can be chosen in
infinitely many different ways, which also leads to different
CTE-WBE sequences. Therefore, the conclusion follows. [

In terms of a set of CTE-WBE sequences, the optimum
transmit waveforms can be described as follows.

Theorem 1: The set of the optimum transmit waveforms is
a CTE-WBE sequence set with parameter (K, W, T), and the
optimum receivers are matched filters matched to each transmit
waveforms.
Proof: From (26) and (27), we can see that the necessary
and sufficient condition for {s}(f)}<; to be an optimum solu-
tion is given by
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total MSE becomes

X 1
> MMSE; = K (1 - m) .
N E,

k=1

(29)

Before the final solution is presented, we define the set of the
CTE-WBE sequences as follows.

Definition 3: A set of CTE-WBE sequences with parameter
(K, W,T)is defined, when K > WT, as a set of K unit-energy
complex-valued waveforms with bandwidth W/2, satisfying

siso”=(§) sy L K
=

for f € [-1/(2T),1/(2T)).

The existence and the uniqueness of a set of CTE- WBE seN

quences are examined as follows.

waveforms.

Proof: From (26) and (27), we can see that the necessary
and sufficient condition for {s}(f)}<; to be an optimum solu-
tion is given by

* _ E A %
xn=(5) T2 61
forn =1,2,...,N(f)and f € [-1/(2T),1/(2T)).1f 87 (f)
satisfies
% * K
B2 (NS 0 = () v @

, obviously, (31) is true. Let h; j(f) be the (%, j)th entry of
the Hermitian matrix H(f) and v(f) be the kth orthonormal
3ctor of H(f). Then, there exists {a; n(f)},= N f) such that

Remark 1: A set of CTE-WBE sequences with paraj eter-b ftyi'l‘ﬂs ) = Z ain(f)on(f)
(K, W,T) exists. V\)—lm

Proof: We prove by construction. Thanks to the existence
of a WBE sequence set [5] for any K and N(f)(< K'), we can
find two WBE sequence sets {u }XX_; and {v; }/<; with dimen-
sions 1 + [/] and [/3], respectively. Note that, by definition

K
S wa =
k=1

K I
A

Jgigﬁ

L4 %)

and
K
K
H
Z VRV, = —I“ﬂ B
P A1
Thus, if we set for all &

=
si(f) = VI + D/ + By,
for f € {f: N(f) = 1+[B1}

and

=V(UBD/A+ P, for fe{f:N(f)=I[Bl}

then {85,(f)}£, becomes a set of CTE-WBE sequences satis-
fying (30). O

Remark 2: A set of CTE-WBE sequences with parameter
(K,W,T) is not unique.

Proof: During the construction of a set of CTE-WBE se-
quences described in Remark 1, we have more than one choices
of WBE sequence sets because, given K and N(f), a WBE se-
quence set is not uniquely determined. By dividing the intervals

{f - N(f) = 1+ [B1} and {f : N(f) = [B]} into more

where e; is the 7th standard basis vector of the N(f)-dimen-
sional Euclidean space. Thus, if the equality in (31) holds, then
(32) is true because

NI
Y\J)

hz,](f)—eHH(f)e] —6 (Z (1],71

L,:%’Xe{{ e;.

ition, from (16) and (32), we observe that the optimum
eivers are the matched filters. Therefore, the conclusion
follows. ]

f)”n(f)

Note that Remark 1, the existence of equal energy waveforms
satisfying (32), justifies the use of the relaxed subsidiary condi-
tion in (21). Note also that the carrier phases do not affect the
optimality of the waveforms because

K
> _(8E(NE™) (s

k=1

5N (HT =

for any choice of {f;}# ;. We may be tempted to search
for an alternate expression, of the above optimality condi-
tion, that is simply in terms of the cross-correlation values
I3 sp(t)sg () dt,Vk, k. Unfortunately, this is not possible,
which is verified in the next section.

D. User Capacity Characterization

In this subsection, we characterize the user capacity of a
strictly band-limited, proper-complex Gaussian multiple-access

e (fR)=o(B4)
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channel in terms of the channel load, the SINR, and the received
signal-to-noise ratio.

Definition 4: The channel load p of a strictly band-limited
multiple-access channel with bandwidth W/2, an additive
proper-complex white Gaussian noise, and K equal-power
users having the common symbol transmission rate 1/7 is
defined as
K
N
where N = WT = 1+ [3 is the average degrees of freedom.

1>

p (33)

Now, that the channel is overloaded can be alternately defined
as p > 1. Similarly to [9], we introduce the notion of admissi-
bility and find a necessary and sufficient condition for the user
admissibility.

Definition 5: K equal-power users with the same symbol
transmission rate 1/7" and the same SINR requirement -y are ad-
missible to the strictly band-limited proper-complex Gaussian
multiple-access channel with bandwidth W/2 if there exist
pairs of transmit and receive waveforms with a feasible received
symbol energy E such that SINR;, > ~,Vk € {1,2,...,K}.

Theorem 2: Users are admissible if and only if

7 < (34)

p=1
Proof: By using the relation (20) and the result (29), the

jointly maximized MSINR and its upper bound can be easily

obtained as

1

—_— K —
-+ -1
for all k. If K users are admissible, then by Definition 5, v <
SINRy, Vk. Since SINR;, is upper-bounded by MSINR;, and
MSINR;, is upper-bounded by 1/(p — 1), we have (34). Con-
versely, if (34) is satisfied, then, by the intermediate-value the-
orem, there exists z > 0 such that
v<1/(p-1+2z)<1/(p—1).

Thus, by choosing this z as Ny/E,, CTE-WBE sequences with
parameter (K, W,T') as the transmit waveforms, and matched
filters as the receive waveforms, we achieve

SINRy, = 1/(p — 1+ No/Es),

MSINR? = (35)

Vk.
Hence, the users are admissible. Od

A major difference from the results in [9] and [12] is that the
channel load p defined in this paper can be any real number, not
alone a rational number, that is larger than one. Another major
difference is that the SINR in [9] and [12] is defined as twice the
SINR defined in this paper because a real baseband signaling is
concerned in the references.*

E. Alternate Definition of CTE-WBE Sequences

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 9, SEPTEMBER 2005

defined. The basic CDMA model [28] with equal-power users
is given by

(36)

K
r= Z \/E_sdksk +n
k=1

where K is the number of users, F is the symbol energy, dj,
is the data symbol of the kth user, 8y, is the kth user’s nor-
malized spreading sequence, and n is an additive proper-com-
plex Gaussian noise with mean zero and covariance matrix NoI,
where all the vectors are N-dimensional. The data symbols are
modeled as zero-mean, independent, proper-complex random
variables with unit variance.

If each user employs a matched-filter receiver matched to
the desired sequence, then the kth user’s decision statistic yy,
is given by

yr = silr = VEdi + Y VEsd sl s +my

k' £k

(37)

where 1y, ) san. If the SINR of the kth user ~y is defined as
& E(E{mldi})

: 38
Tk Var{yeld} (38)
then the well-known expression
ES
0 v = Sy (39)
NO + Zk’#k ESSkI:ISk./
is obtained. The TSC
K K )
TSC2 > [sfsp| (40)

k=1k'=1
thus can be viewed as the summation of the signal power and
the interference power for all matched-filter outputs, divided by
the symbol energy.
Welch derived a tight lower bound on the TSC as [5]
{ K 5
o > 5%
for the cases with K > N. A WBE sequence set is defined as a
set of sequences that achieves this lower bound on the TSC.
Now, let us consider a continuous-time CDMA model given
by (2). If each user employs a matched-filter receiver matched
to the desired signature waveform, then the kth user’s decision
statistic g,[!] for the Ith symbol is given by

nll] = / skt = IT = T) =% p(t) dt

(41)

. \;Fedk [m] (42

+ Z i VEsdys [m]é o (L — m)T)  (42b)
kEk m=—o0

+ f: VEsdi[m]ér (1 — m)T) (42c)

+ ;Llj[lm} (42d)
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In this subsection, we show that a C1E-WBE sequence set
can be alternately defined similarly as a WBE sequence set is

4Hence, if the channel is occupied by a single user, the SINR in the references
reduces to 2E, /N, while that in this paper reduces to E, /Ng.

wnere me correlanon runcuon cg /() between two signawure

waveforms sy (¢) and s/ (t) is defined as

aw®2 [ sl =ty dr 43)
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and the matched-filter output of the AWGN sampled at £ =
is given by

n[m) Y / sp(T —mT = Tp)*e %n

Unlike (37), this decision statistic includeg’self-induced inter-
symbol interference (ISI) term (42c). Thds, if the SINR of the
kth user 7, is similarly defined as

- & E(E{Gk[m]|gi[m]}1*)
Var{gi.[nf]|dx[m]}
then expression (46) at the bottom of the page is obtained.

Since the TSC (40) for the basic CDMA model is the sum-
mation of the signal power and the interference power for all
matched-filter outputs, divided by the symbol energy, we extend
this idea to obtain the Ndefinition.

defined as
K o
CTETSCE YN [ N [sw(—t)" @ s (1) | t:,T|2>

k=1k'=1 \l=—o00

K K oo
= Z Z Z |&k, (IT) 2 47)

k=1k'=1l=-00

(45)

Definition 6:

where ® denotes convolution.

It is straightforward to show that this CTE-TSC reduces to
TSC if a symbol synchronous CDMA system without interchip
interference is considered.

The following theorem shows that the CTE-WBE sequence
set we defined and derived in the previous subsections can be
alternately defined as a set of waveforms that minimizes the
CTE-TSC.

Theorem 3: A set of K(> WT) unit-energy, com-
plex-valued waveforms with bandwidth W/2 is a CTE-WBE
sequence set with parameter (K, W,T) if and only if the se-
i e lower bound on the CTE-TSC given by

2

K
k(0" @ s (Oh=r ) > 57 48)

Proof: The left side of (48) equals » o S _ ¢y
with wy.(t) := si(t). Hence, using the same technique as (24),

14 nne ban marrrmiébne an

TQC//K’

Adopting the relaxed subsidiary condition | j a(f)df = K
as in Section III-C, we perform the minimization of (49) for
each f similarly to Proposition 1, except for the use of the so-
lution #; = ¢/M, Vi to the minimization of 32, 22 subject
to Zf‘il z; = ¢ > 0 for z; > 0. This optimization leads to
the same solution (26) as, Proposition 1. The next step is the
minimization of (1/7) |27 a(f)?/N(f)df subject to the sub-
sidiary condition. We agz;m divide the integration interval into
{f :N(f) =1+ [p]}and {f : N(f) = [S]}, and set = as
the proof for Proposition 2. Then, applying the solution to the
minimization of Zl‘il o7 again, we obtain

a(f) =2T/(1+B—[B]), for {f:N(f)=1+p}
and

a(f) = (K —2)T/([B] = B), for {f:N(f) =[5}
Using the fact that the solution to the minimization x2/A
+ (C — 2)?/Bis z* = AC/(A + B), we obtain the same
solution a*(f) = (K/N)T'N(f) as (27), which leads to the
lower bound K2/N as (48). Finally, the conclusion follows by
Theorem 1. O

This theorem completes the generalization of the theory of the
sequence optimization for discrete-time equal-power CDMA
systems to continuous-time case.

IV. EXAMPLES AND DISCUSSIONS

Given the system bandwidth and the number of active users,
the optimum solution for the joint transmitter and receiver opti-
mization is not unique. In this section, we present two represen-
tative optimal multiple-access systems and provide discussions
on CTE-WBE sequences.

Example 1: The FDMA system that has the matched-filter
receivers and the energy spectral density of the transmit wave-
form sy (t) given flat as

s [ K for¢e (W) 2k=2=K (W) 2k=K
ISk(OI" = {6‘, ClSCWhCl[g w) 5 ) 5 0
fork =1,2,..., K, is an optimum system.

Proof: For every f, the kth column of the N(f)-by-K
matrix S(f) has at most one nonzero entry \/K/Wei (/)
with 65(f) being the phase response of the kth-user signal,
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L Lu L "N
k=1k'=1 \l=—0c0

Proof: The left side of (48) equals > 1 K _ ¢
with wy(t) := si(t). Hence, using the same technique as (24),
it can be rewritten as

x
-y / sk(H)"S(f (f)Hsk@tf
=1 YT

S =N

k=
- % i tr {S(f)S(HFS(f)S(HHT} df
& V)
- %/__ > WP o

fork =1,2,..., K, is an optimum system.

Proof: For every f, the kth column of the N(f)-by-K
matrix S(f) has at most one nonzero entry /K/Wei%(f)
with 0(f) being the phase response of the kth-user signal,
because the bandwidth W/K = (1 + 3)/(KT) is less then
the inverse 1/7" of the sampling rate. In addition, for every
f, each row of S(f) has only one nonzero entry because
the user frequency bands are not overlapping. Consequently,
S(f)8(f)H = (K/N)TIy(y). Therefore, by Theorem 1, this
system is optimum. O

As shown in Fig. 2, each user’s signal takes up an equally
vided frequency band with bandwidth W/K = (1
11 the magnitude response: Wwe call such signals
with flat energy spectral densities the flat-spectrum pulses. It is
easy to see that, in general, the phase responses of the transmit

Eq

’S'k' = =) ~ ~
No+ Xk Dtoo LG IT)Z + 32420 Es|er,u (1))

(46)
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Fig. 2. Energy spectral densities of optimum FDMA signals.

waveforms are very important to maintain the optimality of the
system. Note, however, that any phase responses can be chosen
for each user’s signal in this optimum solution. Even completely
asynchronous users with arbitrary delays can achieve the op-
timum performance by adopting this FDMA scheme.

It is worth noting that this optimum FDMA signals cannot
be constructed from sets of WBE sequences in such ways that
are described in Remark 2. That means, the optimum FDMA
signals are not isometric at all to those generated using WBE
sequence sets. If a set of CTE-WBE sequences is constructed
in such ways that are described in Remark 2, the condition
ap(f) = TN(f)/N for f € [-1/(2T),1/(2T)) and Vk,
must be satisfied because the WBE sequences in a set have the
same energy for any offset f. However, it is straightforward to

Alanls tlon amsnes Ananieian (%0 VK £l nin s TAAA

H 2

N
T8C =252 Se S

v |—
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and Si(§) = 0 elsewhere, where 6(&) is the phase response.
Hence, the (4, j)th entry of S(f)S(f)* becomes

2mik

K
1 comik :2mjk K
8(H8(HHis = W Y eTH TR = Wdfdj
k=1

where dzH is the (mod (i, K') 4+ 1)th row of the K-dimensional
discrete Fourier transform matrix. Consequently

S(NS(HT = (K/N)TIny).
Therefore, by Theorem 1, this system is optimum.

The waveforms are flat-spectrum pulses that occupy the en-
tire frequency band of the system. Like TDMA systems, the uni-
form time delays differentiate the users. However, the transmit
waveforms of this TDMA-like system are not mutually orthog-
onal. Unlike the optimum FDMA, the phase responses of the
flat-spectrum transmit waveforms of this optimum TDMA-like
system cannot be arbitrarily chosen but must be exactly the same
after the effect of the uniform time delays are compensated. A
simple example can be found by setting (&) = 0, V¢

sEp(t) = \/Wsinc(W (t - %)) (52)
fork =1,2,..., K.

Note that all the cross-correlation functions are not zero

functions in the optimum TDMA-like system, while they are
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IN sucn ways tnat are described In Kemark Z, the condiuon
ap(f) = TN(f)/N for f € [-1/(2T),1/(2T)) and Vk,
must be satisfied because the WBE sequences in a set have the
same energy for any offset f. However, it is straightforward to
check the energy densities {a} ()}, of this optimum FDMA
signals do not satisfy the condition a(f) = TN(f)/N for
f€[-1/(2T),1/(2T)) and Vk. For some f, there exists some
k such that aj(f) = 0 because, for every f,(N(f) — K)
columns of S*(f) are all-zero vectors, which means that the
energy densities of corresponding users are zero for that f.
Therefore, the existence of this optimum FDMA signals proves
that CTE-WBE sequences include more than what we can
construct from WBE sequence sets.

According to our solution derived in the previous section, all
the optimum multiple-access schemes have the same total MSE
induced by the MAI, the ISI, the AWGN components. In other
words, the total amount of interference is preserved as far as
the system is optimum. For the above optimum FDMA, ISI is
unavoidable because each user has the symbol transmission rate
1/T that is less than the signal bandwidth W/ K, violating the
Nyquist minimum-bandwidth condition for zero ISI, while there
is no multiple-access interference in each filter output because
of the orthogonality of the transmit waveforms. The optimum
FDMA system is thus a very special solution that has all the
interference in the form of ISI. Let us discuss another special
solution.

Example 2: The TDMA-like system that has the matched-
filter receivers anm}-f time-delayed transmit wave-
forms s () 2 p(t — kITT) fork = 1,2,..., K, is an optimum
system if the energy spectral density of p(t) is given flat as

|P&)|? = { % for [¢] < %

1
0, elsewhere. Gh

Proof: The Fourier transform of the transmit waveform
si(t) can be written as

S =V esp (=i (2~ 09) ). for 1 < w2

CR\v) — v e -

fork =1,2,..., K.

Note that all the cross-correlation functions are not zero
functions in the optimum TDMA-like system, while they are
all zero functions in the optimum FDMA. This comparison of
the optimum FDMA and optimum TDMA-like systems verifies
our claim that the optimality of transmit waveforms cannot be
simply described by ihe cross correiaiions among the signais.

V. CONCLUSION

The optimal signaling problem for overloaded channels with
the LMMSE receivers is solved in this paper via a frequency-do-
main approach using vectorized Fourier transforms. It is shown
that CTE-WBE sequences are the optimum transmit waveforms
and that the matched filters are the optimum linear receivers.
The user capacity of the strictly band-limited channel is char-
acterized by a necessary and sufficient condition on the channel
load, the signal-to-noise ratio, and the SINR. An alternate def-
inition of the CTE-WBE sequences is also provided as the se-
quences that achieve the lower bound on the CTE-TSC. It is
shown that there exist an FDMA and a TDMA-like optimum
systems that achieve the lower bound on the CTE-TSC. Thus,
by this work, the theory developed on the sequence optimiza-
tion for equal-power CDMA systems with the discrete-time or
vector channel models [9] is successfully generalized to the con-
tinuous-time case. Generalizations for unequal-power systems
can be found in [29], [30].
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