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Abstract

This document defines the conditions for the Complex Second-Order Stationarity (SOS)
and the concept of a Proper Random Process (Proper RP) for the complex random process
X (t), which is fundamental in communication systems. Furthermore, we deeply analyze the statistical
characteristics of the real-valued signal Y (¢), obtained by modulating (up-converting) the baseband
complex SOS process X (t) with a carrier frequency f., in the frequency domain. Specifically,
we derive the Bi-frequency Spectrum Syy (f1, f2) of Y (¢) and prove that Y (t) is generally a
Cyclostationary (CS) process with a cyclic frequency o = 2f.. We also clearly demonstrate,
through its frequency-domain characteristics (the concentration of the Bi-frequency Spectrum along
the fi = f2 axis), that for Y (¢) to become a conventional Second-Order Stationary (SOS) process, the
baseband complex signal X () must satisfy the Zero-Mean and Proper RP conditions. This analysis
provides a crucial foundation for understanding the spectral properties and conditions for stationarity
preservation in frequency-translated signals.

1. Stationarity of Random Process

The Stationarity of a random process X (¢) means that its statistical properties are invariant with re-
spect to time shifts. Depending on the extent of moment invariance, stationarity is categorized into Strict-
Sense Stationary (SSS) and Wide-Sense Stationary (WSS). Second-order stationarity defines conditions
on statistical moments, specifically the Mean, Autocorrelation, and Complementary Auto-correlation.

1.1. Conventional Definition of Wide-Sense Stationary (WSS)

Wide-Sense Stationarity (WSS) is the most commonly used definition of second-order stationarity, mean-
ing that the first moment (mean) and second moment (auto-correlation function) are partially invariant
over time. The conventional WSS definition for a complex random process X (t) requires the
following two conditions:

e Invariance of the Mean: The mean ux(t) of X (¢) must be a constant regardless of time.
ux(t) =E[X(t)] =ux (for all t)

e Autocorrelation Function’s Dependence on Time Difference: The autocorrelation function
Rxx(t,s) of X(t) must depend only on the time difference 7 = t — s between the two time instants.

Rxx(t,s) = E[X(t)X*(S)] = RX)((T) = Rxx(tf S)

Note: When X (t) is a complex process, the above WSS definition may be insufficient to fully
characterize the second-order statistical properties of the complex signal. For real processes, Rxx =
Rx x, so there is no issue, but for complex processes, this definition alone cannot account for the signal’s
improperness. The Complex Second-Order Stationarity (SOS) discussed in the next section requires
an additional condition on the complementary auto-correlation function for completeness.



2. Complete Mathematical Conditions for Complex Second-Order
Stationary Process

For a complex random process X (t) to satisfy the conditions for a Complete Second-Order Station-
ary Process (Complex SOS), in addition to the two conditions of the conventional WSS definition,
the following Complementary Auto-correlation Function Condition must also be met.

2.1. Condition on the Mean Path

The mean path px (t) of the random process X (t) must be a constant regardless of time. (Same as the
WSS condition)
ux(t) =E[X(t)] =ux (for all t)

Here, ux is a constant value, which can generally be complex.

2.2. Condition on the Autocorrelation Function

The autocorrelation function Rx x (¢, s) of X (¢) must depend only on the time difference 7 = t —s. (Same
as the WSS condition)

Rxx(t78) = E[X(t)X*(S)} = RX)((T) = Rxx(t - S)
Here, X*(s) is the conjugate of X (s), and 7 is the Time Lag.
2.3. Condition on the Complementary Autocorrelation Function (SOS Com-
pleteness)

The complementary autocorrelation function Rx x (¢, s) = E[X (t)X (s)] of X (t) must depend only on the
time difference 7 =1t — s.

Rxx(t,s) = E[X(t)X(S)] = RX)((T) = Rxx(tf S)

Emphasis: This condition on the complementary auto-correlation Ry x is redundant if X (t) is a real
process, as Rxx(7) = Rxx(7) and can be omitted from the WSS definition. However, if X (t) is a
complex random process, Ryx contains independent statistical information (improperness)
from Rx x. Thus, the condition that R x x (7) depends only on the time difference must be added to define
Complete Complex Second-Order Stationarity (SOS). Omitting this condition in the conventional
WSS definition can lead to errors in complex signal analysis.

3. Complex Random Process: Definition of Proper RP

For a complex random process X (t), the second-order moments are defined not only by the autocorre-
lation function (Rxx) and the complementary autocorrelation function (Rxx), but also by the autoco-
variance function (Cx x) and the complementary autocovariance function (Cx x).

3.1. Autocovariance and Complementary Autocovariance Functions

The autocovariance function Cx x (t,s) and the complementary autocovariance function Cx x (t, s) are
defined as follows:

Cxx(t,s) = E{X(t) — px () H{ X (s) — px (s)}'] = Rxx(t,s) — px () (s)

Cxx(t,s) = B[{X(t) = px ()X (s) — px(s)}] = Rxx(t,5) = px (px (s)



3.2. Definition of Proper Random Process (Proper RP)

A Proper Random Process (Proper RP) is a complex random process for which the complementary
autocovariance is zero for all times ¢ and s.

Cxx(t,s) =0 (forallt,s)

If X (t) is Second-Order Stationary and satisfies the Zero-Mean (ux = 0) condition, then Rxx(t,s) =
Cxx(t,s). In this case, the Proper RP condition simplifies to:

RXX (r) =0 (Condition for a Zero-Mean, SOS Proper RP)

4. Stationarity Analysis of Real Random Process Y ()

Given a complex SOS process X (), let us define the real random process Y () obtained by up-converting
X (t) with a carrier frequency f. as:

Y (t) = Re{X (t)el*™ e} = % (X (t)e2™fet 4 X*(t)e 12m/et)

We analyze whether Y (¢) satisfies the SOS condition in two cases. (SOS conditions: E[Y (¢)] is constant,
and Ryy(t, 8) = Ryy(t - S))

4.1. Derivation of the General Mean Path E[Y (¢)] and Autocorrelation Func-
tion Ryy (t, 8)

We derive the mean and autocorrelation function of Y (¢) when X (¢) is a general SOS process with mean
bx-

4.1.1 Derivation of the Mean Path E[Y (t)]
The mean of X (t) is ux = Re{px} + jIm{ux}.

E[Y ()] = E [Re{X (t)ei?™/<!}]
= Re { B[X (t)]ei?™/<!}
= Re{pux(cos(2mf.t) + jsin(27m fct))}
= Re{(Re{px} +jIm{px}) (cos(2mfet) + jsin(2m fct)) }
= Re{ux}cos(2m fet) — Im{px } sin(2m f.t)

Since E[Y (t)] is a time-varying function, in the general case where px # 0, Y (¢) is not SOS. Therefore,
for Y'(t) to be SOS, pux must be zero.

4.1.2 Derivation of the Autocorrelation Function Ryvy(t,s)

Since Y (t) is a real process, Ryy (t,s) = E[Y ()Y (s)] = E[Y (t)Y*(s)]. We define 7 =t — s.

Ryy(t,s) = iE [(X(t)ejzwfct + X (t)e_j%f“t) (X(s)ejzwfcs + X*(s)e‘j%fcs)]

= i (E[X(t)X(S)]ej27rfc(t+s) + E[X(t)X*(S)]ejQﬂ-fc(t_s)

+ B[X"() X (s)]e 2729 4 BIX* (5)X* (s)]e 1270+

Substituting the SOS properties of X (t) (Rxx(t,s) = Rxx(7), Rxx(t,s) = Rxx(7)):

1r-~ ) . ) - .
Ryy(t,s) = ; [RXX(T)eﬂﬂfc(HS) + Rxx (r)e?™eT + Ry ()e 27T 4 R;X(T)eﬂ?”fc(t“)]

= % [Re {RXX(T)@jQWfC(t+S)} +Re {RXX (T)ej27rfc-,—}}

The first Re term contains the ¢ 4+ s term in addition to 7. Thus, Ryy(t,s) is generally not a function
of 7 =t — s alone.



4.2. Case (i): X(¢) is an SOS Process with Zero Mean
We analyze the SOS conditions for Y (¢) when X (¢) is a zero-mean SOS process, i.e., E[X (t)] = 0.

4.2.1 Mean Path
Since px = 0, the derivation in 4.1.1 shows that E[Y (¢)] = 0. The SOS mean condition is satisfied.

4.2.2 Autocorrelation Function

From the Ryy (t,s) derivation in 4.1.2, the reason Ryy (t, s) is not solely a function of 7 is the presence
of the e*127/e(t+5) terms, which occur when Ry x (1) # 0.

Ryy(t,s) = % {Re {RXX(T)ej%f“(HS)} + Re {RXX(T)ej%fCT}]

For Y (t) to be SOS, the ¢+ s term must be eliminated, which is only possible if Bxx (1) = 0. Therefore,
if Rxx(7)#0, Y(¢) is not SOS.

Conclusion: Generally, Y (¢) is not SOS. (No)

4.3. Case (ii): X(t) is a Zero-Mean and Proper RP SOS Process

X (t) being zero-mean and Proper RP means that ux = 0 and Rxx(7) = 0 (refer to Section 3). We
substitute this condition into the Ryvy (t,s) equation:

4.3.1 Mean Path

Since px = 0, E[Y (t)] = 0, and the SOS mean condition is satisfied.

4.3.2 Autocorrelation Function

Substituting Ry x (7) = 0 into the Ryy (¢, s) equation from 4.1.2:
1 : .
Ryy(t,s) = 3 [Re {O : eﬂ“fc(t“)} + Re {RXX(T)eJQWfCT}}
1 :
= iRe {Rxx(T)ejzﬂch}

The result shows that Ryvy (¢,s) is expressed solely as a function of 7 = ¢ — s. Since both the mean
condition (E[Y(t)] = 0) and the autocorrelation condition (Ryy (t,s) = Ryy (7)) are satisfied, Y (¢) is
SOS.

Conclusion: When X(t) is a Zero-Mean Proper RP, Y (¢) is SOS. (Yes)

4.4. Verification of Cyclostationarity Condition
For Y (t) to be a second-order Cyclostationary (CS) process, the mean path E[Y ()] and the autocorre-
lation function Ryy (¢,s) must be periodic, sharing an identical or common period T
4.4.1 Periodicity of the Mean Path E[Y (t)]
The mean path derived in Section 4.1.1 is:
BIY (1)) = Re{px } cos(2r f,) — Im{yux } sin(2m 1)
This function is periodic with a period of Ty = 1/ f,.

4.4.2 Periodicity of the Autocorrelation Function Ryvy (t, s)

The autocorrelation function Ryvy (t,s) is a periodic function with a period of Tr = 1/(2f.) in both ¢
and s.
1 1
Ryy (t + 2706,8 + 2fc) = Ryvy(t,s)
This shows that Ryy (¢,s) is a periodic function with period Tr = 1/(2f.), proving that the real-valued
modulated signal Y (¢) satisfies the conditions of a second-order Cyclostationary process.



4.4.3 Determination of the Fundamental Period T of Cyclostationarity

The fundamental period Tj of the Cyclostationary process Y () is determined by the Least Common
Multiple (LCM) of the mean path period Tk and the autocorrelation function period Tg. Here, T =
1/feand Tr = 1/(2f.), so Ty = 2Tg.

e Case A: Non-Zero Mean (ux # 0) The mean path E[Y (¢)] has a period of Ty = 1/f. and is
non-zero. Thus, Tp = LCM(Tg,Tr) = LCM(1/f.,1/(2f.)) = 1/f..

e Case B: Zero Mean (ux = 0) Since E[Y ()] = 0, the period of the mean path can be any
T > 0. In this case, the periodicity is determined only by the autocorrelation function Ryvy (t,s),
and T() = TR = 1/(2fc>
4.5. Summary

The analysis in this section clearly identified the stationarity and cyclostationarity conditions for the
real signal Y (¢) obtained by up-converting a baseband zero-mean SOS complex process X (t).

e Y (t) is generally not Second-Order Stationary (SOS) because its autocorrelation function
includes the ¢ + s term.

e Y(¢) is a Second-Order Cyclostationary (CS) process with a cyclic frequency o« = 2f.
due to Ryy (t,s). Its fundamental period Tj is:

— If X (¢) is non-zero mean (ux # 0): Tp =1/f.
— If X(t) is zero mean (px = 0): To = 1/(2f.)

o The necessary and sufficient condition for Y'(Z) to be SOS is that the baseband signal X (¢) must
satisfy the Zero-Mean Proper RP condition (ux = 0, Rxx(7) = 0). Only under this condition
does Ryy(t, s) simplify to a function of 7 =t — s alone.

These results emphasize the importance of the Proper RP condition when applying complex baseband
modeling to the analysis of real-valued modulated signals and serve as a starting point for understanding
non-stationarity.

5. Bi-frequency Spectrum of a Complex Random Process

5.1. Definition of Bi-frequency Spectrum for Non-Stationary Processes

To analyze the statistical characteristics of a non-stationary complex random process X (t) in the fre-
quency domain, two forms of the Bi-frequency Spectrum are defined.

Loéve Bi-frequency Spectrum Sx x(f1, f2)

Defined as the two-dimensional Fourier Transform of the autocorrelation function Rx x (¢, s).

SXX(f1, f2) — / / RXX(t’s)eszw(fltffzs)dtds

Complementary Bi-frequency Spectrum SXX(fl7 f2)

Defined as the two-dimensional Fourier Transform of the complementary autocorrelation function Rx x (t,s).

SXX(f17f2):/ / Rxx (t,s)e 2 (it4f28) gigs

5.2. Simplification of the Bi-frequency Spectrum for an SOS Process

When the random process X (t) satisfies the conditions of an SOS process, Rx x(t,s) and Rxx(t, s)
depend only on the time difference 7 = t — s. Consequently, the Bi-frequency Spectrum simplifies into a
form involving the one-dimensional Spectrum Density (PSD) and the Dirac delta function.



Simplification of the Loéve Bi-frequency Spectrum

Substituting the SOS condition Rxx(t,s) = Rxx(t —s) = Rxx(7) into the definition of Sxx(f1, f2)
and using 7 =t — s, s as integration variables (t =7 + s):

Sxx(f1, f2) = </ RXX(T)e_jQ’TfleT> </ e—j2ﬂ(f1—f2)sds>

The first term is the Power Spectral Density (PSD) Sxx(f1), defined as the Fourier Transform of
the autocorrelation function Rx x(7), and the second term is the Dirac Delta Function §(f; — f2).

o0

SXX(fl) 4 / RXX(T)eszwflrdT

— 00

Thus, the Loeve Bi-frequency Spectrum for an SOS process simplifies to:
Sxx(f1, f2) = Sxx(f1)o(f1 — f2)

Simplification of the Complementary Bi-frequency Spectrum

Similarly, substituting the SOS condition Rxx(t,s) = Rxx(t —s) = Rxx(r) into the definition of

Sxx(f1, fo): . .
5XX(f1,f2) _ (/ RXX(T)e_jQTFfleT) (/ e—j2‘n'(f1+f2)sds>

Therefore, the Complementary Bi-frequency Spectrum for an SOS process simplifies to:

Sxx(f1, f2) = Sxx (f1)6(f1 + fa)

6. Derivation of the Bi-frequency Spectrum Syy(fi, f2) of the
Real Modulated Signal Y'(¢)

The Bi-frequency Spectrum Syvy (f1, f2) of Y (¢) is defined as the two-dimensional Fourier Transform of
the autocorrelation function Ryy (%, s).

6.1. Term-by-Term Derivation of the Bi-frequency Spectrum

Applying the Fourier Transform to each term of Ryy (¢, s) results in the sum of four terms:
Term 1: Transform of iRXX(T)eJQWfC(Hs)
FT) = 1 Sxx (i~ f0( — o~ 212)
Term 2: Transform of 1Ry x(r)el?"/e™
FTs = 1Sxx(fi — L)6(f ~ f2)
Term 3: Transform of R y(7)e 327/eT

FTs = 3Sxx (= + )30 - f2)

Term 4: Transform of 1Ry y(7)e 127/e(t+9)

FT = [Skx(~(1 + F)S( — fo +2,)



6.2. Final Bi-frequency Spectrum Syy (f1, f2)

Since Syvy (f1, f2) = 2?21 FT;, the final Bi-frequency Spectrum of Y(¢) is given by:

Syy(fis f2) = 3 [Sxx(h = F0( = fa = 26 + Sxx(fy = )60 — 1)
+ Sxox(=(fr 4+ £ = fo) + Sk (= (1 + fo)(f1 = f2 +2)

Interpretation

Terms FT; and FT4 show that spectral components exist on the axes fo = fi; &+ 2f.. This signifies that
Ryy(t,s) contains components dependent on the sum ¢ + s of ¢ and s. These components indicate that
Y (¢) is generally not Second-Order Stationary (SOS) and represents a Cyclostationary process
with a cyclic frequency « = 2f.. (Refer to Section 4.4.2)

6.3. Characteristics of Syy(fi, fo) under the Proper RP Condition (gxx(f) =
0)

If X (t) is a Proper RP, then Bxx (1) = 0, which implies gxx(f) = 0. In this case, terms FT; and FT4

vanish, and Syy (f1, f2) simplifies to:

Sy (s £2)lpropes w0 = §[Sxx(fs = FI( = f2) + Sxx(=(fy + LA — f2)

— i[sxx(fl — fo)+ Sxx(—(f1 +fc))]5(f1 — f)

When fs = f1, the conventional Power Spectral Density Syy (f) is:
1
Svv(f) = [SXX(f —fo) +Sxx(—(f + fc))}
This result re-confirms that Y'(¢) is SOS only under the Proper RP condition, as the spectrum exists

only on the fy = f1 axis. Furthermore, it shows that the PSD of the real modulated signal is the sum of
the PSD of the baseband complex signal X (t) shifted to f. and —f..



